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1 Introduction

Therearevariousmethodsavailableto computelight scatteringby nonspherical
particles[1]. A well-known and efficient methodsfor light scatteringcompu-
tationsby nonsphericalparticlesis the null field method(also called extended
boundaryconditionmethodor T-matrixmethod)[2]-[4]. In thismethodall fields,
the incident, scatteredand transmittedfield, areexpandedinto sphericalvector
wave functions.A majoradvantageof this methodis thatthetransitionmatrix or
T-matrixrelatingthescatteredto theincidentfield coefficientscanbecomputedin
aneasymanner. TheT-matrix is independentof the incidentandscatteredfields
anddependsonly on theshape,size,andrefractive index of thescatteringparticle
aswell ason its orientationwith respectto thecoordinatesystem.Consequently,
theT-matrixneedonly to becomputedonly onceandcansubsequentlybeusedto
computethescatteredfield for any directionof theincidentwave.

Takinginto accountthegeneralpropertiesof theT-matrixMishchenko [5] derived
an efficient analyticalmethodfor computingorientationally-averagedlight scat-
teringcharacteristicsfor ensemblesof nonsphericalparticles.On theotherhand,
the transitionmatrix for a singlescatterercansuccessfullybeusedfor solvinga
largeclassof boundary-valueproblemsin electromagneticscatteringtheory. Ex-
amplesaretheanalysisof multiplescatteringproblems[6], [7], simulationof light
scatteringby layeredor compositeobjects[8]- [10], andby particlesdeposited
uponasurface[11].

However, for particleswith extremegeometriesor particleswith appreciablecon-
cavities thesinglesphericalcoordinatebasednull field methodfails to converge.
A numberof modificationsto theconventionalnull field methodhave beensug-
gestedto improveits numericalstability. Oneof theseformalmodificationsis the



null field methodwith discretesources[12], [13]. Essentially, this methodentails
theuseof a numberof elementarysourcesfor approximatingthesurfacecurrent
densities.Thediscretesourcesareplacedonacertainsupportin anadditionalre-
gion with respectto theregion wherethesolutionis required.Unknown discrete
sourcesamplitudeswhich producesthe surfacedensitiesarecomputedby using
thenull field conditionof thetotal electricfield insidetheparticlesurface.In this
papera methodto computethe T-matrix by the null field methodwith discrete
sourcesis derived.

2 Mathematical formulation

Let usconsidera three-dimensionalspace
�

consistingof theunionof a closed
surface ��� representingthescatteringparticle,its interior

���
andits exterior

���	�
Wedenoteby 
�� thewavenumberin theregion

� �
� where��������� .
The transmissionboundary-value problem can be formulatedas follows. Let��� ��� � be an entiresolution to the Maxwell equationsrepresentingan incident
electromagneticfield. Find thescatteredfields,
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thetransmittedfields
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andtwo transmissionconditionson theparticleboundary8 / ��� 4 8 / �9� � 8 / �9�8 / � � 4 8 / � � � 8 / � � (2)

In addition, the scatteredfields
��� ��� � must satisfy the Silver-Müller radiation

conditionuniformly for all directions:<;>=@? Let ACB�
 �	D ��EGF ? Thenthereexistsan
uniquesolutionto thetransmissionboundary-valueproblem[14].

For solving the transmissionboundary-value problemin the framework of the
null field methodwith discretesourcesthe scatteringobject is replacedby a set
of surfacecurrentdensitiesH and I , sothat in theexterior region thesourcesand
fields areexactly the sameas thoseexisting in the original scatteringproblem.
Theentireanalysiscanconvenientlybebrokendown into thefollowing steps(I -
III):

(I) A set of integral equationsfor the surfacecurrentdensitiesH and I is de-
rivedfor a varietyof discretesources.Physically, thesetof integral equationsin



questionguaranteethe null field conditionwithin
���

. It is notedthat localized
anddistributedvectorsphericalfunctions,magneticandelectricdipolesor vector
Mie-potentialscanbeusedasdiscretesources.Essentially, thenull field method
with discretesourcesconsistsin theprojectionrelations:J KML ! HN4OH ��$�PRQ(ST ! 
 �VU�$XW 2 ! IY4ZI �[$�P]\NST ! 
 �
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U�$	^`_ � ! U�$ � F �dc-�fe��bg,�h?i?
(3)

