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The implementation of iterative methods as solvers for the Discrete Sources Method

(DSM) is presented. In this method, light scattering computation linear systems with

dense and relative small matrices are generated. The linear systems are traditionally

solved using the QR-decomposition method. For large particles or particles with

extreme geometries even this commonly stable solver can fail. In these cases, we

expect that iterative methods can provide a satisfying solution nevertheless.

We will present our investigation in two consecutive papers. Here, we study

four different iterative solvers (RGMRES, BiCGStab, BiCGStab(l), and MinRes) consider-

ing the performance and the accuracy for typical light scattering problems. Using

these iterative methods we increased the quality of a solution, especially for oblate

spheroids with a higher aspect ratio. Preconditioning technique is considered in the

following paper.

Crown Copyright & 2011 Published by Elsevier Ltd. All rights reserved.
1. Introduction

Numerical simulation of light scattering by particles in
the Mie scattering regime is a modern and effective
approach to investigate many physical problems like
optical particle characterization. A review of available
computational methods has recently been presented by
Wriedt [1]. The Discrete Sources Method (DSM) is a well-
established method for computations of electromagnetic
scattering by axisymmetric scatterers. This method is
based on a generalized point-matching method
(GPMM) [2], where spherical vector wave functions with
multiple origins are used in order to get a good approx-
imation of the internal and external fields. The theory of
011 Published by Elsevier
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the method is outlined in detail by Eremin et al. [3]. The
DSM has been used to investigate different demanding
scattering problems such as defects on surfaces [4],
fibres [5], flat platelets [6], erythrocytes [7], TIRM (total
internal reflection microscopy) [8,9], and nanoholes
within a film [10].

One part of the numerical scheme of DSM is to solve
the linear system problem. In the conventional pro-
gramme this problem is solved using a direct method,
the QR decomposition. This could be the subject of
numerical difficulties and instabilities, especially for lar-
ger particles or particles with high aspect ratios. For very
large objects, the direct method can completely fail
because of high ill-conditionality of the kernel matrix
and the finite precision arithmetic in computers.

As a rule, for large demanding problems iterative
solvers numerically are considered more stable than the
direct ones [11]. The induced iterative process can be
stopped at a given accuracy of solution which is usually
reached much earlier than in direct methods, especially
Ltd. All rights reserved.
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for large matrices. Simplifications for the matrix-vector
multiplication for sparse matrices can also significantly
reduce the computational demand. Utilization of the
preconditioning technique increases the range of applic-
ability of the iterative solver.

Various efficient methods have been developed to
solve large scale problems. The fast multipole method
(FMM) by Greengard and Rokhlin [12] is one such method
which accelerates the matrix vector multiplication.
To apply FMM to DSM an iterative solver will have to
be implemented. This investigation is a first step in the
implementation of FMM in DSM. The extremely large,
sparse, ill-conditioned kernel matrix is the case where the
iterative methods mostly are preferable [13]. The numer-
ical complexity of iterative methods is O(n2k), where n is
the number of unknowns and k is the number of applied
iterations, instead of O(n3) for direct methods. The numer-
ical complexity for FMM would be even lower and
corresponds to OðnlognkÞ.

In our investigation we focus on light scattering
computations for extremely large particles and particles
with high aspect ratios using DSM. In this paper, we study
four different iterative solvers (RGMRES, BiCGStab, BiCG-
Stab(l), and MinRes) considering the performance and the
accuracy of a solution. In the following paper, we will
study different preconditioning techniques and estimate
their influence on the quality of the solution.

The theory of the Discrete Sources Method is briefly
outlined in Section 2. In the following sections we present
different established iterative methods. In Section 5, we
examine in detail four different iterative solvers in order
to compare the behaviour regarding computational time,
stability and accuracy. In addition, we compare the results
from the iterative methods with the direct solver and a
concurrent scattering computation method, the Null-Field
Method with Discrete Sources (NFM-DS) [14]. This is an
extension of the original Null-Field Method, also known
as T-Matrix method, which was originally proposed by
Waterman [15].

