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Abstract. Novel formulations for improving the numerical stability of the
extended boundary conditions method and extending its application to highly
elongated dielectric objects illuminated by a Gaussian beam are described. The
derived formulations are obtained as special cases of a general approach, which
considers arbitrary complete system functions on the particle surface. The
surface currents are approximated by multiple spherical expansions or, for a
fixed azimuthal mode, by the lowest-order multipoles located inside the particle
surface. Results illustrating the application of the procedures developed are
presented.

1. Introduction

Electromagnetic scattering from non-spherical, perfectly conducting and
homogeneous dielectric bodies using spherical vector wavefunctions (SVWFs)
have been formulated in the form of the extended boundary condition method
(EBCM) by Waterman [1].

Numerical difficulties of the standard, single-spherical-coordinate-based
EBCM appear for scattering problems involving large aspect ratios. For such
cases a large number of terms in the vector spherical harmonics expansion are
required to describe the field variations. The matrix formulations include Hankel
functions of large argument and orders which result in an ill-conditioned system of
equations.

A number of modifications to this method have been suggested to ameliorate
these problems. Numerical techniques such as the orthogonalization method [ 2] or
the reinforced modified Gramm—Schmidt orthogonalization procedure [ 3] can be
mentioned here. Bates and Wall [4] proposed the use of spheroidal wavefunctions
for the expansion of the free-space Green dyadic and the choice of the form of the
expansion for the induced surface currents, which is made in terms of functions
natural to the surface of the scatterer. The spheroidal-coordinate-based EBCM [ 5]
offers an aesthetically pleasing alternative, while other formal modifications of the
EBCM were proposed by Bostrom [6].

The actual breakthrough enabling application to general geometries is to use
multiple origins. This was apparently first proposed by Hafner [7] and indepen-
dently by Ludwig [8], Eremin and Sveshnikov [9] and Leviatan et al. [10]. This
technique is known as the generalized multipole technique (GMT) or discrete-
sources method (DSM). Essentially, the unknown field in each domain is
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approximated by several sets of functions with different origins. This representa-
tion of the solution satisfies the Maxwell equations and the unknown amplitudes
are determined from the condition that the boundary values of the fields are close
in a certain norm [ 11].

The iterative extended boundary condition method (IEBCM) is also based
on the fact that an expansion using a single origin for objects with a large aspect
ratio becomes numerically unstable [12, 13]. A first improvement is done by
subdividing the interior of the object into several overlapping subregions and
performing a spherical expansion for each. The continuity of the internal fields
through the object is assured by enforcing the continuity of these expansions at
several points in the overlapping regions. For applications involving relatively
high-loss dielectric objects, an initial assumption of the surface fields is obtained
by using the solution of the regular EBCM for a perfectly conducting object of the
same shape while, for low-loss or lossless elongated particles, one used the Mie
solution of a spherical object with the same dielectric properties. The original
dielectric properties or the original geometry are built in gradually by reapplying
EBCM through an iterative procedure.

In our paper we derive two formulations of the EBCM using multiple
expansions with different origins. We expect to increase the stability of the method
because multiple origins are more adequate to model the boundary geometry of a
highly elongated particle.

2. Mathematical formulation

There are different possibilities to present the mathematical details of the
EBCM. We note here that the Huygen principle used in this way has been
variously known as the Schelkunoff equivalent current method, the Ewald—Osen
extinction theorem or the null-field method [14]. It can be shown that the EBCM
can be interpreted in terms of the method of moments introduced by Harrington
[15]. In the method of moments, applied to the present problem, the unknown
surface field can be expanded in terms of a large class of basis functions which may
lead to different numerical properties of the solution. We present here a flexible
scheme for surface currents determination by considering arbitrary complete
system functions on the particle surface. This approach can be regarded as a
general formulation of the EBCM.

Let us consider a three-dimensional space ©, consisting of the union of a closed
surface .S, its interior Q; and its exterior 5. We choose a point O within €; to be
the origin of a Cartesian coordinate system. An arbitrary point in Q is denoted by
Q, while an arbitrary point on S is denoted by M. Let Lz(Stm) be the space of
square integrable tangential vector functions on S.

