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Abstract

The T-matrix method and a new projection method for the impedance boundary value problem in electromagnetic scattering
theory are presented. The new method is called the D-matrix method since the matrix of the linear system of equations is
dissipative. The dissipativity is established as a consequence of the conservation law of energy. The convergence and solvability
of the linear system of equations appearing in the D-matrix method is validated. Numerical experiments are performed for
analyzing the rate of convergence of both methods. The numerical analysis indicates that the T-matrix method still stands tall
among alternatives approaches. 2000 Elsevier Science B.V. All rights reserved.

1. Introduction

Three-dimensional problems of electromagnetic
scattering have been the subject of intense investiga-
tion and research. One of the fastest and most powerful
numerical tools for computing the nonspherical light
scattering is the T-matrix method [1]. In this method,
a set of integral equations for the surface current den-
sities is derived by considering the null-field condi-
tion for the scattered field inside the particle. An ap-
proximate solution of the scattering problem is then
obtained by approximating the surface fields by the
complete set of tangential single spherical coordinate
vector wave functions. The theoretical foundations of
the method were given by Ramm [2], and Kristens-
son, Ramm and Ström [3]. They include analysis of
the convergence of the method, stability of the numer-
ical scheme towards small perturbations of data and
estimates of rate of convergence. Remarkably enough,
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particular satisfactory criteria for choosing the com-
plete family of functions to approximate the surface
current densities were given. According to these crite-
ria the single spherical coordinate vector wave func-
tions can not be used for surface current approxima-
tion since in this case there are no guarantees that the
scheme converges.

For particles with extreme geometries or parti-
cles with appreciable concavities the single spheri-
cal coordinate based null-field method fails to con-
verge. A number of modifications to the conventional
T-matrix method have been suggested to improve the
numerical stability. One of these formal modifications
is the T-matrix method with discrete sources [4]. Es-
sentially, this method entails the use of a number of
elementary sources for approximating the surface cur-
rent densities. Unknown discrete sources amplitudes
which produces the surface densities are computed by
using the null-field condition of the total electric field
inside the particle surface.
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The subject matter of this paper is to modify the
T-matrix scheme in order to construct a convergent
scheme for scattered field determination. The new
method is called the D-matrix method since the matrix
of the projective scheme is dissipative. We prove
the convergence and unique solvability of the linear
system of equations for any system of functions
which are complete on the particle surface. In the
present paper we extend the treatment of acoustic
wave propagation in the presence of an impedance
obstacle to the electromagnetic case [5].

2. T-matrix method

Let us consider the scattering problem of a given
incident field on a local obstacleD in R3 with the
impedance boundary condition on the surfaceS =
∂D. The boundary-value problem consists in Maxwell
equations inR3−D
∇ ×Es = jkHs,

∇ ×Hs =−jkEs, (1)

the impedance boundary condition onS

n× Es − λn× (n×Hs)= f, (2)

and the radiation condition

lim
r→∞ r(Hs × er −Es )= 0 asr→∞, (3)

uniformly for all radial directions. Here,k is the wave
number,k > 0 by assumption,

f =−[n×E0− λn× (n×H0)
]
, (4)

where is E0, H0 is the incident field andλ is the
given impedance function with the property Reλ> 0.
According to [6] there exists an unique solution of the
boundary-value problem (1)–(3).

For solving the impedance boundary-value problem
in the framework of the T-matrix method with discrete
sources the scattering object is replaced by a set of
surface current densities, so that in the exterior domain
the sources and fields are exactly the same as those
existing in the original scattering problem. The entire
analysis can conveniently be broken down into the
following three steps:

(1) A set of integral equations for the surface
current density is derived for a variety of discrete

sources. Physically, the set of integral equations in
question guarantees the null-field condition withinD.
Essentially, the T-matrix method with discrete sources
consists in the projection relations:

−k
2

π

∫
S

(n×H) · (93
ν + jλn×83

ν

)
dS = aν,

−k
2

π

∫
S

(n×H) · (83
ν + jλn×93

ν

)
dS = bν, (5)

for ν = 1,2, . . . , where

aν = j k
2

π

∫
S

[
(n× E0) ·83

ν + j (n×H0) ·93
ν

]
dS,

bν = j k
2

π

∫
S

[
(n× E0) ·93

ν + j (n×H0) ·83
ν

]
dS,

(6)

andE, H stands for the total field, i.e.E= Es+E0 and
H = Hs + H0. The set{91,3

ν ,81,3
ν }ν=1,2,... depends

on the system of discrete sources which is used for
imposing the null-field condition. Actually, it stands
for the sets of:
– localized vector spherical functions
{M1,3

mn,N
1,3
mn}m∈Z,n>max(1,|m|),

– distributed vector spherical functions
{M1,3

mn,N 1,3
mn }m∈Z,n=1,2,...:

M1,3
mn(r )=M1,3

m,|m|+l (r − zne3),

r ∈R3− {zne3}∞n=1,

N 1,3
mn (r )=N1,3

m,|m|+l (r − zne3),

r ∈R3− {zne3}∞n=1, (7)

where l = 1 if m = 0 and l = 0 if m 6= 0, and
{zn}∞n=1 is a set of points located on a segmentΓz
of thez-axis, and

– magnetic and electric dipoles
{M1,3

ni ,N
1,3
ni }n=1,2,..., i=1,2:

M1,3
ni (r )=m

(
r±n , r , τ±ni

)
, r ∈R3− {r±n }∞n=1,

N 1,3
ni (r )= n

(
r±n , r ,τ±ni

)
, r ∈R3− {r±n }∞n=1, (8)

whereτ n1 andτn2 are two tangential linear inde-
pendent unit vectors at the pointxn,

m(r , r ′,a)= 1

k2 a(r )×∇′g(r , r ′,k),

n(r , r ′,a)= 1

k
∇′ ×m(r , r ′,a), r 6= r ′, (9)
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and the sequence{r−n }∞n=1 is dense on a smooth
surface S− enclosed inD, while the sequence
{r+n }∞n=1 is dense on a smooth surfaceS+ enclosing
D.

We mention that the unique solvability of the
infinite system (5) follows from the completeness of
the system{
n×93

ν + jλn× (n×83
ν

)
,

n×83
ν + jλn× (n×93

ν

)}∞
ν=1

in L2
tan(S). This assertion is proved in Appendix A

for localized spherical vector wave functions and the
same technique can be used to prove the completeness
of distributed spherical vector wave functions and
magnetic and electric dipoles.

(2) The surface current densities are approximated
by fields of discrete sources. In this context, assuming
that the system{n×91

µ,n×81
µ}∞µ=1 is complete in

L2
tan(S) we represent the approximate surface current

densities as

n×HN =−j
N∑
µ=1

aNµ n×81
µ + bNµ n×91

µ. (10)

(3) Once the surface current densities are deter-
mined the approximate scattered field outside the cir-
cumscribing sphere is obtained by using the represen-
tation theorem. We get

EsN =
N∑
ν=1

f Nν M3
ν + gNν N3

ν, (11)

where

f Nν =−
k2

π

∫
S

(n×HN) ·
(
M1
ν + jλn×N1

ν

)
dS,

gNν =−
k2

π

∫
S

(n×HN) ·
(
N1
ν + jλn×M1

ν

)
dS. (12)

Here,ν is a complex index incorporating−m andn,
i.e. ν = (−m,n).

Mathematical justification of the T-matrix scheme
requires positive answers to the following questions:
(1) Is the truncated system (5) solvable for sufficiently

largeN?
(2) Does‖n×HN − n×H‖2,S→ 0 asN→∞?
(3) Is the truncated system (5) correctly solvable for

any finiteN?

As shown by Kristensson et al. [3] the answer to the
above questions is yes if the complete sets for surface
currents approximation and for imposing the null-field
conditions form a Riesz basis inL2

tan(S). However, the
system of spherical vector wave functions do not form
a Riesz basis onS, unlessS is a sphere. This conclu-
sion follows from the fact that the condition number
for the truncated Gramm matrix of the multipole sys-
tem grows to infinity as the truncation size grows to
infinity.