where H � � 8 / �9� and I � � 8 / � � are the tangentialcomponentsof the
incidentelectricandmagneticfields. Theset j Q  D ST � \  D STlk T�m  D noDp�p� dependson the
systemof discretesourceswhich is usedfor imposingthe null field condition.
Actually, it standsfor thesetsof:
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6: $ � � � r<s��"s ! 
,� $�� 2�BO��� ���� }����V�[� ����p�C� H � 4��	��� ���� }����V�[� �� � H6������� r �
t  D Sr<s ! 
6: $ � � � r<s���� ! � W e $>� � }¡ o¢ � o¢¤£ ~ r ~s !�¥§¦�¨ª© $ ��� r � H ¢WY«  o¢ � � }¬ o¢ �¡­¯® )¢ � �	� � �°�� }����V�[� �� � H � W 2�B � � �°�� }��+�V�b� ��±�p�,� H6� �7² � � r �

where ³oH ¢ ��H � ��H ��´ aretheunit vectorsin sphericalcoordinates,�"s ! 
,� $ designates
thesphericalBesselfunctions2 s ! 
6� $ or thesphericalHankel functionsof thefirst
kind µ  s ! 
,� $ , £ ~ r ~s denotestheassociatedLegendrepolynomialof order � and B*�
and
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andthesequencej`:�Ôs k Çs m  is denseonasmoothsurface�ÕÔ enclosedin
��� � while

thesequencejh: ¾s k Çs m  is denseon a smoothsurface � ¾ enclosing
��� � or finally

for thesetof

- vectorMie-potentialsj>»  D Ss �Ö¼  D Ss k s m  D noDp�p� Ë»  D Ss ! 
6: $ � e
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wheretheGreenfunctions× Ïs ! : $ � Ó ! : Ïs �):��¡
 $ � � �de��bg,�h?i?
have singularitiesj`:�Ôs k Çs m  and j`: ¾s k Çs m  distributedon theauxiliary surfaces�ØÔ
and � ¾ � respectively.

By convention,whenwereferto thenull field equations(3) wereferimplicitly to
all equivalentformsof theseequations.

(II) Thesurfacecurrentdensitiesareapproximatedbyfieldsof discretesources.In
this context let H and I solve thenull-field equations(3) andassumethatthesys-
tem � 8 / Q  Ù � 8 / \  Ù É ÇÙ m  form aSchauderbasisin Ú nÛ z
� ! � $ ? Thenthereexistsa

sequencej`Ü Ù ��Ý Ù k ÇÙ m  suchthat

H ! Ua$ � ÇÞÙ m  Ü Ùàß 8 / Q  Ù ! 
 �±Ua$%$Vá�W Ý Ù�ß 8 / \  Ù ! 
 ��U�$o$|á
I ! Ua$ � 4Ø2 ÇÞÙ m  Ü Ù ß 8 / \  Ù ! 
 �±U�$)$ á W Ý Ù ß 8 / Q  Ù ! 
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(III) Oncethesurfacecurrentdensitiesaredeterminedthescatteredfield outside
the circumscribingsphereis obtainedby using the representationtheorem. We
gettheseriesexpansionof thescatteredfield into radiatingsphericalvectorwave
functions ��� ! : $ � ÇÞT�m  �â T q ST ! 
 � : $oW Ó T t ST ! 
 � : $ (5)

where

â T � �  �ãäå J KæL H ! Ua$�P t  T ! 
 �	U�$oW 2CI ! U�$�P q  T ! 
 �
U�$	^h_ � ! Ua$Ó T � �   ãäå J K L H ! Ua$�P q  T ! 
 �	U�$)W 26I ! U�$�P t  T ! 
 �
U�$	^h_ � ! Ua$ (6)

Here, c is acomplex index incorporating4�B and � , i.e. c-� ! 4�B*� � $ ?



Now, for deriving the T-matrix let us assumethat the incident field canbe ex-
pressedinsidea finite region containing� asa seriesof regularsphericalvector
wave functions ��� ! : $ � ÇÞT�m  Ü �T q  T ! 
 � : $)W Ý �T t  T ! 
 � : $

� � ! : $ � 4Ø2 ÇÞT�m  Ü �T t  T ! 
 � : $oW Ý �T q  T ! 
 � : $ (7)

Then,combining(3) and(7) weseethattherelationbetweenthescatteredandthe
incidentfield coefficientsis linearandis givenby atransitionmatrix ç asfollowsè â TÓ T-é ��ç è Ü �TÝ �T é (8)

Here çG��ê�ë Ô  ë � (9)

whereëì��ê and ë � areblock matriceswritten in generalasí � èÌî  V T Ù î  nT Ùî n  T Ù î nVnT Ù é ��c,��ïæ�de��bg,�h?i?±�
with

í
standingfor ëì��ê and ë � ? Explicit expressionsfor theelementsof these

matricesaregivenin theappendix.

