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Imaging the interior of a region with waveforms
recorded on the surface is a key application of s-
cattering theory in geophysics, medical imaging and
many other fields. In this chapter I will discuss how
the waveform inversion problem can be formulated
in terms of statistical inference. Statistical methods
are essential in order to be able to take into accoun-
t the limited, uncertain nature of the observation-
s. The goal will not be to find the “true” model
of the sampled region (i.e., its boundaries and/or
material properties), since there will always be in-
finitely many models that fit the data, but rather
to put bounds on the feasible values of the param-
eters that characterize the model. While the idea
of using inference methods in waveform inversion is
not new, as proposals along these lines were made at
least as far back as the mid-1980s, field data applica-
tions with realistic prior information and uncertainty
estimates are rare because of the difficulties in quan-
tifying this information. In addition, it will also be
seen that the classical imaging methods of seismolo-
gy and ultrasonics (such as migration and diffraction
tomography) arise as special cases of more general
waveform inversion formulae. After giving a gener-
al formulation of the waveform inversion problem,
I will show an example of the application of these
ideas to elastic waveforms from a reflection seismic
experiment. While the application shown is drawn
from exploration geophysics, the methods described
are applicable in many fields that make use of array-
based waveform measurements, such as ultrasonics,
non-destructive testing, global seismology, ocean a-
coustics and ground-penetrating radar.

0.1.1. Seismic Imaging

The imaging of subsurface geology with elastic waves
is the most widely used application of scattering
theory in geophysics. Seismic imaging methods go
by various names, depending on the application, in-
cluding migration, synthetic aperture focusing, and
diffraction tomography; we will see shortly that these
methods are special cases of more general waveform
inversion procedures. Before proceeding to a precise
formulation of the waveform inversion problem, I will
begin with a little background on seismic imaging
and data processing. Experts on seismic data pro-
cessing may want to skip ahead to the next section.

The term migration goes back half a century to the
earliest uses of seismic reflection profiling in which
mechanical means were used to move (or migrate) en-
ergy in collections of seismograms recorded as a func-
tion of horizontal distance from a controlled source
(the offset) into its proper location in depth. I will
use the term data domain to refer to the organization
of the data into horizontal distance (offset) versus
time. The term spatial domain will refer to horizon-
tal distance versus depth. So, one of the results of
migration is to transform seismic traces from the da-
ta domain to the spatial domain, thus producing an
image of the medium.

For instance, in a homogeneous medium, a point
diffractor in the subsurface produces a hyperbolic
pattern in the data domain, whereas the proper s-
patial image (offset-depth) should be a point. So
migration seeks to collapse point-diffraction hyper-
bolae into (band-limited) points in space (see Figure
1).

By extension, the same argument applies to collec-
tions of point scatterers such as reflecting boundaries,
cracks, etc. In the modern sense, the term migration
is used to refer to any method of producing a map of
the subsurface reflection coefficient.

The earliest computerized migration methods
were based on sorting and stacking the reflection seis-
mograms. For example, given a collection of seis-
mograms recorded along a line over a horizontal re-
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Figure 1 A point diffractor in a constant wavespeed medium produces a hyperbolic pattern in the data domain (horizontal location as
a function of time). This is just the Pythagorean theorem. As we will shortly see, one way to invert this process, thereby collapsing the
diffraction hyperbola onto a (band-limited) point in the spatial domain (horizontal distance as a function of depth), is to sum the data along
isochrons. For each output (image) point (x, z) in the subsurface, sum along the curve defined by t = 2R/c, where R is the distance
between the image point (x, z) and the receiver location on the surface. The procedure will be formalized later via the Kirchhoff integral (or
the generalized Radon transform).
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flecting boundary, then for all of the traces whose
source/receiver midpoint is the same (a common

midpoint (CMP) gather) the specular reflections will
have illuminated the same small region in the subsur-
face, albeit with different total traveltime. Neglect-
ing any angular dependence of the reflection coeffi-
cient, these common midpoint traces can be used to
simulate the effects of a hypothetical zero-offset ex-
periment (coincident source/receiver) by simply cor-
recting for kinematical effects. This normal move-

out correction shifts all the traces to the zero-offset
traveltime. Then the traces are averaged to reduce
data volume and enhance the signal. The collection
of these CMP stacked traces provides a surprisingly
effective means of imaging the subsurface if the ge-
ology is not too complicated. Further, as we shall
see, the fact that they simulate a zero-offset experi-
ment greatly simplifies the migration. (See the book
by Yilmaz52 for a general discussion of seismic data
processing techniques.)

