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1 Introduction

Therearevariousmethodsavailableto computelight scatteringoy nonspherical
particles[1]. A well-known and efficient methodsfor light scatteringcompu-
tationsby nonsphericaparticlesis the null field method(also called extended
boundaryconditionmethodor T-matrix method)[2]-[4]. In this methodall fields,
the incident, scatteredand transmittedfield, are expandedinto sphericalvector
wave functions.A majoradwantageof this methodis thatthe transitionmatrix or
T-matrixrelatingthescatteredo theincidentfield coeficientscanbecomputedn
aneasymanner The T-matrix is independenbf the incidentandscatteredields
anddepend®nly ontheshapesize,andrefractve index of the scatteringoarticle
aswell asonits orientationwith respecto the coordinatesystem.Consequently
the T-matrix needonly to becomputednly onceandcansubsequentipe usedto
computethe scatteredield for ary directionof theincidentwave.

Takinginto accounthegenerapropertieof the T-matrix Mishchenlo [5] derived
an efficient analyticalmethodfor computingorientationally-aeragedight scat-
tering characteristicfor ensemble®f nonsphericaparticles.On the otherhand,
the transitionmatrix for a single scattereicansuccessfullybe usedfor solvinga
large classof boundary-alueproblemsn electromagnetiscatteringheory Ex-
amplesaretheanalysisof multiple scatteringoroblemd6], [7], simulationof light
scatteringby layeredor compositeobjects[8]- [10], and by particlesdeposited
uponasurface[11].

However, for particleswith extremegeometrie®r particleswith appreciableon-
cavities the singlesphericalcoordinatebasedull field methodfails to corverge.
A numberof modificationsto the corventionalnull field methodhave beensug-
gestedo improve its numericalstability. Oneof theseformal modificationds the



null field methodwith discretesourceg12], [13]. Essentiallythis methodentails
the useof a numberof elementarysourcedor approximatinghe surfacecurrent
densities.Thediscretesourcesareplacedon a certainsupportin anadditionalre-
gion with respecto the region wherethe solutionis required.Unknown discrete
sourcesamplitudeswhich produceghe surfacedensitiesare computedby using
thenull field conditionof thetotal electricfield insidethe particlesurface.In this
papera methodto computethe T-matrix by the null field methodwith discrete
sourcess derived.

2 Mathematical formulation

Let us considera three-dimensionaspaceD consistingof the union of a closed
surfaceS, representinghe scatteringparticle,its interior D; andits exterior D,
We denoteby k; thewave numberin theregion D,, wheret = s, i.

The transmissionboundary-alue problem can be formulatedas follows. Let
Ey, Hy be an entire solutionto the Maxwell equationgepresentingan incident
electromagnetidield. Find the scatteredields, E,, H, € C'(D,) n C(D,) and
thetransmittedieldsE;, H, € C'(D;) N C(D;) satisfyingthereducedMaxwell’s
equations

V X Et = jkth

1)
V x Ht = _jktEt in Dt, t= S,i
andtwo transmissiorconditionson the particleboundary
nxXxE, —nxE, = nxE
(2)
nxH,—nxH, = nxH,

In addition, the scatteredields E;, H, mustsatisfy the Silver-Muller radiation
conditionuniformly for all directionsx/x. Let Im ks; > 0. Thenthereexistsan
uniguesolutionto thetransmissiorboundary-alueproblem[14].

For solving the transmissiorboundary-alue problemin the framework of the
null field methodwith discretesourceshe scatteringobjectis replacedby a set
of surfacecurrentdensitiese andh, sothatin the exterior region the sourcesand
fields are exactly the sameasthoseexisting in the original scatteringproblem.
The entireanalysiscancorvenientlybe brokendown into thefollowing steps(l -

1):

(I) A setof integral equationsfor the surface currentdensitiese and h is de-
rivedfor avariety of discretesources.Physically the setof integral equationsn



guestionguaranteeahe null field conditionwithin D;. It is notedthatlocalized
anddistributedvectorsphericafunctions,magneticandelectricdipolesor vector
Mie-potentialscanbe usedasdiscretesources Essentiallythe null field method
with discretesourcesconsistsn the projectionrelations:

/ [(e —eo) - ¥)(ksy) +j(h —hy) - @} (k,y)]dS(y) = 0

[ (e~ eo)- @(k,y) +j(h — ho) - W(ky)]dS(y) = 0, v=1,2,.