The mathematical formulation of the scattering problem of an incident field
(Eo, Ho) by a homogeneous dielectric object with surface .S is

VxE = ijth; Vx H = - jkeE in 0y, (1)
where t = s, 1, N X (Ey+ E, - Ei) =0, nx (Ho + H. - Hi) = Oon S and the radia-

tion condition for (ES,HS) is uniform over all possible radial directions. Here, n is
the outward unit normal to S, k = w/c, &, us = 0, Imej,u; = 0and S €24 In
this case there exists a unique solution for the boundary value problem (BVP) (1).
In order to construct a solution close to the exact solution of the BVP (1) in
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uniform metrics, it is sufficient to approximate the values of the incident field
(EO, Ho) in the mean-square norm at the particle surface S [9, 11].
Let us consider the vector wavefunctions (not necessarily spherical ) ¢ t%(Q) and
14 %(Q), such as
(1) Vxo(Q=kr}(Q), Vx¥i(Q)=ko}(Q), t=si,
(II) ) 1%(Q) and ¥ ;Al(Q) are finiteat the origin, ( 2)

(HI) ) %(Q) and ¥ 2,( Q) satisfy the radiation condition.

Here, k. is the wavenumber of the region €, that is & = k(etu t)ll 2
Let us assume that the set of the tangential vector wavefunctions

{ (n x & 5(M),- j <£) 1/2(n X P E(M)));

(nx w%(M),-j(i)l/z(nx qb;,(M))) };tz s,i;n=1,2..., (3

Ht

is complete on the surface S, that is for any field (eo, ho) and any & > 0 there exists
No = No(8) that for all N > Ny

leo+ e - e[ + [Iho+ b - hi| < s, (4)

where

+ B (n X P %(M))-_,(i) 1/2(n X @ t%(M))),t = s, (5)

Ht

In equations (4) and (5) we find it convenient to use the short letter notations for
the tangential components of the fields on S, that is e = nx Et(M),
h;= nx Ht(M), where ¢ = s,1, 0.

There are different schemes for determining the surface currents, for example
the minimization of the defect functional in Lz(Stan), or the point-matching
method using overdetermined linear algebraic equations systems.

A possible scheme for determination of the surface currents can be constructed
in the following form. Let us consider the complete system functions

{(n XNX & ;(M),j(ﬂ) 1/2(n>< n x W;(M)));

&t

t

(nx n><W%(M),j(%)l/z(nxnxq;;,(M)))}; =s,ih=12..., (6

on S and write the boundary conditions
eyt e - e = 0, ho+ hy- h;=0

in an integral form
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1/2
J 5e-¢;(M)+j<ﬂ) shey (M) = 0,
S

&t

(7)
1/2

J 6e’W§,(M)+j<ﬂ) shei(M)= 0 t=si;=1,2,...,

S

&t
where 3e = €p+ €, - € and 8h= ho+ hy- h;. The set (7) can be regarded as
the ‘extended integral equations' of the surface currents. The amplitudes of
the approximate sugface ,currents (etV ,hY ) are obtained by substituting
(eo+ e - eV,hg+h - h;V) in equations (7) and considering the first 4N
integral equations (7).

In contrast with the minimization method, which leads to a normal system of
equations and can be regarded as a Galerkin method for the unitary operator, the
above procedure can be considered as a non-Galerkin moment method, because
the testing tangential vector functions are obtained from the basis functions by a
rotation of 90" about the unit normal. The main advantage of this choice consists
of the decoupling of the surface currents problem into two independent sub-
problems for the tangential components of the internal and the scattered field
respectively. This decoupling follows from the Green formula applied to the
vector wave funcAtio%s ® 4 Q) and ¥ t%(Q) It is simple to show that, if the sequences
(e, hfr) and (e, h.’), as solutions of two separate problems (7), converge in the
mean-square norm on S at (ei,hi) and (es,hs), respectively, then (ei,hi) and
(es, hs) are the tangential components of the unique solution of BVP (1).
Furthermore, an estimate for the a posteriori error can be given by computing
the discrepancy of the residual tangential fields on the surface of the scatterer.