When faced with more complex subsurface geolo-

gy, such simple methods fail. Later it was recognized
that a comprehensive picture of the migration proce-
dure could be provided via the wave equation.31 41

Suppose that variations in the earth’s elastic proper-
ties can be divided into two classes. First are smooth
variations due to gradual physical processes such as
compaction. Smooth variations in wavespeed can be
most effectively determined using kinematic informa-
tion such as traveltimes, for example, by using travel-
time tomography.7 Second, there are also rapid vari-
ations in wavespeed due to faulting, erosion and cli-
mactic changes. These rapid spatial variations give
rise to reflection and scattering of the propagating
waves.25

If the smooth part of the wavespeed is known,
then the wave equation can be used to undo the s-
cattering events that gave rise to the reflection in
the first place. In effect, if the data are propagated
backward in time on the computer to the point at
which the scattering event occurred, the result will
be a spatial map in which the strength of the image
at each point is related to the strength of the scatter-
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ing event (the angle-dependent reflection coefficient).
[This is completely different than the acoustic time-
reversal procedure pioneered by the group of Mathias
Fink in Paris13 15 in which a physical experiment is
performed to transmit a time-reversed version of the
recorded wavefield. This has the effect of “undoing”
the propagation, focusing the data on the source or
on scatterers within the medium, without any knowl-
edge of the material properties of the medium itself;
provided time-reversal invariance is satisfied between
the data recording and re-transmission. Although
we will see shortly that the migration operator is
in fact a time-reversal operator, its application re-
quires knowledge of the smooth elastic properties of
the medium.]

The idea is illustrated in Figure 2. It shows the
reflected waveforms associated with a synthetic zero-
offset experiment performed over a synclinal reflect-
ing boundary. (Or these could be the CMP stacked
records simulating a zero-offset experiment.) Al-
though the zero-offset data show the shape of the
reflecting boundary fairly clearly, the bow-tie shaped
triplication in the traveltime curve makes it difficult
to interpret the data in the time domain. The mi-
gration procedure is used to produce an image of
the subsurface in which the locations of the velocity
discontinuities are in their proper spatial location.
The resulting migration is shown on the right side
of Figure 2. For zero-offset data this is easy to do.
Since the down-going wave path is the same as the
up-going path, if a reflection event occurs at a giv-
en two-way time T in the seismogram, then it was
produced by a reflection which occurred in the sub-
surface at time T/2. It’s almost as if, using half the
wavespeed, that the data were produced by an en-
semble of sources located on the reflecting boundary
fired off in unison at T = 0. (This is called the ex-

ploding reflector model.10) So all one needs to do is
propagate the zero-offset data backwards in time, us-
ing a wavespeed equal to half the true wavespeed, to
T = 0. The result will be a map of the subsurface
reflectivity. Examples of the details of such calcu-
lations can be found in textbooks (e.g., Claerbout10

and Scales39). Strictly speaking, the validity of the
CMP stacking procedure assumes flat reflectors and
constant velocity down to each reflector; nevertheless
it has proven useful in a wide variety of cases where
the assumptions are grossly violated.

Our interest here in zero-offset migration is largely
pedagogical. Full waveform inversion provides a gen-
eral framework that obviates much of the discussion.
However, there are many modern generalizations of
this simple scheme that go under the general heading
of Transformation to Zero-Offset. For more details
on the data processing issues related to these tech-

niques see the book edited by Hale.23

A more interesting example shows the effects of
aperture and after-migration stacking of images. In
Figure 3 can be seen (on the left) synthetic shot
(or common-source) records taken over a reflecting
boundary composed of three flat segments. The true
structure is very similar to the lower right panel.
Note that in the time-sections (on the left) three re-
flections are visible, whereas there is only one reflec-
tor (with three facets). The right column of figures
shows the corresponding migrations; each shot record
is migrated and the resulting images are summed.
This is an example of a pre-stack migration, where
the imaging (in this case stacking) is performed af-
ter the migration. In the shot (data) domain, the
individual images are quite different. However, since
they all image the same piece of the subsurface, once
the migration has been performed the images can be
added together. The top row is for a single source,
the middle is for three sources and the bottom is for
six.

This example also provides a clue to a more gen-
eral method of velocity estimation than CMP stack-
ing. If we migrate the shots (or perform any sort
of pre-stack migration) and then sort the data into
common-receiver gathers, then the result will be a
map of the subsurface below a particular receiver for
many shots. Since there is only one earth, all the
shots should produce the same image of a particular
point in the subsurface; any variations must be due
to errors in the velocity model and to artifacts due
to the finite aperture of the data used for imaging.
So we can do velocity analysis by varying the veloc-
ity in order to make events in the migrated common

Figure 2 A simple, synthetic example of array-based imaging of the
type commonly used in exploration seismology. The model consists of
a synclinal reflecting boundary in the subsurface. The synthetic zero-
offset (coincident source-receiver) data on the left represent waves
reflected off the synclinal structure and recorded along the surface
of the earth. To achieve a proper image of the syncline one must
process the array of data in order to restore the reflected data (time
domain) to their proper spatial location (space domain).
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Figure 3 A typical pre-stack migration procedure involves migration of individual shot records or plane waves, which are then stacked to
produce the final migrated image of the subsurface. In this simple synthetic example, the geometry of the reflecting boundary, which consists
of three flat segments, becomes apparent as the subsurface illumination increases from 1 shot (top) to 3 (middle) to 6 (bottom). Shown
on the left are the synthetic data (shot records) on the right, the migrated images. With six shots, a nearly perfect reconstruction of the
reflector is achieved.
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receiver gathers horizontal. This idea was proposed
by Al-Yahya2 and forms the basis of most modern
velocity analysis schemes.