2. Mathematical statement

Let us start with the mathematical statement of the
scattering problem. We will consider scattering in an
isotropic homogeneous medium R3 of an electromagnetic
wave by a local homogeneous penetrable obstacle Di with
the smooth boundary @D. We assume the time depen-
dence to be expðjotÞ. Scattering is described by the
electromagnetic fields fEe,i,He,ig satisfying the Maxwell
equations:

r �He,i ¼ jkee,iEe,i

r � Ee,i ¼�jkme,iHe,i
in De,i, De :¼ R3=Di, ð1Þ

the boundary conditions enforced on the particle surface

np � ðEiðPÞ�EeðPÞÞ ¼ np � E0
ðPÞ

np � ðHiðPÞ�HeðPÞÞ ¼ np �H0
ðPÞ

P 2 @D, ð2Þ

and Silver–Muller radiation condition at infinity

lim
r-1

ffiffiffiffiffi
ee
p

Ee �
r

r
�

ffiffiffiffiffiffime

p
He

� �
¼ 0, r¼ jMj-1, ð3Þ
where {E0,H0} is an exciting field, np is the unit outward
normal to @D, index e belongs to the external domain De

and i to the domain inside the particle Di, ee,i is the
permittivity, me,i is the permeability of media, Im ee,me ¼ 0,
Im ei,mir0. The boundary value scattering problem is
well known to have a unique solution [16].
2.1. Discrete Sources Method

In frame of the Discrete Sources Method (DSM) an
approximate solution of the scattering problem is con-
structed as a finite linear combination of the field of dipoles
and multipoles {zn}n=1

N
deposited in a supplementary domain

o0. We assume that an exciting field is a p-polarized plane
wave with incident angle y0. The scattering from the
S-polarized plane wave can be derived analogously [17].
The algorithm of approximate solution construction has
some differences for elongated and flat particles, that is
why we will separate those two cases. In case of an elongated
particle the system of lowest order multipoles distributed on
the axis of symmetry z can be applied to construct an
approximation solution [5]. In case of a flat particle the
system of multipoles is situated in the complex plane.

Taking into account polarization of the plane wave and
axial symmetry of the particle the approximate solution
can be represented in the form

EN
e,i

HN
e,i

0
@

1
A¼ XM

m ¼ 0

XNm
e,i

n ¼ 1

fpe,i
mnD1A1,e,i

mn þqe,i
mnD2A2,e,i

mn g

þ
XN0

e,i

n ¼ 1

re,i
n D1A3,e,i

n , ð4Þ

with differential operators D1, D2

D1 ¼

j
kee,ime,i
r �r

� 1
me,i
r

0
@

1
A, D2 ¼

1
ee,i
r

j
kee,ime,i
r �r

0
@

1
A,

and the vector potentials in a cylindrical coordinate system

A1,e,i
mn ¼ Ye,i

m ðZ,ze,i
n Þfercosðmþ1Þf�eysinðmþ1Þfg,

A2,e,i
mn ¼ Ye,i

m ðZ,ze,i
n Þfersinðmþ1Þfþeycosðmþ1Þfg,

A3,e,i
n ¼ Ye,i

m ðZ,ze,i
n Þez, ð5Þ

where

Ye
mðxÞ ¼ hð2Þm ðkeRZ ~x ÞP

m
mðcos ~y ~x Þ, Yi

mðxÞ ¼ jmðkeRZ ~x ÞP
m
mðcos ~y ~x Þ,

RZ ~x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þðz� ~xÞ2

q
, sin ~y ~x ¼

r
RZ ~x

,

cos ~y ~x ¼
z� ~x
RZ ~x

, ReðRZ ~x Þ40, ð6Þ

where hm
(2)

(kr) and jm(kr) are the spherical Hankel and Bessel
functions of order m. Here RZ ~x is a function of the complex
variable ~x and it is chosen, so that it represents a branch
corresponding to the arithmetical root at the positive part of
the real axis. Under these conditions the representation for
the approximate solution satisfies Maxwell’s equations (1)
in De,i and the radiation condition (3).
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The electric and magnetic components of the p-polarized
plane wave can be represented as follows:

E0
¼ ðexcosy0þezsiny0Þexgcosy0,

H0
¼�eygcosy0, ð7Þ

where g¼ expf�jk
ffiffiffiffiffiffiffiffiffiffie0m0
p

ðxsiny0�zcosy0Þg and y0 is the
incident angle. The exciting plane wave can be resolved
into the Fourier series with respect to f, using the following
resolution for the plane wave:

expf�jkersiny0cosfg ¼
X1

m ¼ 0

ð2�d0mÞð�jÞmJmðkersiny0Þcosmf,

ð8Þ

where Jm(kr) is the cylindrical Bessel function.
The unknown amplitudes of discrete sources are to be

determined from the boundary conditions (2). To solve
this problem the General Matching-Point Technique is
used. Matching of the approximate solution and external
excitation over particle surface is replaced by matching

over the particle generatrix fZng
L
n ¼ 1 for each Fourier

harmonic m separately. As a consequence, the unknown

vector of amplitudes pm ¼ fp
e,i
mn,qe,i

mng
Nm

e,i

n ¼ 1 can be found as a

pseudosolution of an overdetermined system of linear
equations

Bmpm ¼ qm, m¼ 0, . . . ,M, ð9Þ

where Bm is a rectangular matrix of dimension
4L� 2ðNm

i þNm
e Þ and the vector qm can be represented as

the following 4L vector:

qm ¼ ðe
0t
mþ1,l, e0j

mþ1,l, h0t
mþ1,l, h0j

mþ1,lÞ
T ,

where

e0t
m ðZÞ ¼ ð�jÞmfacosy0½Jmðkersiny0Þ�Jmþ2ðkersiny0Þ�

�2jbsiny0Jmþ1ðkersiny0Þge
�jkezcosy0 ,

e0j
m ðZÞ ¼ ð�jÞmcosy0½Jmðkersiny0Þþ Jmþ2ðkersiny0Þ�e

�jkezcosy0 ,

h0t
m ðZÞ ¼�ð�jÞma½Jmðkersiny0Þþ Jmþ2ðkersiny0Þ�e

�jkezcosy0 ,

h0j
m ðZÞ ¼�ð�jÞm½Jmðkersiny0Þ�Jmþ2ðkersiny0Þ�e

�jkezcosy0 :

Here, the ða,0,bÞ�vector is tangential to the generatrix
at the matching point Z¼ ðr,zÞ. Similarly, amplitudes
p�1 ¼ fr

e,i
n g

Ne,i

n ¼ 1 correspondent to vertical electric dipoles
can be obtained from

B�1p�1 ¼ q�1, ð10Þ

where B�1 has a dimension 2L� ðNm
i þNm

e Þ and the right-
hand side vector q�1 has length 2L with elements

e0j
�1ðZÞ ¼ ½jacosy0J1ðkersiny0Þ�bsiny0J0ðkersiny0Þ�e

�jkezcosy0 ,

h0t
�1ðZÞ ¼�jJ1ðkersiny0Þe

�jkezcosy0 :

2.2. Far-field

After the amplitudes of discrete sources fpmg
M
m ¼ �1

have been determined, the far-field pattern can be
computed [16]:

EðrÞ

jE0
ðrÞj
¼

expð�jkerÞ

r
ðey � Fyðy,fÞþef � Ffðy,fÞÞþo

1

r

� �
, r-1,

ð11Þ

where components Fyðy,fÞ, Ffðy,fÞ can be found using
asymptotic representation for Ymn

e

Fyðy,jÞ ¼ j
XM

m ¼ 0

cosðmþ1ÞjðjsinyÞm
XNm

e

n ¼ 1

fpe
mncosyþqe

mngGn

þ jsiny
XN0

e

n ¼ 1

re
nGn,

Fjðy,jÞ ¼�j
XM

m ¼ 0

sinðmþ1ÞjðjsinyÞm
XNm

e

n ¼ 1

fpe
mnþqe

mncosygGn,

where

Gn ¼ expf�jkezncosyg: ð12Þ

2.3. Least square problem

To obtain the pseudosolution of the overdetermined
system represented by Eqs. (9) and (10) they should be
transformed (exactly or formally) to their ‘equivalent’
square form through multiplication by the conjugate
transpose matrix:

Ampm ¼ b̂m, Am ¼ BT
mBm, b̂m ¼ BT

mqm, mZ�1, ð13Þ

where Am is a Hermitian, non-singular, positive definite
matrix with the dimension 2ðNm

i þNm
e Þ � 2ðNm

i þNm
e Þ for

mZ0 and ðNm
i þNm

e Þ � ðN
m
i þNm

e Þ for m¼�1.
The second approach is to apply directly the QR-

decomposition method, where Bm are represented in the
form Bm=Qm Rm, where Qm is an orthogonal matrix and
Rm is an upper triangular matrix, and the desired solution
will be pm ¼R�1

m Q �mqm.

3. Iterative approach

The main concept of the iterative approach is a con-
traction mapping fðxÞ : Cn-Cn inducing the converging
iteration process

xkþ1 ¼fðxkÞ, x0 ¼ z, ð14Þ

which converges to the solution of the linear system

lim
k-1

xk ¼ x�, Ax� ¼ b: ð15Þ

The function fðxÞ is called the contraction mapping, if
there is some real number 0oko1 such that 8x,y,JfðxÞ�
fðxÞJokJx�yJ. In spite of the abstract conditions such
functions can be quite effectively constructed. This tech-
nique leads to iteration methods [13], that hold the
following advantages:
�
 Stability

They do not change the matrix elements A, but
manipulate with results of multiplication A with some
vectors r. This is more stable than recursive division-
addition operations with the matrix A.
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�
 Optimal for sparse matrices

The optimization of matrix-vector multiplications
for sparse matrices can significantly reduce the
calculation time.

�
 Speed

The numerical complexity of iterative methods is
O(n2k), where k is the number of applied iterations,
instead of O(n3) for direct methods. Therefore, a
sufficient approximate solution will be reached much
earlier than in direct methods, especially for large
matrices.

�
 Preconditioning technique

The convergence behaviour depends on the eigenva-
lues spectrum of A and the number of unknowns. By
multiplication (left- and/or right-sided) the matrix A

with some other matrix we can achieve a significant
improvement.

4. Krylov subspace

Many powerful and effective methods are based on the
Krylov subspace projection approach. These methods
started in the early 1950s with the introduction of the
conjugate gradients methods [13]. For a given non-sin-
gular matrix A they construct the approximate solution in
the so-called Krylov subspace

xk 2 x0þKkðA; r0Þ, KkðA; r0Þ ¼ spanfr0,Ar0, . . . ,Ak�1r0g,

where r0=b�Ax0 is an initial residual and x0 is a given
initial solution, k is the iteration step. Because of non-
singularity of A the vectors r0,Ar0,y,Ak�1r0 are linear
independent and Krylov subspace is a k-dimension space
which means that Krylov subspace methods can be
considered as some kind of direct solver because the
dimensionality of the subspace will increase by 1 up to
n per iteration. Thus, they should give the exact solution
after at least n iterations, but can give a suitable approx-
imate solution much earlier.

By criteria ‘optimality’ these methods fall in three
different classes:
�
 The Ritz–Galerkin approach. Construct the xk 2

x0þKkðA,r0Þ for which the residual rk ¼ b�Axk is ortho-
gonal to the current subspace rk ? KkðA,r0Þ. The com-
monly used methods for symmetric (Hermitian)
matrices are CG (conjugate gradients method),
SYMMLQ, for non-symmetric matrices are FOM (full
orthogonalisation method), CGNE (conjugate gradients
for the normal error), CGNR (conjugate gradients for
the normal residual).

�
 The minimum residual approach. Construct the xk 2

x0þKkðA,r0Þ for which the Euclidean norm Jb�AxkJ2

is minimal over the current subspace. The commonly
used algorithms of the current group are GMRES
(generalized minimal residual), RGMRES (restarted
GMRES), FGMRES (flexible GMRES), GMRESR (the
recursive variant of GMRES) and version of GMRES
for symmetric (Hermitian) matrices MINRES (minimal
residual).