In view of the EBCM, one cqnsiders only the independent subproblem for the
internal surface currents (e, h{V) and computes the scattered field by using the
Huygens principle. Thus a gengral scheme for computing the amplitudes of the

internal surface currents (€] ,h{w) consists of a set of 2V integral equations

L(e& - eo) o 3(M)+ j<ﬁ) 1/2(h§ = ho)-wi(M) = 0,

Es

(8)

12,

L(e?- eo)-sv;(M)ﬂ(ﬁ) (hY - ho)-e

Es

(M)=ah=1,.. N

54

which reduces to a linear algebraic system by considering for (e;Q’, h;V) the
representation given in equation (5).

Once the internal surface currents are determined, the approximate solution of
the scattered field is obtained by using the integral representation

EY(Q) = Vx J e’ Glk,, M,Q)dS - Vx V
S

xj LR Gk, M, Q) dS, Q €0, (9)
S _]ké‘s

where G(ks,l\/I,Q) is the free-space transverse dyadic Green function. We note
here that our presentation concentrates on the question of obtaining an approx-
imate solution on the surface .S. In the T-matrix scheme, one furthermore expands
the scattered field outside a circumscribed sphere in terms of SVWFs, truncates
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this expansion at the index N and computes the transition matrix which relates the
scattered field coefficients to the incident field coefficients. Essentially, once the
internal surface currents are determined a formal solution of the scattered field can
be constructed in the form (9) .

The far-field vector amplitude F;V(QQ,(PQ) of the scattered field is calculated
from

lim [E;Q(Q)] = F?(QQa@Q)M (10)

rQ—0 VQ
and the differential scattering cross-section from
V)2 (11)

S
Here (VQ, QQ,(PQ) are the spherical coordinates of the point Q.

A similar version can be constructed if one cons,jders the subproblem for the
tangential corr;ponents of the scattered field (e e, h; ) In this case, one replaces
eN - epand h - hy in equation (8) by eN + eg and h + hg respectively, and the
1r1dex i by s and reciprocally. We note here that the independent exterior
subproblem for the surface currents, in terms of SVWFs with a single origin,
was also obtained by Hizel [16] starting from the vector potential formulation

For our next presentation, we write equation (8) in short-hand form as

- e(),h1 ho, ( ) ‘P%(M)): 0

A
021:

A
N
1

alel

(12)

A

bed - eo,h¥ - ho, o 3(M),¥5(M)= ¢ A= 1,...,R,

1

where the functional a designates the first integral equation and b the second
integral equation.

Effective schemes for determination of surface currents can be obtained by
considering different complete system functions in Lz(Stan). In the present paper
we restrict our analysis to complete system functions derived from SVWFs, that is

Pll(cos 0).  dPI"l(cos 6). .
ey )'9' e )'“’> exp o)

M;;3(krq) = 2,(Ikrq) <

N} (kro) = [n(n+ 1)2"£k7Q)P|”’|( o, (13

mn ;’Q

2 . k , dP|m| 0). . |’"| ) .
gl

where (rq, 9,@) are the spherical coordinates of the observation point Q, (iy, ie, im)
are the unit vectors in spherical coordinates, z,(krq) designates the spherical
Bessel functions ]’n(er) or the spherical Hankel functions /! er), and PZ’(COS 9)
denotes the associated Legendre polynomial of order #, m.

We have the following results.

(4) The set of the tangential components of the regular and radiating

SVWFs, given by equations (3) and (6) with ¢ 3'(Q)= M>!(k SlrQ),
Py (Q) N3 1 SlrQ) where m €Z and n=> max|( 1, m|), is complete on

ﬂ'l)’l
S. Here # is an index incorporating m and n. The completeness of the

above system has been discussed by Muller [17], Aydin and Hizal [18] and
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also originally by Waterman [ 1]. We note, however, that the completeness
of equation (6) follows directly from the uniqueness of the coupled null-
field integral equation for the electric and magnetic surface currents,
which are considered as independent unknowns [19].

