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Abstract

Convergence of the T-matrix approach for analyzing the scattering light from a particle located on a smooth surface is
investigated. Numerical experiments are performed for oblate spheroids by choosing the discrete source method as reference.
The results show that instability and convergence problems occur when the sphere enclosing the singularities of the scattered
field intersects the interface. © 1999 Elsevier Science B.V. All rights reserved.

1. Introduction

Particle contamination characterization of a silicon wafer surface is of great importance for semiconductor manufacturing.
As semiconductor device dimensions become smaller, there is a need for wafer surface inspection systems to have the
capability to detect size of microcontaminations as low as 0.1 wm or even smaller. To expand the current detection ability
one must use an efficient mathematical model and computer simulation technique.

Calculation of light scattering from particles deposited on a surface is of great interest in the simulation, development and
calibration of a surface scanner. Several studies have addressed this problem using very different methods.

Some simplified theoretical models have been developed on the basis of Mie light-scattering theory and Fresnel surface
reflection [1-4]. These approaches represent an extension of the Mie theory and are focussed on the light scattering problem
of a sphere on or near a plane surface. A coupled-dipole algorithm has also been employed for the scattering problem [5,6].
In this case an array of dipoles are distributed in a lattice configuration to model its shape and composition. In order to take
the presence of unbounded space into account the Sommerfeld integrals for interaction between a dipole and a surface are
introduced.

A model based on the discrete source method was given by Eremin et al. [7]. This approach is based on the fact that for a
local obstacle deposited near the plane interface it is possible to construct dipoles and multipole fields satisfying the field
transmission conditions at this interface. Consequently, all conditions of the scattering problem are analytically satisfied
except for the boundary condition at the particle surface. In this case the dipoles and multipole fields are constructed on the
basis of the Weyl-Sommerfeld integrals. The Weyl-Sommerfeld integral spectral densities can be obtained by solving
one-dimensional transmission problems [7].

In a previous paper we constructed a theoretical model based on the T-matrix approach [8]. The method takes into
account that the incident field strikes the particle either directly or after interacting with the surface, while the fields
emanating from the particle may also reflect off the surface and interact with the particle again. The reflected scattered field
or the interacting field is computed using the integral representation of spherical vector wave functions over plane waves.
For these fields we assume expansions in terms of regular or radiating spherical vector wave functions. The transition
matrix, or the T-matrix relates the expansion coefficients of the incident fields and the scattered field. However, for some
specia scattering configurations such an approach is expected to fail as a consequence of the geometrical constraints of the
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T-matrix method. The expansion of the scattered field in terms of radiating multipoles is valid outside the circumscribed
sphere of the scatterer, and in general this fact generates restrictions in applying the T-matrix method for analyzing multiple
scattering problems. For example, in the case of an oblate spheroid situated on a wafer surface the circumscribed sphere
intersects the plane interface, and consequently the geometrical constraints of the T-matrix method are violated.

The aim of this paper is to investigate the range of validity of the T-matrix approach by performing numerical
experiments for oblate spheroids situated on or near a plane surface. For comparison the discrete source model (based on a
strict mathematical model for this scattering problem) is chosen as reference.

2. Mathematical formalism
2.1. Geometry of the scattering problem

The geometry of the scattering system is shown in Fig. 1. An axisymmetric particle is situated on plane surface ¥ so that
its symmetry axis coincides with the normal to the plane surface. Let us introduce a Cartesian coordinate system Oxyz with
the z axis along the symmetry axis of the particle. The origin O is situated at a distance z, above the plane surface. The
incident radiation is a plane wave traveling in the xz plane, oriented at some angle with respect to the z axis. The wave
number in the medium above the surface (ambient medium) is denoted by kg = ky/& 4w, While the wave vector inside the
particle is denoted by k; =ky/e;pn;. Here &, and w,, where t=s,i, are the relative permittivity and permeability,
respectively.

In the following sections we briefly describe the theoretical models for analyzing the scattering problem of a particle on
or near a surface.