�
 The Petrov–Galerkin approach. Construct the xk 2

x0þKkðA,r0Þ for which the residual rk is orthogonal to
some other suitable k-dimensional subspace. If we
select Lk=Kk(AT,s0) for some vector s0, then we obtain
the BiCG and QMR methods and their further modifi-
cations CGS, BiCGStab, BiCGStab(l) and TFQMR,
respectively.

5. Computational results

The objective of our investigation is whether iterative
methods might be better suited to fulfil scattering com-
putations using DSM. In addition, we study the conver-
gence behaviour of iterative methods in order to find the
fastest iterative method. In extreme cases, where the
scattering object is very large or has a high aspect ratio,
the direct solver in DSM can completely fail due to
numerical limitations of the finite floating point arith-
metic. In these cases, we would like to find an iterative
method, which can overcome these limitations.

In our examination of DSM computations we focus on
axisymmetric scattering objects, prolate and oblate spher-
oids with different aspect ratios. For prolate spheroids we
chose four different size parameters (kR=12.5,25,50,100)
each with five aspect ratios (2,5,10,25,50), where k is the
wavenumber 2p=l with the wavelength l and R is the
semimajor axis (polar radius). For oblate spheroids
we used four size parameters (kR=6.25,12.5,25,50) with
five aspect ratios (2,5,10,25,50), where R is the semimajor
axis (equatorial radius). The refractive index in both cases
is 1.6.

By using such wide ranges with respect to size para-
meter and aspect ratio, we can observe different scat-
terers, where the kernel matrix can be in a wide range
from well-conditioned to ill-conditioned.

The computer used in our investigations is a Double
Quad Core Xeon E5345 with a CPU clock rate of 2.33 GHz
with 16 GB RAM. The operating system is a Debian 5.0.2
Linux64.

5.1. Comparison of iterative methods

Several iterative methods and their implementations
in the DSM are described in detail. We decided to include
four different iterative methods. Our choice includes the
Restarted GMRES(m), BiCGStab, BiCGStab(l), and the Min-
Res method. During preliminary investigations of various
iterative methods these methods seem to be the most
suitable for the considered scattering computations with
DSM. In the case of extremely deformed and large
particles the iterative methods QMR and TFQMR showed
less efficiency. Other methods, like CG, CGNE, and CGNR
oscillated strongly during the iterative process and were
not stable.

For RGMRES and BiCGStab we took the implementa-
tion from the PIM library [18]. A value of 20 was chosen as
restart parameter for RGMRES. For the method BiCG-
Stab(l) for the case of complex matrices and l=2 we used
the source code from Sleijpen [19], which can be obtained
from his web page. For MinRes we used the algorithm
presented by Kanzow in his book [20]. We modified the
code in order to deal with complex matrices.
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For comparison of the iterative methods we need a
suitable parameter which corresponds to the quality of
solution. Usually, the true residual (16) is used.

True residual¼
Jb̂m�AmpmJ

Jb̂mJ
, m4�1: ð16Þ

This approach is numerically straightforward and even
the calculation of the true residual is part of most of the
iterative methods. But it gives no information about the
remaining error for the scattered field. For estimation of
the remaining error in the frame of the null-field method
the surface residual (17), which is computed from the
matching of the fields at the boundary of the scattering
particle, is better suited.

Surface residual¼
Jn� ðEi�Ee�E0

ÞJ@D

JE0J@D

: ð17Þ

Although, the computational effort is much larger
compared to the true residual, we decided to use the
surface residual in our comparisons. Both, the true and
the surface residual do not necessarily correlate. This fact
first showed up in preliminary computations, where the
dependency between both residuals was not predictable.

In Fig. 1, we present a typical behaviour of the surface
residual versus the computational time for an oblate
spheroid. We used the computational time instead of
the number of iterations in order to examine the perfor-
mance of the methods. Due to different implementations
of the methods and different number of matrix-vector-
multiplications within each iteration step it is not useful
to plot the surface residual versus the number of itera-
tions. All iterative methods show a rapid decrease to an
intermediate level. RGMRES(20) does not show this rapid
decrease and gives a good solution after only a few
iteration steps. The reason why RGMRES(20) is not the
fastest method is because each iteration step takes much
more time compared to the other methods. Then,
RGMRES(20), BiCGStab, and BiCGStab(2) show a slow
Fig. 1. Surface residual versus computational time for an oblate spher-

oid with an aspect ratio of 10 and the size parameter of kR=12.5. The

size of the kernel matrix is 388�952. All four investigated iterative

methods are included.
decrease with no significant differences. It can be seen
that MinRes shows the best performance especially at the
end of the iterative process. There, the surface residual of
MinRes values about 1/8 compared to the other methods.