(B) Let us consider a rigid translation I, of the original coordinate system
and denote by O, the origin of the new coordinate system, so that
r,Q =rq- rp. Then the system of the tangential components of the
SVWFS with a shlfted or1g1r1 glven by equations (3) and (6) with
S (Q) M1 (% S,lrpQ ’> q) where m &7 and
n> max ( 1, m) is cornplete on S.

(C) Let us cor151der a set of poles {zn} located on the 2 axis with ©;. Let the
set {zn}z.il have at least one hrnlt pomt in Q;; then the tangential
cornponents of the lowest-order SVWF given by equations (3) and (6)
with @ & 1(Q) sz |m|+l( Slr,,Q) ‘P%’I(Q) = Nﬁmhl(k“rn()) where m €7
and = 1land /= 1 if m= Oand [ = 0 otherwise, is complete on .S. The
completeness of this set can be demonstrated using the completeness of
the tangential vector wavefunctions referenced to a single origin and an
integral representation for the coefficients of the vector addition theorem
for SVWFs under a translation of the coordinate origin. We note here that
a similar complete system of functions was introduced by Eremin and
Sveshnikov [9] and Eremin et al. [11] by considering the electric and
magnetic Hertz vectors constructed in a Cartesian basis using the lowest-
order multipoles for the scalar wave equation. Other non-spherical
complete system functions were obtained by Kersten [20)].

ﬂl)‘l SerQ >

Corresponding to the above complete system functions, the following schemes
for surface currents determination can be considered.
. The amplitudes of the approximate solution of the internal surface currents

(eIV, h;V), written in the following explicit forms.
(4) For a single origin, we have

M N

(el h V)= >, . % (n x M}, (kiry), - j(i) 1/2(71 X Nmn(ker)))

m==-M n> max(1,|n1|) Hi

12
+ B (n x Nb, (kirap), - J(i) (nx M, (k FM))) (14)

Hi

(B) For a finite collection of poles {rp }p 1, @s

N, Mi(p) M(p)

ef,h)=3%" % > o

p=1m=- [W(p) n= max(l,|m|)

N\ 1/2
X (n X 1;m(kirpl\’l)) - J <§) (n X Nmn(k’-rpl\/l)))

1

1

N\ 172
+ pile) (n x NL (kiron), - j <u—) (nx M,,,,l(k,-rpM))). (15)
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(C) For a set of poles {zn}:yzl, having at least one limit point in €, as
M N

ef,nh)= 3

m==-M n=>1

1/2
X mn (n X Mn |m|+l(k rnl\/l), J< ) (n X N7171,|77z|+l(kirn1\/1)))

1/2
. 1 & 1
+ B?lnn (n X Nm,|m|+l(kirn1\/1)9 -J <U_1) (n X M71z,|71z|+l(kir"1\/l)))
i

I=1if m= Oand [ = 0 otherwise. (16)

These are obtained as a solution of the following truncated system of
integral equations:

(A) a(ef/\\f - eOa hf/\\f - hO, Min(ker)a Nmn(k rNI)) 0’

b(eN = eO, ﬁf hO, Mnn(k rl\/l) Nﬂm(k rl\/l)) 09 (17)

1

- M,...,M,n= max(1,]m]),...,N,

(B) a(efAV- eo, hﬁ- ho, M2, (krpnt), N2, (Rsrpnr)) = 0,

b(eN = €y, hﬁ’ hO; Mjm(ksrl’l\/l)ﬂ ij(ksrpl\/l)) = 0’ ( 18)

1

p=1,...,Nyym= = M(p),...,M(p),n = max(1,|n]),...,N(p),

(C) a(ef\f - €0, h1 hO, Mn,|m|+l(k rnl\/l) 3z,|m|+l(k5r"1\/l)) = 0’

b(ef\f - €o, h;Qf - hO, sz,|m|+l(k5r"1\/l)9 N31,|m|+l(k5r"1\/l)) = 09 (19)
-M,....M,n=1,...,N,l=1if m= Oand ! = 0 otherwise.