0.1.2. Mathematical Formulation

The imaging and inversion problems to be considered
here begin with a canonical statement of the elastic
forward problem. Let m denote a generic element
of the space of models M. A model is a mathemati-
cal parameterization of those physical properties that
are required to predict the measurements. In gener-

al the model space is an infinite-dimensional space
of functions (e.g., mass density as a function of s-
pace). The choice of parameters is, of course, not
unique. For elastic waves one could use stiffnesses or
compliances, velocities or impedances, etc. A good
analysis of the issues for elastic waveform inversion is
given by Tarantola,47 who analyzes this problem by
considering the diffraction patterns for isolated per-
turbations of the different parameters. He shows for
P-wave data that at short offsets the diffraction pat-
terns for perturbations in the Lamé parameters are
very similar, while for the perturbations in P and
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S-wave impedances they are readily distinguished.
Therefore, in the field data example described be-
low, impedances will be used.

In practice M is often replaced by a finite-
dimensional vector space. A subtle issue can arise
since discretization may result in artificial reduction
in the a posteriori uncertainty of the parameters.43

For a particular element of model space, the connec-
tion between the model and the data is:

uobs = g(m) + e + f , (1)

where uobs are waveform measurements at discrete
receiver locations, g is the data prediction opera-
tor (described in detail in the Chapter on Elastic
Waves), e is a vector of random errors, and f de-
scribes any systematic errors (such as unmodeled
physics). Evaluating g typically involves solving an
initial-boundary value problem of a partial differen-
tial equation such as the elastic wave equation. S-
ince any real measurement can consist of only a fi-
nite number of data, the space of possible outcomes
of the experiment (the data space D) is always finite-
dimensional. The data themselves will be band-
limited measurements at discrete receiver locations of
one or more components of the elastic displacemen-
t, velocity or acceleration (depending on the type of
sensor), the electromagnetic field, etc—or they could
be scalar measurements of pressure (common in ma-
rine acquisition). So, uobs does not refer to a vector
in three-dimensional space, but rather to an element
of an abstract n-dimensional space of measurements
comprising the totality of samples, components, re-
ceiver locations, etc.

The meaning of Equation 1 is as follows: if g is
known exactly (this means that it captures all the
significant physics of the experiment and can be com-
puted exactly), then in the absence of noise, the true
model (i.e., the earth) will predict the data exactly.
In practice, even if one knew the true model it would
not predict the data exactly because of random and
systematic errors. So one must formulate a criterion
by which to judge how well a model fits the data.

To keep the theory simple let us restrict attention
to a weighted Euclidean mis-fit function of the form

χ2(m) ≡ ‖g(m)− uobs‖
2

C
−1

D

≡ (g(m)− uobs, C
−1
D

(g − uobs)), (2)

where CD is the data covariance matrix. The symbol
(·, ·) denotes the inner product in the appropriate s-
pace. For elements of data space this always means
a summation over the components of the measured
time series, as well as summations over all the sources
and receivers. The inner product for the models will
involve integration in the model space until the prob-

lem is explicitly discretized. This notation hides a lot
of messy details but it is easy to get confused about
which space the various operations are defined in and
whether they are inner products or convolutions.

The data mis-fit, Equation 2, is an appropriate
choice if the data uncertainties are normally dis-
tributed; it may or may not be appropriate other-
wise. The size of the data uncertainties is charac-
terized by CD. It is up to us to decide how closely
the predicted data must match the observations; i.e.,
how small χ2 in Equation 2 is to be made. E.g., one
would like to find all the models whose χ2 is less than
ε. [It may not be necessary to explicitly specify the
data error distribution to accomplish this. It may
suffice to estimate a confidence set for the errors.42]

