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Abstract

In this paper we present an extended scheme of the Discrete Sources Method applied to the analysis of scattering of

evanescent waves by a large particle deposited on a prism surface. Computer simulation results relating to the influence

of uncertainties in particle diameter, refractive index and particle shape are analysed.

� 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The wide potential of application of scattering

microscopy especially in biology, materials science

and information technology gives rise to renewed

interest in computer simulation of scattering of

evanescent waves by a particle located near a di-

electric prism surface [1–3]. In the past mainly
scattering by spherical particles has been analysed

by approximate models not fully taking into ac-

count particle–surface scattering interaction. In

recent papers by Doicu et al. [4,5] a computer

model for evanescent wave scattering analysis has

been developed based on the Discrete Sources

Method (DSM). The model takes into account

complete scatterer–prism interaction and provides

an opportunity to investigate evanescent wave

scattering by any axial symmetric scatterer. It has

been demonstrated that only exact models and not

just approximate models adequately describe

scattering of evanescent waves by a particle near a
plane surface [4]. In the present paper we present

an improved scheme of DSM enabling to analyse

an even larger particle near the plane surface. The

new version of DSM gives an extension of its range

of validity from particle diameter 1 to 5 lm for an

incident wavelength k0 ¼ 632:8 nm. The real need

to investigate scattering by larger particles consists

in the necessity to calibrate modern particle scan-
ner design to be able to demonstrate its ability to

measure several orders of magnitude of scattered

intensity [3].
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2. Discrete Sources Method

In this section a short description of the Discrete

Sources Method used for light scattering simula-

tions will be given. Let us start with the statement of
the scattering problem. The geometry of the scat-

tering problem is shown in Fig. 1. An axial sym-

metric particle with a smooth boundary S and

interior region Di is deposited on a plane surface R,
so that its axis of symmetry coincides with the nor-

mal to the plane interface surface. The upper half-

space corresponding to the ambient medium is

denoted by D0, while the lower half-space corres-
ponding to the glass prism is denoted by D1. Let us

introduce a rectangular coordinate system Oxyz by
choosing the origin O at the intersection point be-

tween the axis of symmetry and the interface sur-

face. TheOZ axis coincides to the symmetry axis and

is directed into the domain D0. We assume that the

incident field fEi
1;H

i
1g is a linear polarised plane

wave propagating in the glass prism at the angle b1

with respect to the z-axis. Correspondingly the re-

fracted wave fEi
0;H

i
0g is propagating in D0 at angle

h0 to the OZ axis, following Snell�s law. Then the

mathematical statement of the scattering problem

can be written as

r�Ht ¼ iketEt; r� Et ¼ �ikltHt

in Dt; t ¼ 0; 1; i;

n� ðEi � E0Þ ¼ 0; n� ðHi �H0Þ ¼ 0

on S;

ez � ðE0 � E1Þ ¼ 0; ez � ðH0 �H1Þ ¼ 0

on R

ð1Þ

and radiation (attenuation) conditions at infinity.
Here, n is the outward unit normal vector to S,
k ¼ x=c and fE0;H0g stands for the total field in

domain D0. Note that the total field in D0 sums the

contribution of the refracted incident field and the

scattered ones, that isE0 ¼ Es
0 þ Ei

0,H0 ¼ Hs
0 þHi

0.

If Im et, lt 6 0 and the particle surface is smooth

enough S 
 Cð1;aÞ, then the above boundary-value

problem is uniquely solvable.
Wewill construct an approximate solution to the

scattering problem via DSM by representing the

electromagnetic fields as a finite linear combination

of fields of dipoles and multipoles [6,7]. The ap-

proximate solution satisfies Maxwell equations in

domains Dt, infinity conditions and the transmis-

sion conditions at the plane interface. Essentially,

the scattering problem simplifies to the approxi-

mation problem of the external excitation on the

particle surface. The amplitudes of discrete sources

will be determined from the boundary conditions at
the particle surface, which can be written as

n� ðEi � Es
0Þ ¼ n� Ei

0; n� ðHi �Hs
0Þ ¼ n�Hi

0:

ð2Þ
To fulfil the boundary conditions at the plane in-
terface R we consider the Green tensor for a

stratified interface [6,7] that is

G
$
ðM ;M0Þ ¼

ge;h 0 0

0 ge;h 0
of
oxM

of
oyM

gh;e

2
4

3
5: ð3Þ

An approximate solution to the scattering problem

will be constructed by taking into account not only

the rotational symmetry of the scattering problem
geometry but simultaneously the polarisation of

the external excitation [6,7]. In this context, for a

p-polarised incident field we use the following

electric and magnetic vector potentials:

Ae;0
mn ¼ gemðg; znÞ cosðmþ 1Þ/;