Form (A) essentially represents the classical version of the EBCM introduced by
Waterman. One recognizes the functions a and b as the expansion coefficients of
the total electric field in terms of SVWFs. In this case, the set (17) represents the
null-field condition for the exterior field within an inscribed sphere with centre O.

Form (B) is appropriate to the GMT. The surface currents are approximated
in the mean-square norm by normal multipole expansions with different origins,
and the null-field condition for the exterior field is simultaneously imposed in
different inscribed spheres. The main difference consists of the fact that this
method is a combination of the duality of entire-domain bases for exterior fields
and multiple-domain bases for interior fields. We note here that the locations of
the spheres where the null-field condition is imposed may be different from the
positions of the poles where the internal field approximation is considered.

Form (C) represents a modified version of the EBCM where the surface
currents are approximated, for a fixed value of the azimuthal mode m, by the
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lowest-order multipoles located on the 2 axis. Again, the positions of the poles in
equations (16) and (19) may be different.

For a body of revolution the choice of multipoles situated on the symmetry axis
of the particle makes it possible to reduce the problem of surface approximation of
current distributions to a sequence of one-dimensional problems relative to
Fourier harmonics of the surface currents.

We call, by convention, the second and the third formulations the multiple-
multipole extended boundary condition methods (MMEBCMs).

3. Numerical results

Using the analytical development provided in section 2, we present compar-
isons of numerical computations for the verifications of the inherent accuracy of
the proposed techniques. The differential scattering patterns are given for a series
of test problems and compared with those obtained by the use of the classical
version of the EBCM or otherwise available results.

Our computer code is for axisymmetrical particles illuminated by a Gaussian
beam. The scattering geometry is shown in figure 1. We define the original beam
coordinate system OXYZ so that the centre of the Gaussian beam waist is located
at the point O. The waist radius of the Gaussian beam is wg and the direction of
propagation is along the Z axis. The polarization direction of the incident electric
field and the X axis enclose an angle Opo1. 'The centre of the scatterer is located at
the point o of a Cartesian coordinate system oxysz, which is called by convention
the particle location system. The particle is oriented with the symmetry axis in

zZ

particle symmetry axis

20 |-..

X0

Figure 1.  Scattering geometry showing the beam coordinate system OXYX and the
particle location system oxyz. The direction of incidence is Z, and the symmetry
axis of the object is = and is oriented at angles (0, 8). The coordinates of the particle
centre in the beam frame are (xo, V0, 20)-
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the (O(, [3) direction referenced to the beam coordinate system. We denote by
X0 V0o zo) the coordinates of the particle centre in the beam frame.

There are different possibilities for implementing a Gaussian beam description
in the proposed forms of the EBCM. One of these techniques considers the
analytic fifth-order beam description of Barton et al. [ 21] for €9 and hy. In this case
the integration over the particle surface in equation (8) must be numerically
performed. Another method consists of using the partial waves decomposition of
Gaussian beams. One recognizes the general form of the functionals a and b in
equations (17)—(19) as the expansion coefficients, in terms of regular SVWFs, of
the incident Gaussian beam, written in a translated coordinate system 0,X,Vp2p:

- mnd

S (20)
bleo, ho, M2, (k)N (Rrpni)) = L Eoal2d?)

a(e()? hO, Mjm(ksrpl\/l)a ij(ksrpl\/l)) = k—E081/2 (P)

' mn*

The system o,x,y,%, 1s obtained by a rigid translation of the particle coordinate
system oxyz with 2, along the z axis. The coordinates of the new origin o, are
given by