S
3
whereey, = n x Eg andhy = n x H, are the tangentialcomponentsf the
incidentelectricandmagneticfields. The set{¥,* ®,*} _, , dependsnthe
systemof discretesourceswhich is usedfor imposingthe null field condition.
Actually, it standdor the setsof:

- localizedvectorsphericafunctions{ M3 N3

mn? ~ “mnJSmeZn>max(l,|m|)’
|m| |m| .
M}ﬁ?;,, (k’X) _ /—Dmnzn(kr) |:ij Sl?gsﬁeo dP, d(ecosﬂ) <p:| eJme

N (kx) = /Dyn {n(n-l-l)MP'm‘(cosQ) efmee,
krzn(kr)] | dPY™ (coso P (cos 9) im
4 brznhr) { CDPR il ew]}ej ’

sin 8

Where(er, ey, ew)arethe unit vectorsin sphericalcoordinatesz, (kr) designates
thesphericaBessefunctionsj, (kr) or thesphericaHankel functionsof thefirst
kind Al (kr), PI™ denotegheassociated.egendrepolynomialof ordern andm,
andD,,, is anormalizationconstangivenby:

2n+1  (n—|m|)!
dn(n+1) (n+|m))!

Dmn =

- distributedsphericalbvectorwave functions{ M}, N;u3} o
M (kx) = M, 3\m|+l [k(x—20€3)], Npn (kx) = N, 3|m\+z [k(x znes)]
wherem € Z,n = 1,2,..,l = 1if m = 0andl = 0if m # 0, and{z,},_, isa

setof pointslocatedon asegmentl’, of the z-axis,

- magneticandeIectricdipoIes{M}l’f,M}f} toicia
n=1,2,..,i=1,

M (kx) = m(x,, %, 7), No? (k) = n(x;,, %, 7))
wheren = 1,2, ..,i = 1, 2, T,,; andr,,, aretwo tangentialinearindependentinit
vectorsatthepointx,,,

1 1
m(Xa Yy, a) :ﬁ [a(x)xVyg(x, Y:k)] 3 l’l(X, Yy, a) = Evy X m(x, Yy, a)



andthesequencéx,, }.-  is denseonasmoothsurfaceS~ enclosedn D;, while
the sequencex; } 7 | is denseon a smoothsurfaceS* enclosingD;, or finally
for thesetof

- vectorMie-potentials{ M ,*, N}, _, ,

1
=—V x M:3(kx)

:lv X (gpf(x)x) , N3 (kx) P

k

wherethe Greenfunctions

M. (kx)

(pf(x) :g(xﬂf,x,k), n=12,.

have singularities{x,, },-,and{x;'}>°_, distributedon the auxiliary surfacesS
andST, respectiely.

By cornvention,whenwe referto the null field equationg3) we referimplicitly to
all equvalentformsof theseequations.

(1) Thesurfacecurrentdensitiesareapproximatedby fieldsof discretesourcesin

this context let e andh solve the null-field equationg3) andassumehatthe sys-

tem{n x ¥, nx®, } form a Schaudebasisin £2,(S). Thenthereexistsa
u=

tan
sequencgay, b}~ suchthat

e(y) = i_oj [ x W (kiy))] by [0 x @, (kiy))]
} @
h(y) = =5 au [nx @ (ky))] +bu [0 x @}, (kiy))]

p=1

(1) Oncethe surfacecurrentdensitiesaredeterminedhe scatteredield outside
the circumscribingsphereis obtainedby usingthe representatiotheorem. We
getthe seriesexpansionof the scatteredield into radiatingsphericalvectorwave
functions -
Es(x) = _ fuM;(ksx)+9,N; (kx) (5)
v=1
where

2
S

fo = Z [le(y) - Ni(key)+ih(y) - ME(k,y)] dS(y)

.

(6)
9, = frs

.

