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Abstract
In this paper we analyse the scattering by a spherical particle with multiple
spherical inclusions. Our analysis is focused on the equivalence between the
inhomogeneous sphere and a homogeneous sphere with an equivalent
refractive index. The equivalent sphere reproduces the differential scattering
cross section of the inhomogeneous sphere reasonably accurately. This
equivalence is investigated for small and large size parameters of the
inclusions.
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1. Introduction

Scattering of electromagnetic waves by inhomogeneous
particles is an important problem in atmospheric science,
astronomy and optical particle sizing. Random dispersions of
inclusions in a homogeneous host medium can be equivalently
considered as effectively homogeneous after using various
homogenization formalisms [1, 2]. The effective-medium
theories operate with various assumptions which determine
their domain of applicability. An effective refractive index
is defined, which reflects some average optical properties of
heterogeneous materials, i.e. the effective dielectric constant
relates the average electric displacement to the average
electric field. The usual derivations of effective-medium
approximations, for example the Maxwell–Garnett formula,
are based on electrostatic considerations of the electric field and
electric displacement within the heterogeneous material [1].
It is assumed that the inclusions are much smaller than the
wavelength (so that the electric dipole is the only interaction
term needed to describe the scattering process) and that the
interactions between the inclusions can be neglected. The size-
dependent polarizability relation derived in the framework of
a volume integral equation approach can be used to extend
the domain of applicability of the Maxwell–Garnett formula
to frequencies for which the inclusions can no longer be
considered very small [1]. An alternative derivation of the
classical effective-medium approximations can be obtained
by imposing the requirement that the scattering amplitude
vanishes in the forward direction [2, 3]. The advantage
of this formulation over the electrostatic approach is the
natural generalization for inclusions with high size parameters.

For high particle concentrations and large size parameters
of the inclusions more complete models such as the T -
matrix multiple-scattering theory [4, 5] or the quasicrystalline
approximation (QCA) [6], which take into account the
inclusion size, statistical correlations and multiple-scattering
effect, have been elaborated. In the T -matrix multiple-
scattering theory one uses the QCA and the assumption that
the average exciting field propagates with a new propagation
constant along the incident wave direction. The generalized
Lorenz–Lorentz law is then used to obtain the corresponding
dispersion relation.

The effective refractive index adequately describes the
transmission through a plane-parallel layer of particles.
Numerical and experimental studies demonstrate that other
scattering characteristics, e.g. the differential scattering cross
section (DSCS) of an inhomogeneous sphere, are correctly
described if the size of the inclusions and the particle
concentration are small [7, 8].

In this paper we restrict our analysis to the scattering by
a sphere with multiple spherical inclusions. For this type of
scatterer we introduce the concept of the equivalent refractive
index. The equivalent refractive index is the refractive index of
a homogeneous sphere which reproduces the DSCS of the in-
homogeneous sphere with a certain accuracy. The size param-
eters of the homogeneous and the inhomogeneous sphere are
assumed to be the same. We use the term equivalent refractive
index instead of effective refractive index since their defini-
tions are different. The strategy for determining the equivalent
refractive index is as follows. We use a direct scattering model
to compute the DSCS of the inhomogeneous particle. The
equivalent refractive index is then obtained by solving an in-
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Table 1. Equivalent refractive index for different volume concentrations. The parameters of the simulation are kaincl = 0.3, mr,incl = 1.2,
mhost = 1.3 and N = 200.

Volume concentration of the inclusions 0.05 0.1 0.2 0.3
Equivalent refractive index 1.3126 1.3235 1.3423 1.3621

verse problem. The direct scattering models depend on the
size parameters of the inclusions and the host sphere.

2. Model for small size parameters

For a sufficiently large number of inclusions we may assume
that the scattering problem is axisymmetric. The equivalent
refractive index is computed by minimizing the residual
function

F(m) =
∫ π

0

∣∣σ in hom
d (θ) − σ host

d (θ, m)
∣∣2

sin θ dθ, (1)

where σ in hom
d and σ host

d are the DSCSs of the inhomogeneous
and the homogeneous sphere, respectively, and m is the
refractive index. For the solution of the above optimization
problem we use stochastic methods, i.e. an evolutionary
optimization algorithm [9] and a genetic algorithm [10]. The
robustness of these algorithms and their capability to overcome
local minimum points are essential for the inversion process.