Unfortunately because the forward operator g has
a nontrivial kernel (null-space), the set of data-fitting
models is usually infinite. This is the reason why
some data-independent information (called prior in-
formation) must be incorporated into the problem.
Otherwise it is not generally possible to achieve fi-
nite uncertainty on the values of the model param-
eters. (See Scales and Tenorio40 for a discussion of
the role of prior information in inverse problems.)
For this discussion, I will proceed with a simplified
Gaussian/Bayesian treatment and assume the exis-
tence of Gaussian a priori probability distribution
on the space of models. (The term a priori sim-
ply means independent of the data.) However, the
reader should keep in mind that the nature of the
Bayesian prior is not obvious in most cases.40 37 Of-
ten the prior information at our disposal is deter-
ministic (constraints, for example); converting such
deterministic information into a probability, even an
apparently conservative one, usually results in in-
jecting information into the problem not implied by
the constraint.40 Further, there are more general for-
mulations of the problem than the Gaussian one,
and non-Bayesian methods, too. The literature on
the subject is vast. For geophysical applications
of inverse theory, see Tarantola48 for the Bayesian
approach and Parker35 for a frequentist approach.
Lehmann and Casella30 give a comprehensive treat-
ment of the statistical ideas that are the foundation
for inverse theory.

Using this simplified Gauss/Bayes approach, one
can incorporate the prior information alongside the
data mis-fit in a combined cost function:

S(m) ≡
1

2

(

‖g(m) − uobs‖
2

C
−1

D

+ ‖m−mprior‖
2

C
−1

M

)

, (3)

where mprior is the mean of the a priori probability
distribution and CM is the covariance matrix of this
distribution. In the statistical terminology, e−S(m)

is (proportional to) the Bayesian posterior probabil-
ity distribution that measures the trade-off between



6 Imaging and Inversion with Acoustic and Elastic Waves

data fit and a priori model reasonableness. Model-
s m that achieve a relatively large value of e−S(m)

do a good job of fitting the data and are not too
far away from the a priori model—distances being
measured relative to the covariance matrices. Note
that CM fulfills a fundamentally different role than
regularization; while the second term in Equation 3
looks like a regularizing functional, it is not. CM is
supposed to be known a priori, so logically it cannot
matter whether it regularizes the problem or not.19

Local Optimization of S

Minimizing Equation 3 is a nonlinear least-squares
problem. Notice that the cost function will be
quadratic in m if and only if g is a linear function
of m. In general this is not the case. In particu-
lar, for elastic or acoustic waveform inversion, the
oscillatory nature of the data means that for model-
s far away from mtrue S may be highly non-convex
(i.e., have many local extrema). However, it will be
seen later that the non-convexity of S comes from
the smooth part of elastic wavespeed and not the
discontinuities, which are the usual target of imaging
methods. In any case the minimization of Equation
3 is amenable to a variety of nonlinear optimization
procedures. Most such procedures are based on some
sort of iterative linearization of g. At each step, S is
replaced by a quadratic function and optimized via
a conventional least-squares method. There are dif-
ferent approaches to solving the least-squares prob-
lems. On the one hand, a pseudo-inverse solution
could be computed at each step, either using direct
algorithms such as the singular value decomposition,
or iterative algorithms such as conjugate gradient.36
38 On the other hand, there may be some advan-
tages to focusing on gradient descent methods since
there is a fundamental connection between the gra-
dient of the cost function and classical seismic mi-
gration algorithms.46 45

A straightforward calculation (setting the gradien-
t of S equal to zero) shows that in order to minimize
S, the model updates must satisfy

m−mprior = CM G∗C−1
D

(uobs − g(m)) , (4)

where G∗ is the adjoint of the Frechet derivative of
g about the prior model. G is defined by

g(m + δm) = g(m) +Gδm + o(‖δm‖2),

while G∗ is defined by

(G∗d,m) = (d, Gm).

Equation 4 shows that the model updates are in
the column space of the prior covariance matrix (be-

cause they are linear combinations of the columns).
It also suggests the following iteration scheme:

mk+1 = CMG∗

kC−1
D

(uobs − g(mk)) + mprior. (5)

or, equivalently

mk+1 = mk +
{

CMG∗

kC−1
D

[uobs − g(mk)]− (mk −m0)
}

,

(6)

where m0 is taken to be mprior. Tarantola47 makes
this slightly more general by introducing numerical
weights:

mk+1 = mk + W
{

CM G∗

kC−1
D

[uobs − g(mk)]− (mk −m0)
}

.

(7)

W is a purely numerical (preconditioning) weighting
operator that has no inverse-theoretic significance; it
could be used to improve convergence.50

Interpretation

At this point, where we are seeking a conceptual un-
derstanding of the waveform inversion procedure, it
is worth considering a special case in which the whole
procedure is linear (and hence Equation 7 converges
after one iteration). This is the so-called convolu-
tional model, in which the data (without multiply-
scattered or mode-converted waves) are generated by
convolving an operator that depends on the low spa-
tial frequency part of the elastic wavespeed (cs, “s”
for smooth), with the high spatial frequency part cr
(“r” for rough or reflectivity):

uobs = P (cs) · cr.