It is notedthattheexactinfinite T-matrix is independentof theexpansionsystems
usedon � . However, theapproximatetruncatedmatrix,computedaccordingtoçàðZ�ñê�ðØë Ô  ð ë � ð (10)

doescontainsuchadependence.

Thetransitionmatrix hassomeunitarity andsymmetryproperties.Theseproper-
ties canbe establishedfor exampleby considerationof the energy flow through
a finite sphereandthereciprocityrelations[15]. Thegeneralsymmetryrelations
for theT-matrixelementsreadasò � �Ô r�s Ô r ® s ® � ò � �r ® s ® r<s (11)

For an axisymmetricparticlethe T-matrix becomesdiagonalwith respectto the
azimuthalindices B and B(ó andwehaveò � �r<s"r ® s ® � ô r�r ® ò � �r�s§r ® s ®ò � �r<s"r<s ® � ! 4Ne $ �õ¾ � ò � �Ô r<s Ô r<s ® (12)



In thiscasethesymmetryrelationstakestheformò � �r<s"r<s ® � ! 4Ne $ �õ¾ � ò � �r�s ® r<s (13)

In general,in thenull field approachthedependenceof thenumericalresultson
the truncationorder is the main featurewhich canbe taken asa basisfor state-
mentsconcerningtheaccuracy of theresults.In addition,onecancheckgeneral
featureslike symmetryandunitarity of the transitionmatrix. Actually, thesym-
metryerrorgivesa roughideaconcerningtheconvergenceto beexpectedin the
solutioncomputations,but thedetailsarehardto predict.

3 Conclusion

An efficientway for computingthetransitionmatrix in theframework of thenull
field methodwith discretesourceswaspresented.Numericalexperimentshave
beenperformedfor prolateandoblatespheroidswith graduallydeformedshape
[16]. Theresultsindicatesthatthetransitionmatrixcomputedin theframework of
thenull field methodwith distributedsphericalvectorwave functionshasa high
symmetryevenfor particleswith extremegeometries.In contrast,thesymmetry
of the transitionmatrix computedby the conventionalapproach(with localized
sphericalvectorwaves)is alteredandthealgorithmfails to converge. This is an
additionalargumentthat thenull field methodwith discretesourcescanbeused
in themathematicalmodellingof difficult scatteringproblems.

4 Appendix

Theblock elementsof matricesëì��ê and ë � aregivenby:ö  V T Ù � J K ß ! 8 / Q  Ù $�P]Q STØW ! 8 / \  Ù $aP]\ ST á _ �ö  nT Ù � J K ß ! 8 / \  Ù $�P�Q STØW ! 8 / Q  Ù $aP]\ STbá�_ �ö n  T Ù � J K ß ! 8 / Q  Ù $�P]\ ST W ! 8 / \  Ù $�P�Q STbá _ �ö nVnT Ù � J K ß ! 8 / \  Ù $�P�\ ST½W ! 8 / Q  Ù $�P�Q STbá�_ �
(14)



÷  V T Ù � �   ãäå J K ß ! 8 / Q  Ù $�P t  T W ! 8 / \  Ù $�P q  T[á _ �÷  nT Ù � �   ãäå J K ß ! 8 / \  Ù $�P t  T½W ! 8 / Q  Ù $�P q  T[á�_ �÷ n  T Ù � �  �ãäå J K ß ! 8 / Q  Ù $�P q  TØW ! 8 / \  Ù $�P t  T á _ �÷ nVnT Ù � �   ãäå J K ß ! 8 / \  Ù $�P q  T½W ! 8 / Q  Ù $�P t  Tbá�_ �
(15)

and ö  V � T Ù � J K ß ! 8 / q  Ù $�PRQ ST W ! 8 / t  Ù $�P�\ ST[á _ �ö  n� T Ù � J K ß ! 8 / t  Ù $�P�Q ST W ! 8 / q  Ù $�P�\ ST[á _ �ö n  � T Ù � J K ß ! 8 / q  Ù $�PR\ ST W ! 8 / t  Ù $�P�Q ST[á _ �ö nVn� T Ù � J K ß ! 8 / t  Ù $�P�\ ST W ! 8 / q  Ù $�P�Q ST á°_ �
(16)

respectively.
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