UJ\

le(y) - M5 (ky)+ih(y) - N5(ky)] dS(y)

Here,7 is acomplex index incorporating—m andn, i.e. 7 = (—m, n).



Now, for derving the T-matrix let us assumethat the incidentfield can be ex-
pressednsidea finite region containingS asa seriesof regular sphericalvector
wave functions

Eo(x) = Y adM}(ksx)+bINL(k,x)
v=1

(7)
Ho(x) = —j > alNL(kx)+bM, (k,x)

v=1

Then,combining(3) and(7) we seethattherelationbetweerthescattereéndthe
incidentfield coeficientsis linearandis givenby atransitionmatrix T asfollows

0
it ®

T = BA!A )
whereA, B and A, areblock matriceswrittenin generals
Xll X12
X = [ Xlélf Xlég ] s vn=1,2,.,
Vi

vy

Here

with X standingfor A, B andA,. Explicit expressiongor the elementsf these
matricesaregivenin theappendix.

It is notedthatthe exactinfinite T-matrixis independentf the expansionsystems
usedon S. However, theapproximatdgruncatedmatrix, computedaccordingo

TN = BNA;VIAON (10)
doescontainsucha dependence.

Thetransitionmatrix hassomeunitarity andsymmetryproperties. Theseproper
ties canbe establishedor exampleby consideratiorof the enegy flow through
afinite sphereandthereciprocityrelations[15]. The generakymmetryrelations
for the T-matrix elementgeadas

i — il

—mn—m/n’ m'n'mn

(11)

For an axisymmetricparticle the T-matrix becomegdiagonalwith respecto the
azimuthalindicesm andm' andwe have

] — ij
Tmnm’ n' 5mm’ Tmnm’ n’
(12)
] (Vi
Tmnmn’ - ( ]‘) T—mn—mn’



In this casethe symmetryrelationstakesthe form

Tij _ (_1)i+jTji

mnmn’ mn'mn

(13)

In general,in the null field approachtthe dependencef the numericalresultson

the truncationorderis the main featurewhich canbe taken asa basisfor state-
mentsconcerninghe accurag of theresults.In addition,onecancheckgeneral
featuredik e symmetryandunitarity of the transitionmatrix. Actually, the sym-
metry error givesa roughideaconcerninghe corvergenceto be expectedin the
solutioncomputationsbut the detailsarehardto predict.

3 Conclusion

An efficientway for computingthe transitionmatrixin the framework of the null

field methodwith discretesourceswvas presented.Numericalexperimentshave

beenperformedfor prolateand oblatespheroidswith graduallydeformedshape
[16]. Theresultsindicateghatthetransitionmatrix computedn theframewnork of

the null field methodwith distributedsphericalvectorwave functionshasa high

symmetryevenfor particleswith extremegeometriesln contrastthe symmetry
of the transitionmatrix computedby the corventionalapproachiwith localized
sphericalvectorwaves)is alteredandthe algorithmfails to corverge. Thisis an
additionalagumentthatthe null field methodwith discretesourcescanbe used
in themathematicaiodellingof difficult scatteringoroblems.

4  Appendix

Theblock elementof matricesA, B andA, aregivenby:

AL = /[(nx Tl)- T+ (nx B) - B2 dS
A2 = 7[(n>< @) ¥+ (nx @) 83| dS
A2 = 7[(n>< @) &+ (nx @) ¥3|dS 4
A2 = 7 [(nx ®,)- @3+ (nx¥,) ¥|dS
S



B = J—jja/ (0 x ¥1)- N+ (nx &) - ML] ds
B = 3—7’?7 [(n x ®,) NL+ (nx ¥}) - M}]dS
B, = 7—:37 [(n x¥,) My+(nx®,)- N%] ds (19
B2 = 3—7’:37 [(nx ®,) ML+ (nx¥,) - Ni|dS
S
and
Al = /[(n x ML) - 3 + (n x N) - &3] dS
AR, = 7 [(n x N}) - ¥+ (n x M) - 8] dS
Al = 7 [(n x M) - &%+ (nx N,) \1:?,;] dsS (19
A2 = 7 [(n x N;) - @3 + (n x M) - 3] dS
respectrely. }
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