3. D-matrix method

In this section we shall summarize the scheme of the
D-matrix method for the impedance boundary-value
problem. Let us construct an approximation of the
scattered field as

EsN =
N∑
µ=1

aNµ9
3
µ + bNµ83

µ,

HsN =−j
N∑
µ=1

aNµ8
3
µ + bNµ93

µ, (13)

and determine the coefficientsaNµ and bNµ from the
following projection relations〈
n×EsN − λn× (n×HsN )− f,83

ν

〉
2,S = 0,〈

n×EsN − λn×(n×HsN)− f,93
ν

〉
2,S = 0, (14)

whereν = 1,2, . . . and 〈., .〉2,S stands for the scalar
product in L2

tan(S). Then, we obtain the following
system of equations for amplitudes determination

N∑
µ=1

D11
νµa

N
µ +D12

νµb
N
µ =

∫
S

f ·83∗
ν dS,

N∑
µ=1

D21
νµa

N
µ +D22

νµb
N
µ =

∫
S

f ·93∗
ν dS, (15)

where

D11
νµ =

∫
S

[
n×93

µ + jλn×(n×83
µ)
] ·83∗

ν dS,

D12
νµ =

∫
S

[
n×83

µ + jλn×(n×93
µ)
] ·83∗

ν dS,
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D21
νµ =

∫
S

[
n×93

µ + jλn×(n×83
µ)
] ·93∗

ν dS,

D22
νµ =

∫
S

[
n×83

µ + jλn×(n×93
µ)
] ·93∗

ν dS. (16)

In Appendix B we prove the unique solvability of
the system (15) and the fact that

lim
N→∞‖Es0−EsN0‖2,Ω = 0, (17)

whereEs0 and EsN0 are the far-field patterns of the
exact and approximate solutionsEs , Hs , and EsN ,
HsN , respectively, andΩ is the unit sphere. Therefore,
from a theoretical point of view, the D-matrix method
leads to convergent results for any system of functions
which is complete on the particle surface.

4. Numerical simulations

In this section we present some computer simula-
tions in order to give a clear picture on the convergence
of the above projection schemes.

In our first example we consider a prolate spheroid
with semiaxeska = 2 andkb = 1. The incident field
is a plane wave propagating along the particle symme-
try axis. The surface current density is approximated
by linear combinations of localized spherical vector
wave functions. The expansion coefficients can be
found separately for each azimuthal modem and note
that only two azimuthal modes (m=±1) are required
for solution construction. Therefore, the convergence
of the projections schemes can be analyzed by vary-
ing the number of termsnmax. Assuming the incident
field to have unit amplitude we evaluate the normal-
ized differential scattering cross section (DSCS) in the
azimuthal planeϕ = 0◦. Figs. 1 and 2 show the nor-
malized DSCS at the scattering angleθ = 180◦ com-
puted with the T-matrix method and D-matrix method.
The plotted data clearly demonstrate that the D-matrix
method has the lowest rate of convergence.

The same behavior of the solution can be observed
if 91,3

ν and81,3
ν are chosen as the distributed spherical

vector wave functionsM3,1
mn andN 3,1

mn . In this case
nmax denotes the number of discrete sources. Figs. 3
and 4 show the normalized DSCS at the scattering
angleθ = 180◦ for a prolate spheroid with semiaxes
ka = 10 andkb = 2 and two values ofλ, λ = 10 and

Fig. 1. Normalized differential scattering cross section (DSCS) at
the scattering angleθ = 180◦ for different values of the truncation
index. The scatterer is a prolate spheroid withλ = 2 and semiaxes
ka = 2 and kb = 1. The curves are computed with the T-matrix
method and D-matrix method. Localized spherical vector wave
functions are used for representing the solution.

Fig. 2. The same as in Fig. 1 but the curves correspond toλ= 10.

λ= 2. In addition to the conventional T-matrix method
we used an approach in which the surface currents are
approximated by radiating functions, i.e.

n×HN =−j
N∑
µ=1

aNµ n×83
µ + bNµ n×93

µ. (18)

As before, the T-matrix method which uses regular
functions for surface current densities approximations
is the most efficient. In Fig. 5 we plot the normalized
DSCS for a prolate spheroid withka = 10 andkb = 2.
The curves are computed with the conventional T-
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Fig. 3. Normalized differential scattering cross section (DSCS) at
the scattering angleθ = 180◦ for different values of the truncation
index. The scatterer is a prolate spheroid withλ = 2 and semiaxes
ka = 10 andkb = 2. The curves are computed with the T-matrix
method with regular and radiating functions for surface current
densities approximation and the D-matrix method. Distributed
spherical vector wave functions are used for representing the
solution.