�
� gemðg; znÞ sinðmþ 1Þ/;
� fmþ1ðg; znÞ cosðmþ 1Þ/

�
;

Ah;0
mn ¼ ghmðg; znÞ sinðmþ 1Þ/;

�
ghmðg; znÞ cosðmþ 1Þ/;
� fmþ1ðg; znÞ sinðmþ 1Þ/

�
;

Ae;h;0
0n ¼ f0; 0; gh;e0 ðg; znÞg;

ð4Þ

Fig. 1. Geometry of the scattering system.
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where ge;hm , fm are Fourier harmonics correspond-

ing Green tensor components, which accept the

form

ge;hm ðg; znÞ ¼
k0
i
Y 0
mðg; znÞ

þ
Z 1

0

JmðkqÞve;h11 ðz; zn; kÞk
1þm dk; ð5Þ

fmðg; znÞ ¼
Z 1

0

JmðkqÞm31ðz; zn; kÞk1þm dk: ð6Þ

Here Y 0
mðg; znÞ ¼ hð2Þm ðk0RgznÞðq=RgznÞ

m
, hð2Þm ð
Þ is the

spherical Hankel function, (q;/; z) are the cylin-

drical coordinates, g ¼ ðq; zÞ, R2
gzn

¼ q2 þ ðz� znÞ2,
while fzng1n¼1 is a dense set of source points dis-

tributed over a segment C0
z 2 Di of the axis of

symmetry, and ve;h11 ðz; zn; kÞ, v31ðz; zn; kÞ are corres-

ponding spectral functions which can be found in

[4]. They are given by

ve11ðk; z; znÞ ¼
l1K0 � l0K1

l1K0 þ l0K1

1

K0

expf�K0ðzþ znÞg;

ð7Þ

vh11ðk; z; znÞ ¼
e1K0 � e0K1

e1K0 þ e0K1

1

K0

expf�K0ðzþ znÞg;

zP 0; zn > 0; ð8Þ

v31ðk; z; znÞ ¼
2ðl1e1 � l0e0Þ

ðl1K0 þ l0K1Þðe1K0 þ e0K1Þ
� expf�K0ðzþ znÞg; ð9Þ

where

K2
t ¼ k2 � k2t ; k2t ¼ k2etlt; t ¼ 0; 1: ð10Þ

For the total field inside the particle Di we de-

fine the following vector potentials:

Ae;i
mn ¼ J imðg; znÞ cosðm

n
þ 1Þ/;

� J imðg; znÞ sinðmþ 1Þ/; 0
o
; ð11Þ

Ah;i
mn ¼ J imðg; znÞ sinðm

n
þ 1Þ/;

J imðg; znÞ cosðmþ 1Þ/; 0
o
; ð12Þ

Ae;h;i
0n ¼ 0; 0; J i0ðg; znÞ


 �
; ð13Þ

where J imðg; znÞ ¼ jmðkiRgznÞðq=RgznÞ
m
, fzng1n¼1 be a

dense set of points distributed over a segment

Ci
z 2 Di of the axis of symmetry and jmð
Þ are

spherical Bessel functions. Let us introduce the

following notations:

Rt
1

$
¼ i=ketltr�r�

�1=ltr�

� 

;

Rt
2

$
¼ 1=etr�

i=ketltr�r�

� 

:

ð14Þ

Now we can represent the approximate solution of

the scattering problem for a p-polarised field as

EN
t

HN
t

 !
¼
XM
m¼0

XNm
t

n¼1

ptmnR
t
1

$
Ae;t
mn



þ qtmnR

t
2

$
Ah;t
mn

�

þ
XN0

t

n¼1

rtnR
t
1

$
Ae;t

0n; t ¼ 0; i: ð15Þ

The last term in (15) is associated to the vertical

electric dipoles. Here, N is a complex index in-

corporating M and NM
t .

The main differences of the current approach

from the conventional DSM scheme [6,7] consist in
the following:

1. Different numbers of discrete sources (DS)

are possible for the representation of the scattered

field in D0 and total field inside the particle Di.

The numbers of discrete source are chosen pro-

portionally to the ratio of refractive indexes of

the corresponding media. For the internal do-

main (higher refractive index) we use a larger
number of discrete sources then for scattered

field, because our primary goal is to approximate

the external excitation (the transmitted plane

wave in D0) on a particle surface. Although such

representations have been published before [6]

they have not yet been realised in a computa-

tional model.

2. The number of discrete sources now depends
on the rank of the Fourier harmonic Nm

t ¼ NtðmÞ.
For a higher rank of the harmonic we use a lower

number of discrete sources. This situation seems to

be similar to the T-matrix approach or any other

method using spherical vector wave functions. In

this case the higher the rank of the azimuth har-

monic, the less number of spherical functions are
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need for approximation. From computer simula-

tion analysis for large particles we found that the

surface residual for the higher harmonics increases

if we retain the same number of discrete sources

for all Fourier harmonics. This circumstance en-

ables to acquire a more accurate simulation result,
provide a monotone decrease of the surface re-

sidual and to reduce the demand on computer re-

sources up to 30% for a larger sphere compared to

the conventional DSM model.