2.2. T-matrix method

The incident plane wave strikes the sphere either directly or after interacting with the surface. The field can be expressed
as a series of regular spherical vector wave functions (SVWF) M1, (kgr) and N, (kgr), i.e.

o |
Einc(r) = Z Z Dml[amIM%nl(ksr) + meNr%I(ksr)]' (1)
I=1m=—I
Here, D, is anormalization constant and is given by
21+1 (I—=Imil)!
™A+ 1) (L +Im)

The expansion coefficients a,, and b, are separated into two parts

ay =an +ag, by =bd +bj 2

ml »

where a2, and b2, correspond to the direct incident field, while af, and bR, correspond to the incident field reflected by the
plane interface. The expressions for af, and b contain the Fresnel reflection coefficients and a phase factor arising from
the phase difference between the plane wave and its reflected wave in O.

incident wave

N

E)

Fig. 1. Geometry of the scattering system.
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The scattered field is expressed in terms of radiating SVWF:

Eg(l’) = i i Dmn[ emnM ﬁwn( ker) + fmnNr?m( ksr)] 3
n=1m=—n

and this expansion is valid outside a sphere enclosing the scatterer.

In addition to the two fields described by Egs. (1) and (3), a third field exists in the ambient medium. This field, which
for convenience is called the interacting field, is a result of the scattered field reflecting off the surface and striking the
particle. The interacting field can be expressed in the following form,

o n
EsR(r)= Z Z Dmn[emn'vI ?ﬁr?(ksr)+fmnNr?r’1’r1Fa(ksr)]v (4)
n=1m=—-n

where M 3R(k.r) and N2R(k.r) denote the radiating SVWF reflected by the surface. For r inside a sphere enclosed in the
particle and a given azimuthal mode m the reflected SVWF are given by:

M 3’R(ksl’) bt o
m =YD mIML (k) + [ 2™ N2 (k)| 5
N%E(ksr) |§1 mi (ymnl) ml( s ) 8mn| ml( s ) ( )
Substituting Eq. (5) into Eq. (4) we get a representation of the interacting field in terms of regular SVWF, i.e.
w
EE( =Y X Dml[erﬁM%nl(ksr)+fr$1|Nr1n|(ksr)] ) (6)
I=1m=—I
where
erﬁl _ = Y mnl an'
(frﬁl) - ngl Dmn[( Yol emn+ 5mn| fmn . (7)

In the T-matrix method the scattered field coefficients are related to the expansion coefficients of the fields striking the
particle by the transition matrix. For an axisymmetric particle the equations become uncoupled, permitting a separate
solution for each azimuthal mode. For a fixed azimuthal mode m we truncate the expansions given in Egs. (1), (3) and (6)
and get the following matrix equation for the scattering problem:

BNkl ®

Here, m="—M,M and n,l =1,N, where M is the number of azimuthal modes and N is the truncation index. The explicit
form of the transition matrix [T,,, ] can be found in Refs. [9,10]. The expansion coefficients of the interacting field are
related to the scattered field coefficients by a so-called reflection matrix,

erﬁl €mn
[fﬁl:[Amln].[fmn}, 9

where, accordingly to Eq. (7)

[A ]= Drn@®mni - DrnYni
min Dmn anl Dmn6mnl .

The scattered field coefficients e,,,, and f,,, are obtained by combining matrix equations (8) and (9). Explicit expressions for

the incident field coefficients a,, and by, and the elements of the reflection matrix are given in Ref. [8].
The main steps of the T-matrix approach are summarized as follows:

- caculation of the transition matrix which relates the expansion coefficients of the fields striking the particle to the
scattered field coefficients,

- caculation of the reflection matrix characterizing the reflection of SYWF by the surface,

+ computation of an approximate solution of the governing matrix equation, and

- extrapolation of the scattered field to the far field.

€mn
f ] = [Tmnl] ’

mn
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Let us discuss the validity of the scattered and interacting field expansions. The scattered field representation (3) is valid
outside a sphere circumscribing the particle. Since the interacting field ER is computed from the boundary condition

NXE2+nxER=nxElony

assuming that (3) is a valid representation for ES, it is clear that the interacting field representation (4) bresks down when
the circumscribing sphere intersects the interface.