Fig. 4. The same as in Fig. 3 but the curves correspond toλ= 10.

matrix method and the D-matrix method. In order to
achieve convergence we use (17) discrete sources in
the first case, while 40 discrete sources are necessary
in the second case. The discrepancy concerning the
number of sources used is more pronounced if the
aspect ratio increases. The results plotted in Fig. 6
correspond to a prolate spheroid withka = 10 and
kb = 1. As before, (17) discrete sources leads to
accurate results in the case of the conventional method,

Fig. 5. Normalized differential scattering cross section (DSCS) for
a prolate spheroid withλ = 10 and semiaxeska = 10 andkb = 2.
The curves are computed with the T-matrix method and D-matrix
method. The basis and testing functions are the distributed spherical
vector wave functions.

Fig. 6. Normalized differential scattering cross section (DSCS)
for a prolate spheroid withλ = 10 and semiaxeska = 10 and
kb = 1. The curves are computed with the T-matrix method
and D-matrix methods. The basis and testing functions are the
distributed spherical vector wave functions.

while 50 discrete sources are required in the D-matrix
method.

5. Conclusions

In this contribution the T-matrix method and a new
projection scheme, called the D-matrix method, are
investigated. In the case of the D-matrix method we
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proved the convergence and unique solvability of the
linear system of equations when multipoles fields are
used for surface current approximation. The numeri-
cal experiments indicate that the T-matrix method is
the most efficient in spite of the fact that up to now
there is no mathematical prove of its convergence. In
this context the question of convergence of the con-
ventional T-matrix method is open and several addi-
tion research is needed. Our contribution demonstrate
once again the genial feeling of Waterman who chose
simple derivation, preferring physical plausibility over
mathematical rigor.
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Appendix A

In this appendix we prove the completeness of the
system{
n×M3

ν + jλn× (n×N3
ν),

n×N3
ν + jλn× (n×M3

ν)
}∞
ν=1, Reλ> 0,

in L2
tan(S). Consider the vector potential with square

integrable tangential densitya

Aa(r )=
∫
S

a(r ′)g(r , r ′, k)dS′, r ∈R3− S. (19)

Then, the following lemma is valid.

Lemma 1. Let

∇ ×Aa(r )−λj
k
∇ ×∇ ×An×a(r )=0, r ∈D, (20)

wherea∈L2
tan(S), Imk > 0, andReλ> 0. Thena= 0

almost everywhere onS.

Proof. Define the electromagnetic field

E =∇ ×Aa − λj
k
∇ ×∇ × An×a,

H= 1

jk
∇ × E . (21)

From the hypothesis we getE = H = 0 in D. From
the jump relations for the vector potential with square
integrable densities [7], we find that

lim
h→0+

∥∥[n×E(.+ hn(.))] − a
∥∥

2,S = 0,

lim
h→0+

∥∥[n×H(.+ hn(.))] + λn× a
∥∥

2,S = 0.
(22)

For parallel exterior surfacesSh, Sh = {r = r ′ +
hn(r ′), r ′ ∈ S}, we make use of the following re-
sult [8]

−λ∗
∫
S

|n× a|2dS′

= −λ∗ lim
h→0+

∫
S

[
n× (n× E(.+ hn(.)))

]
× (n× a∗)(1− 2hH + h2K)dS′

= lim
h→0+

∫
Sh

(n× E) ·H∗ dS′, (23)

whereH and K represent the mean curvature and
the Gaussian curvature of the surface, respectively.
We consider now a spherical surfaceSR of radiusR
enclosingD. Simple calculations show thatE andH
satisfies the weak form of the radiation condition, that
is

lim
R→∞

∫
SR

|H× n− E |2dS′

= lim
R→∞

∫
SR

{|H× n|2+ |E |2

− 2 Re
[
(n× E) ·H∗]}dS′ = 0. (24)

Application of Gauss’ divergence theorem in the
region DhR , bounded by the surfaceSh and the
spherical surfaceSR gives

j

∫
DhR

[
k|H|2− k∗|E |2]dV ′

=
∫
SR

(n× E) ·H∗ dS′ −
∫
Sh

(n× E) ·H∗ dS′. (25)