In Fig. 2, a typical behaviour of the surface residual for
a prolate spheroidal particle is presented. The surface
residual is decreasing faster and more stable for all
iterative methods compared to the oblate spheroidal
particle. Again, the MinRes is outstanding in terms of
performance and achievable quality of solution. The sur-
face residual of MinRes equals 1/100–1/50 compared to
the others. It seems clear that a good solution can be
reached much easier for prolate than for oblate spheroids
at comparable size parameters and aspect ratios.

The exact numerical values of the surface residual are
shown in Section 5.3.
5.2. Computational time

In the following, we present a comparison of the
performance of the iterative solvers and the QR-decom-
position method used in the original DSM programme.
From the theory it follows that iterative methods are
faster for large and sparse matrices. The computational
cost of one iteration step is O(n2), where the direct solver
requires O(n3) for the whole computation. Thus, if the
number of iterations is lower than n, iterative methods
are faster. The sparsity of the kernel matrix allows to
reduce the computational time required for the matrix-
vector multiplication. The kernel matrices generated by
DSM are dense, therefore, we focus on large kernel
matrices in order to emphasize advantages of iterative
methods. Large matrices occur with large or extremely
deformed particles, where a higher number of discrete
sources and matching points are needed.

In Fig. 3, we present the number of iteration steps Niter

versus the total computational time for a large particle.
The total computational time includes the generation of
Fig. 2. Surface residual versus computational time for a prolate spheroid

with an aspect ratio of 10 and the size parameter of kR=50. The size of

the kernel matrix is 1136�2272.
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the kernel matrix, the solver, and the calculation of the
scattered fields. It can be clearly seen that the time per
iteration step is individually different for each of the
iterative method. This corresponds to the slopes of the
curves. The direct method needs 410 s for completion.
Within this time, MinRes reaches about 1030 iterations,
the other iterative methods pass with much lower num-
ber of iterations.

In Fig. 4, we present corresponding results for a
smaller scattering object. As expected, there is no advan-
tage of iterative methods in the frame of the total
computational time. From this and several other simula-
tions, it follows that the direct method is better suited for
small particles.

5.3. Applicability area

In order to see in which area the iterative methods are
preferable compared to the direct method we computed
Fig. 3. Number of iterations (Niter) versus total computational time for a

prolate spheroid particle with an aspect ratio of 10 and a size parameter

of kR=100. The size of the kernel matrix is 2280�4552.

Fig. 4. Number of iterations (Niter) versus total computational time for a

prolate spheroid particle with an aspect ratio of 10 and a size parameter

of kR=25. The size of the kernel matrix is 568�1136.
the surface residual for a representative set of scattering
objects. This set includes four size parameters and three
aspect ratios for prolate and oblate spheroids. The max-
imum numbers of iterations for each method were chosen
such that the computations consume about the same total
time. As a default, we used the total computational time
for the MinRes method with 40,000 iteration steps. For
the other iterative methods the maximum number of
iterations were accordingly reduced.

In Table 1, we present the surface residuals for prolate
spheroids. We compare all methods, the direct and the
four iterative methods for three selected different aspect
ratios (2, 10, 50) and four size parameters (kR=12.5, 25,
50, 100). From the iterative methods the MinRes shows
the best results. For most cases, the surface residuals are
lower by a factor of 2 up to 10 comparing to the other
iterative methods. For the aspect ratio of 2 and the
smallest size parameter kR=12.5 it shows even better
factors. For the size parameter of kR=100 with an aspect
ratio of 2 all iterative methods could not deliver satisfying
results. Apparently, all iterative methods have problems
because of roundoff errors during calculation of the
spherical functions in (6) for large distances RZ ~x to the
source ~x.