However, this condition can be relaxed since the boundaries of applicability of representations (3) and (4) are determined
by the geometry of the set of singularities associated with the continuation of the wave fields. Let us discuss this subject in
detail. The problem of continuation of a solution to a boundary-value problem out of its initial domain of definition comes
after a series of failures of computational algorithms. The matter is that working out computational schemes for scattering
problems one often has in mind some representation of the solution and the choice of the specific representation determines
certain analytic properties of the solution. The computational schemes can be successfully realized only when the existence
domain of the chosen analytic representation includes the domain (together with its boundary) in which the solution is
searched for. Otherwise the algorithms are unstable and the solution diverges. A solution to the Maxwell equations is a
real-analytic function which vanishes at infinity (according to the radiation condition) and, hence, this solution has
singularities near the origin. These singularities naturally lie outside the domain where the solution is required or on its
boundary. Let us consider a single scatterer and assume that the singularities of the scattered field lie inside a sphere
enclosed in the particle. Then expansion (3) allow us to continue the scattered field up to this sphere. This means that the
scattered field representation (3) is valid outside a sphere enclosing the singularities of the analytic continuation of the
scattered field. Consequently, expansions (3) and (4) are valid if the sphere enclosing the singularities of the scattered field
does not intersect the interface.

An eguivaent condition can be formulated in the frame of the image theory. The total field scattered from a particle
situated on or near a perfectly conducting interface is equivalent to the field scattered from two identical particles which are
placed in the origina and the image coordinate system [8]. Hence, expansions (3) and (4) are valid representations for the
total field E,= ER + E2 if the spheres enclosing the singularities of the scattered field in the real and image spaces do not
intersect. Note that for an oblate particle the exact total scattered fidld E.=ER+ E2 has singularities on a disc which
contains the interfoca distance and on the image disc with respect to the interface surface.

From a computational point of view the boundaries of applicability of representations (3) and (4) have the following
meaning. As the ‘width’ of an oblate spheroid increases the number of terms needed in these expansions increases and the
interaction becomes greater and concentrated in higher order terms. Conversely, the matrix equation includes Hankel
functions of high order leading to an unstable numerical agorithm and divergent solutions.

2.3. Discrete sources method

Discrete Sources Method (DSM) is a relatively new technique for investigating scattering problems on local obstacles
[11]. The essence of the DSM consists in representing the approximate solution of the scattering problem as a finite linear
combination of fields of dipoles and multipoles, deposited in a nonphysical region. The amplitudes of the discrete sources
(DS) are determined from boundary conditions enforced at the particle surface. Essentially, the scattering problem reduces to
the approximation of an exciting field at the particle surface by fields of discrete sources. To provide an estimate of the
approximate solution to the exact solution in a uniform metric outside the obstacle it is sufficient to fit the boundary
conditions in mean square norm. Completeness of DS fields provides the convergence of the approximate solution to the
exact one. The advantage of the DSM consists in the opportunity to estimate the error through the calculation of the residual
of the boundary values at the particle surface.

A mathematical statement of the scattering problem under examination includes Maxwell equations anywhere outside the
medium discontinuities, transmission conditions at the interface and particle surfaces, and radiation condition at infinity.
Prior to constructing an approximate solution for the scattered fields we shall solve the problem of a plane wave scattering at
the plane interface. After that we will construct the approximate solution of the scattered field by satisfying explicitly the
transmission conditions at the interface. For this purpose we use the Green tensor for a stratified interface, that is

geh o 0
— 0o g% o0
G(rr')= of of (10)
U_e,h

axdy
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where the tensor elements are given by

9°"(r r') = exp(}k,R) /R~ (Jk,R) /R + [ Jo(hr)viexp[ —K2(z+2)|na,

f(rr’) = j:Jo(xr)vslexp[ —K(z+7)|Nd,

a®M(rr )y =g"e(rr") (11)
Here, r = [(x—x)?+ (y —y)?]*? is the distance on the plane, R=[r2+ (z— Z)?]*/? is the distance in R® space, R
means R =[r2+ (z+ 2)2[¥2, K2=(\2 - k»)¥2, and v and v,, are spectral functions providing a fitting of transmis-
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Fig. 2. Relative error of the DSCS at a scattering angle of 0° as a function of the truncation index N. The curves are computed for an oblate
spheroid with semiaxes a= 0.1 pm and b= 0.3 pm situated at the distances (a) z, = 0.225 pm, (b) z,=0.15 pm, and (¢) z;=0.1 um
above the substrate. The incident light is a p-polarized plane wave having an inclination from the norma of 0°. The relative errors are
computed with respect to the mean value of the DSCS over the truncation index N.
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Fig. 2 (continued).