Take the real part of the above equation, leth→ 0+
and use (23). We get
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−Re(λ)
∫
S

|n× a|2dS′

=Re

{∫
SR

(n× E) ·H∗ dS′
}

+ Im(k)
∫
DR

[|H|2+ |E |2]dV ′, (26)

where

lim
h→0+

∫
DhR

[|H|2+ |E |2]dV ′ = ∫
DR

[|H|2+ |E |2]dV ′
(27)

for any fixedR. Then,

−2 Re(λ)
∫
S

|n× a|2 dS′

= lim
R→∞

{∫
SR

(|H×n|2+ |E |2)dS′
+ 2 Im(k)

∫
DR

[|H|2+ |E |2]dV ′}. (28)

If Re(λ) > 0 the conclusiona ∼ 0 on S follows
immediately. If Re(λ)= 0 and Im(k) > 0 we getE = 0
in R3−D. Finally, if Re(λ)= 0 and Im(k)= 0 we get∫
S |E |2dS′ → 0 asR→∞, whenceE = 0 in R3−D

follows. Application of the jump relations (22) gives
a∼ 0 onS. 2

Let us consider an approximation for the impedance
boundary-value problem in the form of a linear com-
bination of multipoles with a single origin, i.e.

EsN =
N∑
µ=1

aNµ M3
µ + bNµN3

µ,

HsN =−j
N∑
µ=1

aNµ N3
µ + bNµM3

µ. (29)

Then the following theorem holds

Theorem 2. For an arbitrary a ∈ L2
tan(S) and any

δ > 0 , there existsN and a sequence{aNµ ,bNµ }Nµ=1
such that∥∥n×EsN − λn× (n×HsN)− a

∥∥
2,S < δ. (30)

Proof. Since completeness and closeness imply each
other, it is sufficient to prove that for anya∈L2

tan(S)∫
S

a∗ ·
(n×M3

µ + jλn× (n×N3
µ)

n×N3
µ + jλn× (n×M3

µ)

)
dS′ = 0,

µ= (m,n)= 1,2, · · · we obtaina= 0 in L2
tan(S). By

successive transformations the above equation can be
written as∫
S

[
a′ ·

(
M3
µ

N3
µ

)
− jλ(n× a′) ·

(
N3
µ

M3
µ

)]
dS′ = 0,

(31)

where a′ = n × a∗. Now, using using the spherical
vector waves expansion ofIg, where I is the unit
dyadic, we find that

E =∇ × Aa′ − λj
k
∇ ×∇ × An×a′

vanishes inD. Application of the above lemma gives
a∼ 0 onS and the theorem is proved.2

Appendix B

In this appendix we analyze the convergence of
the D-matrix method. To this end let us shown the
following theorems to be valid.

Theorem 3. System(15) is unique solvable for any
fixedN .

Proof. We establish the dissipativity of theD-matrix,
i.e. we establish that the inequality Im〈DTN,TN 〉l2 <
0 holds for anyTN = [aNµ ,bNµ ]Nµ=1, and in addition
from 〈DTN,TN 〉l2 = 0 we receiveTN = 0. We choose
an arbitraryTN and construct the vector fieldsEsN
andHsN according to (13). It is readily seen that

〈DTN,TN 〉l2
=−j 〈n×EsN − λn× (n×HsN),HsN

〉
2,S. (32)

Taking the imaginary part of this equation and using

Re

{∫
S

(n×EsN ) ·H∗sN dS′
}
=
∫
Ω

∣∣ENs0∣∣2dω (33)

we obtain
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Im〈DTN,TN 〉l2
=−

∫
Ω

|EsN0|2dω−
∫
S

Reλ|n×HsN |2dS′. (34)

Since Reλ > 0, (34) shows the dissipativity of the
matrix D. Now, from 〈DTN,TN 〉l2 = 0 we receive
EsN0 = 0, whence by the orthogonality of the spheri-
cal harmonics on the unit sphere,TN = 0 follows. 2
Theorem 4. Let the approximate solution to the im-
pedance boundary-value problem be given by(13),
where the amplitude vectorTN = [aNµ ,bNµ ]Nµ=1 solves
the system(15). Then

lim
N→∞‖Es0−EsN0‖2,Ω = 0, (35)

whereEs0 is the far-field pattern of the exact solution
Es , Hs .