(p)

x(g’) _ () _

= X0+ 2 sin Bcos O, V5 = Yo+ Zpsin Bsin O, 2, = o+ 2, cos L. (21)
The expansion coefficients, or the beam shape coefficients, are computed by using
the generalized localized approximation and the addition theorem for SVWFs

under coordinate rotations [22];

atp) L a(Pz”
(b(rgri) - Z R;Z’iﬂ(on Olpol 5 B )(b&l’ )

mn me=-n mm

(»)
a ~ - .
(b&:)‘n) = (- 1)m 1Cm ‘nKn ’n‘P 8 eXp (Jksz(()l’)) )
mn ( 22

X %[exp[ (m’- 1)(,0 O]Jm‘- 1<2%)

0

*exp [_](m ‘+ 1)@ 0] Tt <2Q§U()an)] )

0

where C,,,-= 4™ 1 n+ |m1) /(n - |m’1)' is a normalization constant,

2)|m J ,
- | 1(11_'_05)771-1’ mio’

n(n+1)
n+ 05°

Ky =

m’= 0,

1s a correction factor and
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Figure 2.  Plots of the normalized DSCS patterns for spheroidal particles with M = 1-5,

alb= 2 (a) ka= 10, (b) ka= 20. The position of the particles is xo= yo= 20= 0
and the orientation is .= = (.

—0_ .7 - jOp} - j0(n+ 05)°
‘I’8=JQ'exp< EP0) - exp |
s 0

Wy
b, = n+ 05 0= 1 00 = [(x(p))2+ (y(p))Z]l/Z 0o=tan ! X(OP)
n %, s (_] _ 22(5,)/1)7 0 0 s ;O;j
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Figure 3. Plots of the normalized DSCS patterns for spheroidal particles of M = 1-5,
alb= 2, ka= 10, having a position and an orientation given by (a) xo = vo = 29 = 0,
o= =45, and (b) xo= yo= z0= 20um, .= B = 45,

Here, R™ (o, ﬁ,Y) is the rotation matrix of the Euler anglfzs (o, ﬁ,Y) which
transforms the SVWFs under successive rotations of the coordinate system.

Our first objective is to demonstrate the validity of our EBCM formulations
based on multiple-multipole expansions using for comparison the standard

formulation of the EBCM as a reference. We shall be concerned with the scattering
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Figure 4.  Plots of the normalized DSCS patterns for spheroidal particles with M = 1-5:
(a) afb= 5, ka=5; (b) afb= 6, ka= 6. The position of the particles is xo = yo =
2o = 0 and the orientation is = = (.

o

by spheroidal lossless dielectric objects with a refractive index M = 1-5. Specifi-
cally, the differential scattering cross-section (DSCS), normalized by Tta?, where a
is the length of the semimajor axis, will be evaluated for prolate spheroids.
Scatterers with different size parameters and eccentricities, having arbitrary
positions and orientations in the Gaussian beam, are considered. The incident
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E)’/ -

Figure 5. Illustration of the geometric locations of points used in the evaluation of
the internal fields.

Table 1. Comparison of the magnitude of the internal electric-field
distribution at selected equidistant points along the symmetry axis
with the EBCM and the MMEBCM. The case of an spheroidal particle
with M = 2236, af/b= 4 and ka = 1-35 is considered.

Internal electric field (V m™!)

Location of field points EBCM MMEBCM, forms (B) and (C)
a 0-3816 0-3817
b 0-4062 0-4062
c 0-4216 0-4216
d 0-4261 0-4261
e 0-4202 0-4202
f 0-4065 0-4065
g 0-3876 0-3876
h 03654 0-3655

wave is linearly polarized and the polarization direction encloses an angle of 45
with the X axis. The scattered field will be evaluated over the azimuthal plane, that
is the (p = 0) plane of the laboratory frame. The normalized DSCSs are shown in
figure 2 for prolate spheroidal scatterers of axial ratio a/b = 2, and for two size
parameters ka = 10 and 20. The symmetry axis of the particle is along the Z axis.
In figure 3(a) we consider a spheroid placed at the centre of the Gaussian beam
with a more general orientation a.= 8 = 45 . The curves for a scatterer with the
same orientation but placed at xo = yo= 20 = 20um in a Gaussian beam with
wo = 50pum are depicted in figure 3(b). Figures 4(a) and (b) show the normalized
DSCSs for prolate scatterers of axial ratio a/b = 5and 6 respectively, and for two
size parameters ka = 5 and 6. The results given in figures 2—4 clearly demonstrate
that no significant differences exist between the scattering diagrams, and that the
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Figure 6. Magnitude of the internal field as function of the integration points for a
spheroidal particle with M = 2236, a/b = 7, ka = 1-35 at the points (@) a and (b) h.