Clearly in this approximation the data depend linear-
ly on the unknown reflectivity. Thus S is a quadratic
function of cr and one iteration of Equation 7 suf-
fices to produce cr: if cs is known. Based on this
one should expect that if the smooth part of the
wavespeed is known reasonably well, then a single
iteration of gradient optimization would result in an
estimate of cr, which is the goal of migration. So we
can see immediately that there is a fundamental con-
nection between migration and linearized waveform
inversion.

The dependence of S on the smooth (low-spatial
frequency) part of the wavespeed model is more sub-
tle. Changing the background model changes the
traveltimes of events in the seismogram. Since the
data are highly oscillatory and since S measures the
difference between the observed and predicted data,
changes in the traveltimes cause the observed and
predicted data to go in and out of phase with respect
to one another. This creates local extrema in S and
means that small changes in cs can result in large
changes in S. Figure 4 shows a simple example. On
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the left is a single-source record for a 6-layered acous-
tic model with a constant wavespeed of 1.5 km/s (us-
ing ray theory). The middle shows the source record
for a wavespeed of 1.55 km/s. And on the right is the
difference between these two; this difference is of the
same order of magnitude as the individual sections.
So, for a perturbation of less than 5% there would
be a substantial change in S.

Let us reduce Equation 7 to its simplest form by
setting CM and CD equal to identity matrices or op-
erators. (This is wrong of course; not only are the
parameters and errors likely to be correlated, but
their correlation is likely to depend on space/time.
But such a simplifying assumption helps one to in-
terpret the formulae.) We’ll also ignore the weighting
matrix W .

In this case, performing a single iteration of local
optimization on S results in an updated model of the
form

m1 = m0 + G∗

0 [uobs − g(m0)] . (8)

This equation says that to update the model m0, be-
gin by solving the forward problem (evaluate g(m0)).
This amounts to propagation forward in time of the
input wavelet at each source location. The result-
ing fields are needed at each receiver location. Then
compute the data residuals by subtracting the pre-
dicted data from the observed data. That will leave
the part of the scattered wavefields not predicted by
the current model. Next apply the operator G∗

0 to
the residuals.

The effect of the adjoint operator is to propagate
the residual scattered field downward into the sub-
surface, or equivalently backwards in time. This is
clear from Equation 8 since the second term on the
right is a model update: G∗ acts on data residual-

s defined at the recording locations and produces a

model update everywhere in the subsurface. The in-
cident and scattered fields will be correlated in the
subsurface at the location of scatterers and if m0 has
the correct smooth background, g(m0) is just the in-
cident field.

This idea of comparing the forward-propagated
source field and the backward-propagated scattered
field can be understood with a simple example of a
back-propagation/migration procedure.21 A vertical-
ly incident scalar plane wave reflects off a horizontal
boundary at depth z = zm in a laterally invariant
medium. The scattered field at the surface (z = 0)
(in the frequency domain) is just

ψS(z = 0) = ei∆ R(zm)ψI (z = zm)

where ψI is the incident field just above the reflec-
tor, R is the reflection coefficient, ∆ is a phase shift
that accounts for the propagation delay down to the
reflecting point zm. We can get rid of the delay on

the right side by back-propagating the scattered field
into the subsurface (multiplication by e−i∆):

ψS(zm) = R(zm)ψI (zm).

This gives the reflection coefficient at zm as the ratio
of the forward and back-propagated fields. Of course,
this idea can be generalized to allow for non-vertical
incidence, heterogeneous background, etc. Neverthe-
less, all these generalizations are special cases of the
linearized waveform inversion.

Now, the local optimization formula in Equation 7
gives an inverse-theoretic update to the entire param-
eter vector m. If m consists of the elastic impedance,
and if the smooth part of that impedance is known,
then the least-squares update for the model pertur-
bation can be thought of as a kind of sophisticat-
ed migration procedure, since it produces a map
of the jumps in impedance as a function of depth.
But instead of dividing the incident and scattered
fields at each point in the subsurface, the adjoin-
t operator is used. The detailed interpretation of
G∗ requires specifying the type of forward modeling
and the domain of the migration (common-source,
common-offset, zero-offset, etc.). For instance, using
a finite-difference method to approximate g yields a
linearized inversion algorithm essentially equivalent
to finite-difference reverse-time migration. Reverse-
time migration51 24 32 involves reversing the order of
the recorded time samples and using them as time-
dependent boundary conditions for a finite-difference
solution of the elastic wave equation–with time run-
ning backwards. On the other hand, using a WKB
approximation results in an algorithm essentially e-
quivalent to Kirchhoff migration.46 26 29 Traditional-
ly, Kirchhoff migration formulae are derived by con-
verting the wave equation into a Fredholm integral
equation using a Green’s function (or tensor in the
vector case).39 Begin with the representation theo-
rem for elastic waves (cf. the Chapter on Elastic
Waves or the textbook by Aki and Richards1).