Although in this case the surface residual amounts to
about 1/5 comparing to the iterative methods, the direct
method also cannot give a perfect result. In all other cases,
the direct method shows perfect results. The surface
residuals are mostly lower by several orders of magni-
tude. At least, for prolate spheroidal particles we could
not find an advantage of iterative methods in the con-
sidered range of size, shape, and refractive index.

Next, we like to present some exemplary computed
scattering patterns for particles with large size parameters.
Table 1
Comparison of direct and four different iterative solvers for prolate

spheroids. The surface residual is given for three aspect ratios and four

size parameters.

Prolate spheroid kR=100 kR=50 kR=25 kR=12.5

Direct

ar=2 5.63E�02 6.11E�03 1.51E�10 2.36E�11

ar=10 8.60E�11 2.23E�10 2.10E�08 2.38E�07

ar=50 2.55E�07 1.97E�07 3.27E�07 1.44E�04

RGMRES20

ar=2 2.71E�01 2.77E�01 8.78E�02 1.83E�02

ar=10 6.13E�02 1.31E�02 1.61E�03 1.38E�03

ar=50 9.88E�04 1.08E�03 7.41E�04 5.71E�04

BiCGStab

ar=2 2.69E�01 2.17E�01 6.89E�02 6.57E�03

ar=10 5.54E�02 5.29E�03 5.31E�04 9.39E�04

ar=50 4.83E�04 4.37E�04 3.01E�04 2.95E�04

BiCGStab(2)

ar=2 2.69E�01 2.44E�01 7.49E�02 1.04E�02

ar=10 5.64E�02 5.86E�03 5.56E�04 1.00E�03

ar=50 7.16E�04 9.21E�04 2.98E�04 4.77E�04

MinRes

ar=2 2.37E�01 7.38E�02 1.57E�02 1.22E�04

ar=10 2.34E�02 1.34E�04 1.26E�04 8.92E�05

ar=50 1.14E�04 1.75E�04 1.69E�04 1.82E�04



Fig. 5. The computed DSCS versus scattering angle for a prolate spheroid

particle. The aspect ratio is 50. The semimajor axis R is 10 mm. With

l¼ 2p=10 this gives a size parameter of kR=100. The size of the kernel

matrix is 2400�4800.

Table 2
Comparison of direct and four different iterative solvers for oblate

spheroids. The surface residual is given for three aspect ratios and four

size parameters.

Oblate spheroid kR=50 kR=25 kR=12.5 kR=6.25

Direct

ar=2 1.08E+01 1.52E�02 4.85E�06 1.37E�07

ar=10 4.74E+01 3.00E�03 6.33E�04 1.73E�03

ar=50 1.26E+02 8.95E�02 7.21E�03 1.77E�02

RGMRES20

ar=2 5.21E�01 4.45E�01 2.20E�01 2.50E�02

ar=10 5.71E�01 4.92E�01 2.72E�01 3.39E�02

ar=50 5.86E�01 5.13E�01 3.05E�01 2.02E�02

BiCGStab

ar=2 5.13E�01 4.34E�01 2.13E�01 1.20E�02

ar=10 5.63E�01 4.80E�01 2.48E�01 1.24E�02

ar=50 5.82E�01 5.07E�01 2.88E�01 2.01E�02

BiCGStab(2)

ar=2 5.16E�01 4.38E�01 2.03E�01 1.20E�02

ar=10 5.67E�01 4.86E�01 2.32E�01 1.23E�02

ar=50 5.82E�01 5.11E�01 2.88E�01 2.02E�02

MinRes

ar=2 4.83E�01 3.54E�01 5.46E�02 3.12E�03

ar=10 5.33E�01 3.97E�01 4.00E�02 3.75E�03

ar=50 5.53E�01 4.48E�01 4.82E�02 1.04E�02

Fig. 6. The computed DSCS versus scattering angle for an oblate

spheroid particle. The aspect ratio is 10. The semimajor axis R is

1:25 mm. With l¼ 2p=10 this gives a size parameter of kR=12.5. The

size of the kernel matrix is 388�952.
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In Fig. 5, differential scattering cross-section (DSCS) for s-
and p-polarized incident waves is plotted. The scattering
object is a prolate spheroidal particle with an aspect ratio of
50, a size parameter of kR=100, and a refractive index of
1.6. The incident wave propagates along the rotational axis
of the particle. Both, the direct and the MinRes solutions
give excellent agreement. The according surface residuals
are 2.55�10�7 for the direct method and 1.14�10�4 for
the MinRes method, which can be found in Table 1.