3. For large particles higher Fourier harmonics

are computed using advanced Fresnel approxi-

mation for Weyl integrals [8].

As before we employ a convergence test and a
posterior surface residual estimate (in mean

square sense) to validate the results obtained. This

explicatively means that a monotone decrease

(with increasing numbers of M and N ) of the

surface residual and the scattered field stability

ensures that we reach a correct simulation result.

At the same time we would like to remind that we

have already made a series of comparisons of the
conventional DSM model with a T-matrix pro-

gramme [4].

All these innovations allow an increased accu-

racy of the numerical results (that is a diminished

surface residual by several orders), reduced com-

puter time and extending the range of validity of

the DSM from particle diameter of 1 up to 5 lm.

The completeness of the system of distributed
multipoles being used in (15) guarantees the con-

vergence of the approximate solution to the exact

solution in a closed subset of D0 [9].

As mentioned before the above representations

satisfy all the conditions of the scattering problem

except the transmission condition at the particle

surface (2). In fact this condition will be used to

determine the amplitudes of discrete sources
fptmn; qtmn; rtng. Various numerical schemes for am-

plitude determination are at our disposal. It has

been found that more stable results can be ob-

tained by using a generalised collocation technique

and pseudo-inversion of an over-determined sys-

tem of linear equations. A posterior surface re-

sidual evaluation makes it possible to control the

error of the result obtained.
After the amplitudes of the discrete sources

have been determined, one can calculate the far-

field pattern (scattering diagram) E0
1ðh;/Þ, which

is determined in the upper part of the unit sphere

X ¼ f0�6 h < 90�; 0�6/6 360�g and is given by

Es
0ðMÞ=jE0ðz¼ 0Þj¼ expf�ik0Rg

R
E0

1ðh;/ÞþOðR�2Þ;

R¼ jM j!1; z> 0: ð16Þ

We use an asymptotic approach for the Weyl–
Sommerfeld integrals [7], which leads to the fol-

lowing representation for the h,/-components of

the scattering diagram corresponding to the rep-

resentation (15)

E0
1;hðh;/Þ ¼ ik0=e0

XM
m¼0

cosðmþ 1Þ/ðik0=e0 sin hÞm

�
XNm

0

n¼1

p0nm cos h c0n

hn
þ ðme � m sin2 hÞcn

i

þ q0nmðc0n þ mhcnÞ
o
� ik0=e0 sin h

�
XN0

0

n¼1

r0nðc0n þ mhcnÞ; ð17Þ

E0
1;/ðh;/Þ ¼ � ik0=e0

XM
m¼0

sinðmþ 1Þ/ðik0=e0 sin hÞm

�
XNm

0

n¼1

p0nmðc0n
n

þ mecnÞ þ q0nm

� cos h c0n

h
þ ðmh � m sin2 hÞcn

io
; ð18Þ

where the associated spectral functions accept the

form

me ¼ i cos h � j
i cos h þ j

; mh ¼ ie1 cos h � e0j
ie1 cos h þ e0j

;

m ¼ 2ðe1 � e0Þ
ði cos h þ jðie1 cos h þ e0jÞ

;

ð19Þ

j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 h � e1=e0

q
;

cn ¼ expf�ik0zn cos hg; ð20Þ
c0n ¼ expfik0zn cos hg:

So, the scattering diagram (17) and (18) is repre-

sented as a finite linear combination of elementary

functions once the unknown amplitudes of discrete
sources are determined. This circumstance allows
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an economic computer analysis of the scattering

characteristics in the wave zone.

3. Results and discussion

In this section we will numerically analyse scat-

tering of an evanescent wave by a particle deposited

on a glass prism. The wavelength of the external

excitation in free space is assumed to be

k0 ¼ 632:8 nm. The scatterer is deposited on a glass

prismwith a refractive index of n1 ¼ 1:52 [3]. So, the
evanescent wave appears for incident angles b1 > bc
where bc ¼ arcsinðn0=n1Þ [4], for our case bc �
41:14�. We will analyse the Differential Scattering