MMEBCM does indeed agree quite well with the cases that could be handled by
the standard formulation of the EBCM.

The objective of our final validity test is to demonstrate the applicability of the
MMEBCM in the context of evaluating the interior fields induced along the
symmetry axis of prolate spheroids. Even though the application of the standard
formulation of EBCM has been widely found to be successful in treating problems
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Figure 7. Magnitude of the internal field as function of the integration points for a
spheroidal particle with M = 2236, a/b = 10, ka = 1-35 at the points (@) a and (b) h.

that involve the far-field scattering characteristics, a major limitation lies in the use
of EBCM in modelling the internal fields induced inside highly elongated di-
electric spheroids at frequencies at and beyond the resonance frequency range.
Problems occur at points lying outside the maximum inscribed sphere, especially
at the far ends of the dielectric object. We have considered a lossless dielectric
spheroid with a refractive index M = 2236, which has the first resonance
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Table 2. Comparison of the magnitude of the internal electric-field distribution at
selected equidistant points along the symmetry axis with the IEBCM, VIEF, GMT
and MMEBCM for a spheroidal particle with a/b = 15, A= 10 um, a = 0 3 um and
&= 3+ 1j.

Internal electric field (V m™ ")

Location of field points IEBCM  VIEF GMT MMEBCM, forms (B) and (C)

a 0-483 0473 0-4765 0-4865
b 0-487 0-487 0-4836 0-4867
c 0-489 0-488 0-4866 0-4868
d 0-488 0-489 0-4876 0-4869
e 0-489 0-492 0-4878 0-4870
f 0-488 0-487 0-4870 0-4871
g 0-490 0-484 0-4849 0-4871
h 0-488 0473 0-4791 0-4872

frequency at ka = 1-35. The electric field intensities are computed at eight points
equally spaced along the major axis of the spheroid for a unitary incident electric-
field vector that is polarized in the X direction, as illustrated in Figure 5. The
results in table 1 show that at an aspect ratio of a/b = 4 the MMEBCM and the
EBCM agree perfectly, but, as the particle eccentricity increases, the convergence
of the internal field at the far ends begins to deteriorate significantly. The
oscillations of the magnitude of the internal field with the number of integration
points for a/b= 7 and a/b= 10 spheroids are shown in Figures 6 and 7
respectively. These oscillations question the stability of the standard EBCM
solution. In contrast, the values of the internal fields obtained by the MMEBCM
are constant over the entire analysis domain. Numerical experiments with the
MMEBCM have shown rapid convergence of the internal fields, which is apparent
from the results given in table 2 for an a/b = 15 spheroid, where good agreement
has been achieved with the results obtained from the GMT, the volume integral -
equation formulation VIEF and the IEBCM, listed in [23].

4. Conclusions

A general formulation of the EBCM was obtained by using arbitrary complete
system functions on the particle surface. By approximating the surface currents in
the mean-square norm by normal multipole expansions with different origins or by
the lowest-order multipoles located at the 2 axis of the particle, we derived various
formulations of the EBCM. These EBCM formulations based on multiple-multi-
pole expansions improve the stability and accuracy of the regular EBCM for highly
elongated particles, because the boundary can be covered more efficiently by
multiple multipoles.

The general case of Gaussian beam incidence was also considered, where the
beam shape coefficients are computed by using the generalized localized approx-
imation. Numerical results concerning the comparison of the axial distribution of
the induced internal fields illustrate the adequacy of the EBCM formulations based
on multiple-multipole expansions to calculate the scattering by spheroids with
large aspect ratio.
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