sion conditions at the plane interface explicitly [7]. Denoting the cylindrical coordinates of the observation point r by
(p,9,2) and the cylindrical coordinates of the source point r’ by (p',¢',Z'), and expanding the components of the Green
tensor in Fourier series with respect to the azimuthal variable ¢, gives

Gi(r,r) =X (p,z.0,Z)exp[ im(¢ — ¢)]. (12)
m
Let us define
I‘i’.n 2,0, 7
Gii(p,2,2) = lim ['(p—mp)} (13)
p'—>0 p

Then the functions forming the tensor (10) take the following form,

9&M"p.2,.2) =Y3(p.2.2) — Y3(p.2,— Z) + f:Jm(M)vleihexp[ —K2(z+Z)]A" tdn,

w(0.2,2) = [ In(Nr)vgse[ —KO(z+Z)|N" Han, (14)
0
where J,, are cylindrical Bessel functions of order m,
s 1\ — h(2) 2 2 p
Ya(p.2.2) =2 kop? + (2= 2)’ ) | — (15)
p?+(2-2)

and h(® are spherical Hankel functions.
Let {w,};_, be a dense sequence of source points distributed on a segment T,, of the axis of symmetry Oz, i.e. w, € 7,
where 7, is located inside the particle. For the field in the ambient medium we define Hertz vectors for vector multipoles by

Aerﬁr:m =€y gr(;’h( pvvan) - ezfm+ 1( p7van)COS‘P:

Ael'ﬁr:1y= eyg,‘f;h(p,z,wn) - ezferl(p,Z,Wn)Sin(p, (16)
and Hertz vectors for vertical electric dipoles by
A%rs1 = gQ(p,Z,Wn)eZ. (17)

For the field inside the particle we define entire functions with singularities located at infinity by

Aimnx = exYni1(p'Zan)v Aimny = eyYni1(p- van) (18)
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Fig. 3. Relative dispersion o, for different sequences of truncation indices for an oblate spheroid with a= 0.1 wm and b = 0.3 pm situated
at a distance z, = 0.1 pm above the substrate.

and Hertz vectors for vertical electric dipoles by

B = Yo (p.ZW,)e,. (19)
Here,

Yi(p,2,2) =jm[ki\/p2 + (z—z’)z]

and j,, are spherical Bessel functions.

;) 20)
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minimal relative dispersion [%]
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Fig. 4. Minimal relative dispersion o, of the differential scattering cross section (DSCS) at a scattering angle of 0° as a function of the axial
distance z,. The curves are computed for an oblate spheroid with semiaxes a= 0.1 um and b = 0.3 um. The incident light is a p-polarized
plane wave having an inclination from the normal of 0°.
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We will construct the approximate solution which takes into account not only the rotational symmetry of the scatter, but
simultaneously polarization of the externa excitation [7]. Let us consider a P polarized plane wave propagating at some
angle with respect to the Oz axis. To represent the total scattered field we use some linear combinations of A%"  and A‘?’nhny
to account for the axial symmetry and P polarization of the incident field,

Aemsn(r) = AG:nnxcosm‘P - A?‘nnygnm‘P:

Als(r) = AN sinme + A'}nnycosmgp. (21)
In the same manner we construct the following linear combinations,

Aeryrln(r) = AimnXCOSI'Tkp - AimnySinm"P:

Al(r) = Al sinme + A cosme, (22)
to represent the fields inside the particle.
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Fig. 5. Differential scattering cross section (DSCS) of an oblate spheroid with semiaxes a= 0.1 wm and b = 0.3 um situated at a distance:
(@ z;=0.2 pm and (b) z,= 0.1 pwm above the surface. The DSCS is evaluated in the azimuthal plane ¢ = 0°. The wavelength of the
incident wave is A = 0.6328 n.m, and the excitation light wave has an inclination from the normal of 60°. The curves correspond to parallel
and perpendicular incident light polarizations, and are computed with the T-matrix method and the DSM.
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Then, after defining the elementary fields of electric and magnetic multipoles