The direct scattering model is based on the T -matrix
formalism. The transition matrix of the inhomogeneous sphere
can be expressed as

Tin hom = [
Thost − Q13

hostTincl
(
Q31

host

)−1]
×[

I + Q33
hostTincl

(
Q31

host

)−1]
, (2)

where Thost is the transition matrix of the homogeneous host
sphere, Tincl is the aggregate T -matrix of the inclusions and the
matrices Q

ij

host have the same significance as in [11]. The above
relation reflects the advantage of the T -matrix formulation,
i.e. the ‘global’ system of equations corresponding to an
inhomogeneous scatterer can be solved analytically by
expressing the transition matrix of the inhomogeneous
scatterer in terms of the transition matrices of the host particle
and the inhomogeneities. Similar relations were derived for
multilayered scatterers and multiple-scattering problems [11].

In this paper the generalized recursive aggregate T -
matrix algorithm [12] is used to compute the aggregate T -
matrix of the inclusions. Specifically, P auxiliary concentric
spheres are traced in the interior of the (P + 1) sphere
enclosing the particles. With np representing the number of
particles contained between the (p − 1) and the p sphere,
we have �N

p=1np = N , where N is the total number of
particles. Assuming that the aggregate T -matrix of the
particles contained inside the (p − 1) sphere is known, we
compute the aggregate T -matrix of the particles contained
inside the p sphere by adding the np spheres to the problem and
by treating the previous spheres as a single aggregate scatterer.
Thus, at each recursive step only an

(
np+1

)
-scattering problem

needs to be solved. Since np is much smaller than N , the
recursive solution keeps the size of the problem manageable
and reduces the computational effort. The T -matrix of an
aggregate will provide a valid description for the scattered field
only for regions that are outside a circumscribing sphere. In the

Figure 1. DSCS computed by using the recursive algorithm and by
the using the direct solution of the multiple-scattering equations.
The parameters of the simulation are kaincl = 0.3, mr,incl = 1.2,
c = 0.2 and N = 150. The size parameter of the host sphere is
kahost = 2.96 and the refractive index is mhost = 1.3. The size
parameters of the auxiliary surfaces are ka1 = 2 and ka2 = 2.4.

process of random generation of the spheres this constraint may
be violated; that is, some particles will intersect the auxiliary
spheres delimiting different groups of particles. This fact
questions the applicability of the recursive aggregate T -matrix
algorithm. However, the simulation results plotted in figure 1
certify the accuracy of the recursive scheme. Here we plot the
DSCS of an inhomogeneous sphere computed by the recursive
algorithm and by the direct solution of the multiple-scattering
equations. For this calculation we choose 150 spheres and
a volume concentration of 0.2. The size of the inclusions is
kaincl = 0.3 and two auxiliary concentric spheres (according to
the guidelines of the recursive aggregate T -matrix algorithm)
are considered in the interior of the host particle. The maximal
relative error of the DSCS computed with the recursive scheme
is smaller than 1%.

The random positions of particles inside the host sphere
are generated by using the sequential addition method [13].
In this method the particles do not exert mutual force among
themselves but they are not allowed to interpenetrate. Such
non-interpenetration criteria lead to the Percus–Yevick pair
distribution function for densely packed spheres. The DSCS
is averaged over several configurations of the inclusions. The
number of realizations is chosen such that the maximal relative
error in estimating the mean DSCS is less than unity with 99%
confidence.

In our simulation we consider N = 200 inclusions. The
volume concentration c varies between 0.05 and 0.3, while
the size parameter of the inclusions kaincl varies between 0.3
and 0.7. The refractive index of the host sphere is mhost = 1.3.
Three values for the relative refractive index of the inclusions
mr,incl are considered: 1.2, 1.2 + 0.35j and 1.2 + 0.7j. The
values of the equivalent refractive index we found are given
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Figure 2. Residual function versus the volume concentration. The
parameters of the simulation are kaincl = 0.3, mr,incl = 1.2 and
N = 200. The refractive index of the host sphere is mhost = 1.3.

Figure 3. Residual function versus the size parameter of the
inclusions. The parameters of the simulation are mr,incl = 1.2,
c = 0.2 and N = 200. The refractive index of the host sphere is
mhost = 1.3.

Table 2. Equivalent refractive index for different size parameters of
the inclusions. The parameters of the simulation are c = 0.2,
mr,incl = 1.2, mhost = 1.3 and N = 200.

Size parameter of the inclusions 0.3 0.5 0.7
Equivalent refractive index 1.3423 1.3425 1.3628

in tables 1–3. We note that the evolutionary optimization
algorithm and the genetic algorithm lead to the same results.
In figures 2–4 we plot the minimum of the residual function
together with the results obtained by using the size-dependent
Maxwell–Garnett formula, the QCA and the long-wavelength
T -matrix multiple-scattering theory [5]. As an example, we
show in figure 5 the DSCS of the inhomogeneous and the
equivalent sphere in the case mr,incl = 1.2 + 0.7j. We can
formulate the following concluding remarks.