ui(r) =

∫

∂Ω

Gin(r, r′)njcnjkl∂
′

kul(r
′)

−un(r′)njcnjkl∂
′

kGil(r, r
′)dS′, (9)

where ∂Ω is the surface of a closed volume within
which there are no sources, c is the rank-4 elastic
tensor, and G is a Green’s tensor. By definition G
is any solution to the wave equation with delta func-
tion right-hand-side. If one takes the limit of the ob-
servation point as it approaches the boundary, this
equation becomes a Fredholm integral equation for
the field (or mutatis mutandis its normal derivative)
on the boundary, given either Neuman or Dirichlet
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Figure 4 On the left is a single shot record for a model consisting of six horizontal layers with a constant wavespeed of 1.5 km/s. The
middle shows the shot record for the same model but with a wavespeed of 1.55 km/s. On the right, plotted to the same scale, is the difference
between these two. Thus, small perturbations in the background velocity model can result in large perturbations in the waveform mis-fit.
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boundary conditions.27 At this point the Green’s ten-
sor is completely arbitrary, i.e., it need not satisfy
any particular boundary conditions.

Instead of attempting to solve this integral equa-
tion, it is conventional to reduce it to an integral
relation relating the boundary values on the surface
to the field in the interior. This is done in two step-
s. First, the integral over ∂Ω is reduced to an inte-
gral over only the recording surface (z = 0 in this
case). This requires showing that the integral over
the subsurface part of ∂Ω is negligible. For migra-
tion purposes, it is not sufficient to simply take the
lower surface to infinity and exploit the radiation
condition since for migration one uses an anti-causal
Green’s tensor which doesn’t vanish at infinity. (See
Docherty14 for a stationary-phase argument.)

The second step is to ensure that the Green’s ten-
sor satisfies appropriate boundary conditions. For
migration, the land-based data are the fields them-
selves recorded at z = 0. (Assuming the recording
surface is horizontal; surface topography is another
complication.) Thus if the Green’s tensor is zero on
the surface z = 0, the first term on the right-hand
side above is zero. These arguments apply to any
medium, provided the Green’s tensor is known. In
the special case of a flat recording surface and a ho-
mogeneous medium, an appropriate Green’s tensor
can be constructed by the method of images.

Assuming these two steps are performed, the rep-
resentation theorem reduces to the following integral
(for Dirichlet conditions):

ui(r) = −

∫

∂Ω

un(r′)njcnjkl∂
′

kGil(r, r
′)dS′.

If G is anti-causal and u is the field recorded at the

surface, then this integral gives the migrated image
at every point in the subsurface. Although the above
argument was given for a homogeneous medium, it
still works for smooth models in the WKB approx-
imation provided the traveltimes are properly com-
puted in the smooth background model. Evaluating
this integral requires knowing the traveltimes from
all the image points in the subsurface to the sources
and receivers; in practice these traveltimes are com-
puted by ray tracing or finite-difference solution of
the eikonal equation.49 22

Other commonly used forms of migration arise
from other approximations to the wave equation. For
layered or quasi-layered media, propagator matrices
are used (phase-shift migration17). Other examples
can be found in Lailly28 and Tarantola45 47 who dis-
covered the connection between the local optimiza-
tion of a least-squares waveform mis-fit function and
traditional migration methods.

Whatever method is used to solve the wave equa-
tion, the theory of Fourier integral operators can be
used to show that the output of the adjoint, however

computed, has high-frequency strength concentrated

in the same places as the parameter perturbations.44

Since all uncertainty information has been dis-
carded in Equation 8 the migration model m1 cannot
be regarded as being the solution of any inverse prob-
lem, but it does have some qualitative connection to
the discontinuous part of the subsurface elastic pa-
rameters. Updated models derived from Equation 8
are referred to as least-squares migrations. So, least-
squares migration is a poorly scaled (because the co-
variances are neglected), approximate (because only
one iteration is performed) waveform inversion.
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Putting the covariance matrices back in, one iter-
ation of Equation 7 gives:

m1 = m0 + W
{

CM G∗

kC−1
D

[uobs − g(m0)]
}

. (10)

So, Equation 10, which is one step of an iterative
Gauss/Bayes waveform inversion procedure, can be
thought of as the inverse-theoretic generalization of
migration. It is always possible of course to discard
uncertainty information and simply use Equation 7
as an optimization rather than an inversion proce-
dure. See Chavent and Plessix9 for a discussion of
an approach to design of optimal least-squares mi-
gration procedures.

However, the inversion procedure in Equation 7
is much more general than least-squares migration
since:

• g need not be linear; in particular E-
quation 7 allows for mode-conversion and
multiple scattering.