Eﬁw’;(ktr) j/kStMtVXVXAerhtn(r) 23
Het(kr) | | 1/k8 X AS(T) )
Emn(kr —1/8¥ X Al (r
(k)| [ /el X ATO) 20
H mn(ker) j/Keg ¥V XV X ATL()
and the elementary fields of electric dipoles
ESi(kr) | [i/Keud X V X ASL(r) ”
HE'(kr) | 1/ ¥ X Ar(r) )
where t = s,i, we can represent the approximate solution of the scattering problem for P polarized field as
E/(r N M E&L(k,r ENL(k,r ESt(k,r
t/V() _ Z er/r;‘/nt et( t) +frﬂ;t ht( t) + Zrn/,/t EI( t) ] (26)
Ht (I’) n=1m=0 Y Hrﬁn(ktr) ’ Hm'n(ktr) n=1 ’ Hn' (ktr)

Here, .7 is a complex index incorporating M and N.

As it was already mentioned, the last representation for the electromagnetic field satisfies al conditions of the scattering
problem under examination except the transmission conditions at the particle surface. These conditions have to be used to
determine the DS amplitudes. There are various schemes for amplitude determination. A more reliable technique is the
point-matching of the Fourier harmonics at the particle surface. In this case, stable results can be obtained by using an
over-determined system of linear equations [11]. After DS amplitude determination one can calculate the scattering diagram
using asymptotic expressions of Weyl-Sommerfeld integrals [7].

3. Numerical simulations
The goal of our numerical experimentsis to investigate the convergence of the T-matrix approach by choosing the DSM

as reference. We compute the differential scattering cross section (DSCS) for oblate polystyrene particles with a refractive
index of 1.59 deposited on a silicon substrate with a refractive index of 3.88 4+ 0.02j. Assuming the incident field to have

a =0.1um, z=0.1uym

minimal relative dispersion [%]

. o LI T
0.200 0.225 0.250 0.275 0.300

major-axis b [micrometer]

Fig. 6. Minimal relative dispersion o, of the differential scattering cross section (DSCS) at a scattering angle of 0° as a function of the
major-axis of the spheroids b. The minor-axis of the spheroidsis a= 0.1 pm and the axial distance is z; = 0.1 wm. The incident light isa
p-polarized plane wave with an inclination from the normal of 0°.
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unit amplitude we evaluate the DSCS in the azimutha plane ¢ = 0°, which corresponds to the plane of incidence. The
wavelength of the incident wave is chosen to be N\ = 0.6328 n.m.

First, we consider an oblate spheroid with semiaxes a= 0.1 pm and b = 0.3 pm, and compute the DSCS by varying the
axia distance z, from 0.1 wm to 0.3 wm. In the case z,= 0.1 wm the particle is situated on the substrate, while the case
z, = 0.3 pwm corresponds to the situation in which the sphere circumscribing the particle is tangent to the substrate. Note that
the focal distance is about ¢ = 0.28 p.m. Since the convergence over the truncation index N is decisive for the convergence
of the T-matrix method we consider an incident p-polarized plane wave at normal incidence. The numerical simulations
show that the T-matrix method does not converge when z, < c, and the method becomes more unstable when the axial
distance z, decreases. This is demonstrated in Fig. 2. Here we plot for z, = 0.225 wm, z; = 0.15 pm, and z,= 0.1 um the
relative error of the DSCS at a scattering angle of 0° as a function of the truncation index N. Our numerical analysis reveals
that for each axial distance z, there exists a certain domain of variation of the truncation index [ Ny, Nioy ] Characterized by
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Fig. 7. Differential scattering cross section (DSCS) for oblate spheroids with semiaxes a= 0.1 pm and (@ b= 0.2 um, and (b) b= 0.25
pwm situated on the surface. The DSCS is evaluated in the azimuthal plane ¢ = 0°. The wavelength of the incident wave is A = 0.6328 p.m,
and the excitation light wave has an inclination from the normal of 60°. The curves correspond to parallel and perpendicular incident light
polarizations, and are computed with the T-matrix method and the DSM.
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small oscillations of the DSCS. Actualy, for N> N, the scattered field solution deteriorates significantly. In order to
quantify the oscillations of the scattered field solution we define the relative dispersion o, of the DSCS by