(a) For non-absorbing inclusions the inversion algorithm is
not able to determine accurately the imaginary part of
the equivalent refractive index. Therefore, the attenuation
term due to the scattering process is omitted. In fact,
small values of the imaginary part of the refracted

Figure 4. Residual function versus the refractive index of the
inclusions. The parameters of the simulation are kaincl = 0.3,
Re mr,incl = 1.2, c = 0.2 and N = 200. The refractive index of the
host sphere is mhost = 1.3.

Figure 5. DSCS of the inhomogeneous and the equivalent sphere.
The parameters of the simulation are kaincl = 0.3,
mr,incl = 1.2 + 0.7j, c = 0.2 and N = 200. The refractive index of
the host sphere is mhost = 1.3.

index (as predicted by the effective-medium theories)
do not influence significantly the residual function or
consequently the DSCS. For instance, in the case kaincl =
0.3 and c = 0.2 the residual function is F = 9.059×10−4

for m = 1.3423 and F = 9.064 × 10−4 for m = 1.3423 +
5 × 10−5j, while in the case kaincl = 0.5 and c = 0.2 the
residual function is F = 3.493 × 10−3 for m = 1.3425
and F = 3.551 × 10−3 for m = 1.3425 + 2 × 10−4j.
These changes are smaller than the estimated precision of
the numerical algorithm.

(b) The effective-medium theories provide accurate results
when the size of the inclusions and the volume
concentration are small and when differences in optical
constants of inclusions and host particle are not too
large. However, for all cases under consideration we may
conclude that the QCA and the long-wavelength T -matrix
multiple-scattering theory predict with sufficient accuracy
the DSCS of an inhomogeneous sphere.

(c) By increasing the size of the inclusions and the volume
concentration the minimum of the residual function
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Table 3. Equivalent refractive index for different refractive indices of the inclusions. The parameters of the simulation are kaincl = 0.3,
c = 0.2, mhost = 1.3 and N = 200.

Relative refractive index of the inclusions 1.2 1.2 + 0.35j 1.2 + 0.7j
Equivalent refractive index 1.3423 1.3401 + 0.062j 1.3409 + 0.1143j

Table 4. Equivalent refractive index for different volume concentrations. The parameters of the simulation are kahost = 500, kaincl = 25,
mhost = 1.33, mr,incl = 1.2.

Volume concentration of the inclusions 0.025 0.05 0.075 0.1
Equivalent refractive index 1.48 1.58 1.67 1.80

increases. This fact questions the existence of a solution
to the inverse problem, i.e. whether for any size of the
inclusions and any volume concentration there exists an
equivalent sphere such that the residual function is smaller
than a prescribed value.

3. Model for large size parameters

For large size parameters of the inclusions exact scattering
models are not applicable. In this context we adopt as a direct
scattering model different versions of the Monte Carlo method.
Since the Monte Carlo methods do not include an interference
mechanism, we modify the residual function in the form

F(m) =
∣∣∣∣
∫ θmax

0

[
σ in hom

d (θ) − σ host
d (θ, m)

]
sin θ dθ

∣∣∣∣ , (3)

where θmax is the maximal value of the scattering angle for
which the inversion problem is solvable.

For our simulations we use a conventional Monte Carlo
method [14] and a hybrid technique combining ray optics and
Monte Carlo radiative transfer [15].

In the conventional Monte Carlo method the photon
starting position is randomly generated to yield either a plane
wave or a Gaussian beam profile. At the point where the photon
hits the host boundary we compute the Fresnel reflection
coefficients rs and rp and compare them with an equally
distributed random number within the interval [0, 1], ξ . If(
r2

s +r2
p

)
/2 is greater than ξ , the photon is reflected. Otherwise,

it is transmitted. After a photon is refracted into the host sphere,
it is allowed to travel a free path length l = −l log ξ , where l is
the mean free path length between two subsequent scattering
events. If the photon has not reached one of the boundaries, a
new random number ξ is selected and two subcases arise. If
ξ < Qincl

abs /Q
incl
ext the photon is absorbed; otherwise the photon

is scattered. Here, Qincl
abs and Qincl

ext denote the absorption and
the extinction efficiencies of the inclusions. If the photon is
scattered, the new scattering direction is randomly determined
accordingly to the phase function of the inclusion. This
procedure is repeated until the photon enters the host boundary
surface, where it is again subject to reflection or refraction
events.