Proof. Let us shown that the sequenceHsN is bounded
for anyN . In (14) we multiply the first set of equations
by ja∗ν , the second one byjb∗ν and sum the resulting
expressions. We get as before〈
n×EsN − λn× (n×HsN)− f,HsN

〉
2,S = 0. (36)

Taking the real part of (36), using (33), and the identity
|a− b|2= |a|2+ |b|2− 2 Re(a · b∗), we find that∫
S

1

4 Reλ
|f|2dS′ =

∫
Ω

|EsN0|2dω

+
∫
S

∣∣∣∣√Reλn×HsN − 1

2
√

Reλ
n× f

∣∣∣∣2dS′. (37)

From this relation it follows directly that the sequence
HsN is bounded for anyN .

The completeness of the system{
n×93

ν + jλn× (n×83
ν),

n×83
ν + jλn× (n×93

ν)
}∞
ν=1

yields the existence of vector fields

EsN =
N∑
µ=1

αNµ9
3
µ + βNµ 83

µ,

HsN =−j
N∑
µ=1

αNµ8
3
µ + βNµ 93

µ, (38)

such that

lim
N→∞‖εN‖2,S = 0 (39)

and

lim
N→∞‖Es0− EsN0‖2,Ω = 0. (40)

Here,εN = n× EsN − λn× (n×HsN )− f represents
the discrepancies of the tangential fields on the surface
S, andEsN0 is the far-field pattern of the approximate
solutionEsN ,HsN . Then, we use (14) and〈
n× EsN − λn× (n×HsN )− f,83

ν

〉
2,S

= 〈εN,83
ν

〉
2,S,〈

n× EsN − λn× (n×HsN )− f,93
ν

〉
2,S

= 〈εN,93
ν

〉
2,S (41)

to derive the following set of equations〈
n× δEsN − λn× (n× δHsN),8

3
ν

〉
2,S

= 〈εN,83
ν

〉
2,S,〈

n× δEsN − λn× (n× δHsN),9
3
ν

〉
2,S

= 〈εN,93
ν

〉
2,S (42)

for the residual fieldsδEsN = EsN −EsN andδHsN =
HsN − HsN . SinceδEsN andδHsN are expressed as
linear combinations of93

µ and83
µ, with 16 µ 6 N ,

we conclude that∫
S

[
(n× δEsN ) · δH∗sN + λ|n× δHsN |2

]
dS′

=
∫
S

εN · δH∗sNdS′ (43)

or, equivalently that∫
Ω

|δEsN0|2dω+
∫
S

Reλ|n× δHsN |2dS′

=Re

{∫
S

εN · δH∗sNdS′
}
6 ‖εN‖2,S‖δHsN‖2,S .

(44)

The uniform boundedness of the sequenceHsN with
respect toN and (44) gives

lim
N→∞‖EsN0− EsN0‖2,Ω = 0
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and finally, according to (40) we conclude that (35)
holds. 2

An inspection of (16) reveals that in the case of ax-
isymmetric scatterers the surface integrals simplify to
one-dimensional integrals along the particle genera-
trix. The problem decouples over the azimuthal modes
and therefore the amount of computer storage required
to solve the scattering problem is not excessive high.
In contrast, for particles without rotational symmetry
it is not possible to obtain a separate solution for each
azimuthal mode. Consequently, the dimensions of the
linear systems of equations considerably increases.
This leads to increased difficulties that are associated
with the stability of the solutions. Effective solutions
of these systems appear to be possible only by means
of iterative schemes. It is therefore reasonable to ana-
lyze the correct solvability of system (15) in order to
investigate the applicability of iterative schemes. For
the system of localized spherical vector wave func-
tions we can prove the following theorem

Theorem 5. System(15) is correctly solvable for any
fixedN .

Proof. We have∣∣〈DTN,TN 〉l2
∣∣>− Im〈DTN,TN 〉l2

=
∫
Ω

|EsN0|2dω+
∫
S

Reλ|n×HsN |2dS′

>
∫
Ω

|EsN0|2dω=
N∑
µ=1

1

k2

π

Dµ

(|aNµ |2+ |bNµ |2)
> C‖TN‖2l2. (45)

This implies the correct solvability of the system (15),
i.e.

‖DTN‖l2 >C‖TN‖l2. 2
In this context it is possible to apply iterative

schemes such as, e.g., GMRES [9] for any fixed value
of the truncation indexN .
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