• Uncertainties in the data and a priori in-
formation on the parameters is explicitly
incorporated and the entire procedure re-
sults in a combined a posteriori estimate
of parameter uncertainty. In fact, it is
the posterior parameter uncertainty that
is the real solution of the inverse problem.
The least-squares model may or may not
be of particular significance.

• The a priori model can be arbitrarily
complicated, and it is updated incremen-
tally during the iterative nonlinear inver-
sion procedure.

• The data need not be recorded at regular
intervals. The inverse-theoretic formalis-
m allows for redundant and inadequate
data.

0.1.3. Inversion Versus Imaging

In the seismic literature the terms migration, imag-

ing and inversion are given various (often contra-
dictory) meanings. The important thing to keep
in mind, however, is that imaging and migration
are essentially methods of exploratory data analysis.
Even though the output of such a calculation is a
map of some subsurface property, such as reflectivity
or impedance, these maps cannot be quantitative-
ly linked to the Earth’s material properties without
performing an uncertainty analysis. Imaging meth-
ods are designed to produce pictures that can then
be interpreted or used for other means, such as sug-
gesting hypotheses. On the other hand many of the
published uses of the term inversion suffer the same

drawback because they do not explicitly treat the
problem of data uncertainty or the necessity of using
a priori information.

In order to try to reduce this confusion somewhat,
I suggest the following taxonomy:

Imaging Imaging is any method that uses data
to produce a model of the subsurface, but where no
attempt is made to verify that the model so pro-
duced actually fits the data in a rigorous sense or is
reasonable a priori. All seismic migration fits into
this category, including pre-stack “true amplitude”
migration.

Construction Finding a model, any model, that
fits the data and is a priori reasonable is called con-
struction. For example, the output of an imaging
algorithm might be shown to fit the data but this
requires a careful analysis of the uncertainties of the
data. Construction is useful for illustrating the fea-
tures that the earth might have, or for falsifying a
hypothesis.

Inference Finally, at the extreme of ambitious-
ness, one may characterize the entire set of models
that fit the data and are a priori reasonable. This is
the inference problem.

One can think of the inference problem as con-
structing a box in the space of possible models with-
in which one is certain (to a specified degree) that
the true model lies. Before the data have been ana-
lyzed, this box might be quite large; without a pri-

ori information it is infinite. Hopefully, analyzing
the data reduces the size of the box. The box might
have rigid (deterministic) boundaries, as in frequen-
tist inference, or it might have fuzzy (probabilistic)
boundaries, as in Bayesian inference.40

Direct inversion methods Finally, there is an-
other class of imaging algorithms sometimes referred
to as direct inversion methods. These methods seek
a direct or analytic inversion of the equation:

uobs = g(m). (11)

As has already been pointed out this is impossible
since g maps from an infinite-dimensional space (the
model spaceM) to a finite-dimensional one (the data
space D). However one may sidestep this issue by ei-
ther promoting the data space to infinite dimensions
(by assuming that the data are recorded continuously
on some or all of the surface of the earth), or by pro-
jecting the model space onto the finite-dimensional
data space (by assuming that there are the same
number of model parameters as data, and assuming
the data are independent). In either case the mod-
el space and the data space become isomorphic, in
which case it is possible that g could be invertible.
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The approach of Bleistein and his collaborators5 6

is to make a high-frequency Born approximation to
g, in which case it can be expressed as a Fourier
integral operator (FIO), which can be inverted semi-
analytically. There is also a connection between the
inversion formulae of Bleistein and the generalized
Radon transform discovered by Beylkin.4 3 Beylkin
derived an approximate inverse (a parametrix in the
language of pseudo-differential operators) of the scat-
tering operator in the form of a generalized Radon
transform. A clear tutorial on these ideas is provided
by Symes.44 Using the theory of Fourier integral op-
erators, Symes shows that the output of the adjoint,
however computed, has high-frequency strength con-
centrated in the same places as the parameter per-
turbations. This is the sense in which the adjoint can
be thought of as a migration operator.

In the taxonomy introduced above, direct inver-
sion methods are still imaging methods, however, s-
ince they do not allow for an uncertainty analysis.
Any attempt to introduce uncertainties inevitably
results in replacing Equation 11 with some sort of
mis-fit function in order to be able to quantify how
well a model fits the data; this puts us right back
into the inverse theory soup. Or as B. Efron has
said: “Those who ignore Statistics are condemned to
reinvent it.” Of course, high-frequency asymptotic
methods can be used to approximate g in a wavefor-
m inversion procedure. This was done, for example,
by Chapman and Orcutt.8 A discussion of the con-
nection between FIO inversion methods and classi-
cal Kirchhoff migration can be found in the paper by
Docherty.14

0.1.4. Elastic Full-Waveform Inversion

Following Gouveia and Scales20 I will now sketch a
field-data example of a nonlinear, elastic waveform
inversion calculation based on iteration of Equation
7. The goal is to solve the inference problem for sub-
surface P- and S-wave impedance and density using
surface elastic waveform data and other prior infor-
mation. There have been a few other applications
of Bayesian methods to seismic waveform inversion.
For instance, Mora33 and Crase et al.11 compute the
maximum a posteriori estimate mmap, but without
attempting to estimate the covariance matrices CD

and CM . Thus, they offered a single model as the
solution of the inverse problem and do not quantify
the data or model uncertainties in the calculation.