In the hybrid model the ray-tracing procedure accounts for
the individual reflection and refraction events at the boundary
of the host sphere. Photons carry Mueller matrices that
contribute to the ray-tracing scattering matrix. The Monte
Carlo technique is used to simulate only the internal scattering
process. When a scattering event occurs, the absorption is
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Figure 6. Phase functions computed with the conventional Monte
Carlo method and a hybrid technique combining the Monte Carlo
method and the ray tracing method. The parameters of the
simulations are kahost = 500, kaincl = 25, mhost = 1.33 and
mr,incl = 1.2.

taken into account by multiplying the photon energy with the
single-scattering albedo of the inclusion.

In the conventional method, the number of scattered
photons per unit solid angle is counted as the ray-tracing phase
function. The single-scattering albedo is obtained from the
ratio of the number of scattered photons to the number of
incident photons. The hybrid method produces directly the
ray-tracing phase function and the single-scattering albedo.
Ray-tracing and diffraction properties are added and weighted
by their individual scattering cross sections to obtain the total
cross sections, single-scattering albedo and phase function of
the inhomogeneous sphere. A comparison between the two
models is shown in figure 6. Here we plot the phase function
for a host sphere with a size parameter of kahost = 500. The
inclusions are spheres with a size parameter of kaincl = 25.
The refractive index of the host sphere is mhost = 1.33, while
the relative refractive index of the inclusions is mr,incl = 1.2.
The results certify the accuracy of the proposed models.

In our simulations we choose kahost = 500 and mhost =
1.33. The volume concentration varies between 0.025 and 0.1,
while the size parameter of the inclusions varies between 5
and 25. Two values of the relative refractive index of the
inclusions mr,incl are considered: 1.2 and 1.28 + 0.04j. The
values of the equivalent refractive index are given in tables 4–
6 together with the results obtained for highly absorbing
inclusions by using the approximate formula of Sharma and
Jones [16]. As examples, we plot in figures 7 and 8 the
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Table 5. Equivalent refractive index for different size parameters of the inclusions. The parameters of the simulation are kahost = 500,
c = 0.025, mhost = 1.33, mr,incl = 1.2.

Size parameter of the inclusions 5 10 25
Equivalent refractive index 2.02 1.68 1.48

Table 6. Equivalent refractive index for different volume concentrations. The parameters of the simulation are kahost = 500, kaincl = 25,
mhost = 1.33, mr,incl = 1.28 + 0.04j.

Volume concentration of the inclusions 0.025 0.05 0.075 0.1
Equivalent refractive index 1.34 + 0.000385j 1.35 + 0.000765j 1.35 + 0.00112j 1.35 + 0.00138j
Refractive index computed with the approximate formula 1.33 + 0.000375j 1.33 + 0.000750j 1.33 + 0.00112j 1.33 + 0.00150j

Figure 7. DSCS of the inhomogeneous and the equivalent sphere.
The parameter of the simulations are kahost = 500, kaincl = 25,
c = 0.025, mhost = 1.33, mr,incl = 1.2.

DSCS of the inhomogeneous and the equivalent sphere. The
conclusions of our analysis can be summarized as follows.

(a) For non-absorbing inclusions the inverse problem cannot
be solved over the entire scattering domain. Acceptable
results can be obtained by restricting the analysis to the
forward-scattering hemisphere, that is by taking θmax =
π/2. However, even in this domain of analysis the residual
function does not have a deep, distinctive minimum. The
modifications of the residual function are small over a
large domain of variation of the refractive index.

(b) For highly absorbing inclusions the inverse problem can be
solved over the entire scattering domain. The agreement
with the results obtained by using the approximate formula
is acceptable.

4. Conclusions

In this paper we introduced the concept of equivalent refractive
index as the refractive index of a homogeneous sphere which
accurately reproduces the DSCS of an inhomogeneous sphere.
We used a direct scattering model to compute the scattering
characteristics of an inhomogeneous sphere and solved an
inverse problem to obtain the equivalent refractive index.

For small size parameters of the inclusions, the effective-
medium theories like the QCA and the long-wavelength T -
matrix multiple-scattering method provide accurate results.
For large size parameters and non-absorbing inclusions the

Figure 8. DSCS of the inhomogeneous and the equivalent sphere.
The parameter of the simulations are kahost = 500, kaincl = 25,
c = 0.1, mhost = 1.33, mr,incl = 1.28 + 0.04j.

inverse problem has acceptable solutions only in the forward-
scattering hemisphere. Solutions over the complete scattering
domain can be obtained only for highly absorbing inclusions.
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