In Table 2, we present the surface residuals for oblate
spheroids. Again, we compare all methods, the direct and
the four iterative methods for three different aspect ratios
(2,10,50) and four size parameters (kR=6.25,12.5,25,50). It
can be seen that in most cases the iterative methods
produce surface residuals which are larger compared with
the corresponding surface residual of the direct method.
From our own experience, suitable solutions for scattering
patterns can be expected for surface residuals below 1%.
For oblate particles such values can only be achieved for
small size parameters (kR=6.25). Among the iterative
methods, the MinRes method shows the best results, but
the differences are small.

Compared to the iterative methods, the direct method
gives usually better solution up to a size parameter of
kR=25. The direct method completely fails for the size
parameter kR=50. Here, iterative methods show much
lower surface residuals, but can also not reach a satisfying
solution. In the case of the small size parameter kR=6.25
with an aspect ratio of 50 the MinRes method achieves a
better solution in comparison to the direct method.

In order to check the computations we compare the DSCS
calculated by the Null-Field Method with Discrete Sources
(NFM-DS, usually referred as T-Matrix method) [14] and
DSM. We compared both scattering computation for prolate
and oblate spheroidal particles with size parameters and
aspect ratios, where NFM-DS is applicable. There is good
agreement for NFM-DS and DSM direct in the considered
range. In Fig. 6, we show the results for an oblate spheroidal
particle. As indicated by the surface residual (0.063%), the
DSM direct method and NFM-DS show excellent agreement.
Since the surface residual of the MinRes method is 4%
(see Table 2), there can be observed small deviations for
both, the p- and the s-polarizations, compared with DSM
(direct solver) and NFM-DS.

6. Summary

Contrary to direct solvers, iterative solvers are mostly
preferable for sparse and large systems. Even if the DSM
method produces dense and relatively small matrices, the
iterative methods can also be helpful because of their
higher numerical stability. The larger particle, or the
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higher its aspect ratio, the more matching points and
discrete sources in the DSM method are needed to solve
the light scattering problem. This leads to large and ill-
conditioned linear systems, that are numerically quite
difficult. For such kind of particles, the iterative methods
can reach a sufficient accuracy much faster than direct
ones. They can also enlarge the range of applicability of
the DSM method where the direct solver fail.

In this paper, we applied four different iterative methods,
based on Krylov subspace projection, for DSM: RGMRES(20),
BiCGStab, BiCGStab(2), and MinRes. We studied scattering
for prolate and oblate spheroidal particles in the range of the
size parameter of kR=6.25 up to 100, aspect ratios between 2
and 50, and a refractive index of 1.6. As a parameter for the
quality of solution we chose the surface residual, which is
computed from the matching of the fields at the boundary of
the scattering particle.

A reasonable accuracy (surface residual about 1%) was
reached for most prolate spheroidal particles. For oblate
spheroidal particles this criteria could only be achieved
for small size parameters. Among the considered iterative
methods, the MinRes method showed 2–10 lower surface
residual for prolate spheroids and 2–5 for oblate spher-
oids. The MinRes method seems to be the best suited
method for DSM regarding computational time and qual-
ity of solution. Using this method the range of applic-
ability of DSM is extended to larger particles and particles
with a larger aspect ratio, especially with an oblate shape.

The ill-conditionality of the linear system is deter-
mined by the condition number of the matrix. Application
of preconditioning technique allows to reduce this num-
ber and therefore will increase the numerical stability of
the iterative process and will accelerate its convergence.
To conclude this investigation in the next paper [21] we
implement and investigate different preconditioning
techniques with the MinRes method as an iterative solver
for the DSM programme.
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