Cross-section (DSC) in the plane of incidence for a

p-polarised plane wave excitation, which is given by

DSCðh;/Þ ¼ jE0
1;hðh;/Þj

2 þ jE0
1;/ðh;/Þj

2
: ð21Þ

Here E0
1;h;/ðh;/Þ are the components of the scat-

tering diagram (17) and (18). In Fig. 2 we plot the
DSC (21) in the incident plane for polystyrene

latex (PSL) sphere (ni ¼ 1:6) with a diameter 3.0

lm [3] and three incident angles. Two of them

b1 ¼ 41:7�, 48.3� belong the region of evanescent

waves. One of the most interesting features of the

results is degradation of the DSC maximum in the

forward direction. Similar results have been ob-

tained in [3] (see Figs. 2, 4, 6) by using direct
measurements of DSC. In our case M was chosen

as M ¼ 16 (this is our sense equivalent to retaining

35 Fourier harmonics). We did a convergence test

and found that M values 16, 18, 20 give the same

scattered intensity (in the frame of two digits) both

in the ZX and the ZY planes. For this case the DS

numbers were N 0
i ¼ 51, N 0

e ¼ 37; N 14
i ¼ 28,

N 14
e ¼ 21. For the conventional DSM model we set

(Ni ¼ 51, Ne ¼ 37, they are independent on har-

monic�s number) and we acquired very close values

of the scattered intensity except at its minimal

values. Besides, in the last case the surface residual

was three times higher then obtained with the new

DSM model. Total time of calculation on Pentium

III-850 was 40 s. One can see that small changes in

the incident angle cause essential changes in the
shape and amplitude of the DSC. With the last

incident angle the forward scattering peak seen at

the other incident angle vanishes. DSC corres-

ponding to a sphere diameter variation of 10% is

depicted in Fig. 3 for an incident angle of

b1 ¼ 41:7�. It is clear that 10% of diameter varia-

tion leads to the visible changes of DSC. Besides

variation in diameter there might be some varia-

tion of refractive index. DSC associated with re-
fractive index variation – 1.25% (ni ¼ 1:58) is

shown at Fig. 4. Also in this case there are ap-

parent differences between the different DSCs. Fig.

5 demonstrates the influence of sphere deforma-

tions on a DSC diagram. We use prolate (aspect

ratio¼ 1.05) and oblate spheroids which are

equivolume to the sphere of diameter d ¼ 3 lm.

Even with this low aspect ratio there are large
differences compared to the corresponding sphere-

scattering diagram apart from the forward scat-

tering peak. Finally in Fig. 6 we demonstrate the

results associated with DSC scattered by the ori-

ginal sphere (d ¼ 3 lm, ni ¼ 1:6) and an distorted

particle which is an oblate spheroid with an

equivolume diameter d ¼ 2:7 lm, ni ¼ 1:58, aspect
ratio¼ 1.05. In the last case the total number of
harmonics is (with M ¼ 15) N 0

i ¼ 35, N 0
e ¼ 26;

N 13
i ¼ 23, N 13

e ¼ 18 and the total time of

Fig. 2. Differential Scattering Cross-section (DSC in lm2 units)

in the incident plane versus scattering angle h for PSL spherical

particle with diameter of d ¼ 3 lm and refractive index of

ni ¼ 1:6. p-Polarised plane wave strikes the sphere from glass,

refractive index n1 ¼ 1:52. Three incident angles b1 ¼ 38:4�,
41.7� and 48.3� are considered. The wavelength of excitation is

632.8 nm.
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calculation is 25 s on Pentium III-850. It is clear

that uncertainties in the particle diameter, refrac-

tive index or particle deformation can cause a
problem for modern particle scanner design cali-

bration. Thus an advanced light scattering model

like the proposed method would be needed to take

into account the various effect of particle–surface

interaction, particle non-sphericity and refractive

index uncertainties.

4. Conclusions

An extended version of DSM, which enables to

analyse evanescent wave scattering by a large non-

spherical particle, has been presented. Computer

simulation results have shown that uncertainties in

particle diameter, refractive index and shape

can cause a problem for particle scanner design

Fig. 3. DSC in the incident plane corresponds to PSL spheres

of three different diameters d ¼ 2:7, 3 and 3.3 lm. The incident

angle is b1 ¼ 41:7�, p-polarisation.

Fig. 4. DSC for PSL sphere d ¼ 3 lm and incidences are

b1 ¼ 41:7� and 48.3�. Influence of a variation of refractive index

ni ¼ 1:6 and ni ¼ 1:58 is considered.

Fig. 5. DSC for PSL particle equivolume d ¼ 3 lm and inci-

dence b1 ¼ 41:7�. Particle deformation in the frame of sphe-

roidal shape (aspect ratio¼ 1.05) prolate–sphere–oblate is

examined.

Fig. 6. DSC for PSL sphere d ¼ 3 lm (ni ¼ 1:6) and distorted

particle (equivolume oblate spheroid aspect ratio¼ 1.05,

ni ¼ 1:58) are considered. Incident angles are b1 ¼ 41:7� and

b1 ¼ 48:3�.
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calibration especially in the field of evanescent

wave scattering.
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