g
o = X100 [%],

where ¢ and m are the standard deviation and the mean value of the DSCS computed for a sequence of 10 consecutive
values of the truncation index in the domain [ Ny, Nyox |- Fig. 3 shows the relative dispersion o, for zy=0.1 wm. The
curve illustrates that there exists a sequence of truncation indices characterized by a minimal relative dispersion. In Fig. 4 we
plot the minimal relative dispersion o, of the DSCS at a scattering angle of 0° as a function of the axial distance z,. The
results show that o, increases from 0 to 4.2% when the axia distance z, decreases from 0.3 wm to 0.1 pm.

Even we do not have at our disposal a convergent solution to the scattering problem we can define a so-called optimal
scattered field solution by choosing an appropriate value for the truncation index N. For this purpose we consider the
sequence (consisting of 10 consecutive values of the truncation index) with the minimal relative dispersion. Then, we define
the optimal scattered field solution as the solution corresponding to that value of the truncation index N which provides a
minimal relative error of the DSCS with respect to the mean selection. For this value of the truncation index we compute the
DSCS for a plane wave excitation having an inclination from the normal of 60°. The results are plotted in Fig. 5 for z; = 0.2
pm and z,= 0.1 wm. The curves correspond to parallel and perpendicular incident light polarizations, and are computed
with the T-matrix method and the DSM. The values of the truncation index are N = 23 in the case z, = 0.2 um, and N = 32
in the case z, = 0.1 wm. The results show that the discrepancies between the scattering curves are not significant in the first
case, but are pronounced in the second one.

Next, we consider oblate spheroids with the same minor-axis, a= 0.1 um, situated on the interface. The aim of these
numerical experiments is to investigate the convergence of the T-matrix method when the semiaxis b increases from 0.2 pm
to 0.3 wm. It is readily seen that in all cases under consideration the spheres enclosing the scattered field singularities (the
radius of these spheres varies from 0.17 wm to 0.28 wm) do intersect. Conversely, instability and convergence problems
should occur by increasing b. The dependence of the minimal relative dispersion on the major-axis of the spheroid is plotted
in Fig. 6. It was surprising to find that for b = 0.2 pwm the T-matrix method solution converges. The explanation lies in the
fact that when the semiaxis b and the spheroid eccentricity ¢ = b/a are small the number of terms needed in the expansions
(3) and (4) is small. In this case the matrix equation includes Hankel functions of low order which in turns leads to a stable
numerical algorithm. Fig. 7 shows the scattering patterns for oblate spheroids with b=0.2 pm and b= 0.25 pm by
considering a plane wave incidence of 60°. As before, the curves correspond to the optimal solution with respect to the
truncation index N. The values of the truncation index are N =15 inthecase b= 0.2 um, and N =22 in the case b = 0.25
pm. The agreement with the DSM is good in the first case, and quite satisfactory in the second one.

From the above analysis we may conclude that we are not able to achieve convergence when the geometrical constraint
of the T-matrix method is violated. The oscillations of the scattered field solution become more pronounced by increasing
the particle eccentricity and by decreasing the distance from the substrate. For practical applications a ssmple possibility for
finding the optimal solution is at our disposal. Essentially, we have to compute the DSCS for normal incidence and different
values of the truncation index N. Then, we have to select from sequences having the same number of values, that sequence
for which the dispersion parameter is minimal, and finally, we have to choose that value of the truncation index N which
guarantees a minimal relative error of the DSCS with respect to the mean selection.

4, Conclusions

The range of validity of the T-matrix approach for analyzing the scattering light from particles deposited on a plane
surface is investigated. Numerical experiments are performed for oblate spheroids situated on the substrate or above the
substrate by choosing a model based on the discrete source method as reference. The analysis shows that convergence
problems occur when the sphere enclosing the singularities of the scattered field intersects the interface. Consequently, the
scattered field solution oscillates. An optimal solution with respect to the truncation index N can be defined by analyzing
statistically the DSCS for normal incidence. It was found that if the relative dispersion of the DSCS is sufficiently small (for
example, o, < 1.5%), the optimal solution computed by the T-matrix approach does not differ significantly from the exact
solution computed by the DSM.
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