The data set considered here consists of vertical-
component seismograms from an area where the
geology is well described by a horizontally strati-
fied, isotropic elastic parameterization. This allows
for rapid, propagator matrix-based synthetic seismo-
gram calculation, which correctly accounts for all or-

ders of multiple scattering and mode conversion, as
well as allowing for analytic calculation of the deriva-
tive of the forward operator.16 18 In addition, well
logs (in-situ measurement of elastic moduli and den-
sity made in a borehole) are available for the same
area and are used to calculate an empirical Bayesian
prior for layered earth models. The prior consist-
s both of the background, or a priori, model of
impedance and density, and the covariance matrix
describing the fluctuations about the background.
All uncertainties (noise, model and theoretical) are
assumed to be described by Gaussian random vari-
ables.

Figure 5 shows several vertical component elas-
tic shot records extracted from a 3D survey provided
courtesy of the Reservoir Characterization Project at
the Colorado School of Mines. (A shot record is the
ensemble of seismograms (or traces) recorded for a
given source excitation.) The data were recorded in
the Sorrento Basin of Southwestern Colorado, USA.
The reservoir rock consists of sediments that filled
incised valleys during a series of pulses of rising and
falling sea level. The assumption of lateral homo-
geneity of the subsurface elastic properties is consis-
tent with such a geologic scenario. For a complete
description of the results obtained with the Sorrento
data, the reader is referred to Gouveia.18

The borehole measurements (Figure 6) have a res-
olution on the order of a meter or less, orders of
magnitude less than the wavelength of surface seis-
mic waves. In principle, one could incorporate these
measurements into the calculation on the same foot-
ing as the surface seismic data, but this would have
required modeling the borehole measurements. As
a simpler alternative, the borehole data are used to
compute an empirical Bayesian prior. The idea is
this: one does not want to constrain the earth models
to be exactly equal to the values obtained by the well
log, but simply to reflect the statistical properties of
the log. So the goal of this inverse calculation is to
find the range of layered earth models that predict
the surface seismic data and are close, in a statistical
sense, to the well log measurements.

Let the model vector m be a combination of P-
and S-wave impedances and densities, one for each
layer in the (presumed) laterally invariant earth:
m = (mIp,mIs,mρ), where Ip and Is denote the P-
and S-wave impedances, respectively. So if there are
ml layers there will be 3ml total model parameters.
(Smooth lateral variations could be incorporated by
performing independent inversions at different loca-
tions and interpolating the results.)

In order to make the calculations semi-analytic
the prior is assumed to be an N -dimensional Gaus-
sian distribution. The mean (mprior) is estimated



Imaging and Inversion with Acoustic and Elastic Waves 11

Figure 5 Several vertical component elastic shot records extracted from a 3D seismic survey provided courtesy of the Reservoir Character-
ization Project at the Colorado School of Mines. The data were recorded in the Sorrento Basin of Southwestern Colorado.
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by applying a 200-m running average to the bore-
hole measurements. The covariance is estimated by
computing the autocorrelation of the fluctuations of
the well log about mprior within a sliding window;
this accounts for the fact that both mean and vari-
ance of the well log change with depth.

Once the correlation C(τ) is computed for a given
window, the model covariance matrix is estimated by

C [i, j] = C(j − i)

=
1

N + 1

i+ N

2
∑

k=i−N

2

L(k) L(k + j − i). (12)

N is the length of the sliding window centered at

Figure 6 P-wave and S-wave velocities and mass density as func-
tions of depth recorded in a borehole near the location of the surface
seismic data.
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depth i dz, L(k) is the well-log sample at depth k dz,
and dz is the depth discretization interval.

Next, the covariance of the data errors must be es-
timated. In practice this is a difficult task since there
are many sources of error, and not all of them can
reasonably be assumed to be Gaussian random pro-
cesses. However, for this calculation a Gaussian fit
was made to the four types of data errors regarded as
being the most significant: ambient noise, errors in
the data processing, uncertainty in the scaling of the
synthetic seismograms relative to that of the field da-
ta, and discretization errors. Without going into any
detail, for each source of noise an ensemble of “noise
traces” was generated. Sample covariances were then
computed for each ensemble by Monte Carlo simu-
lation. For example, for the ambient noise, pieces
of the seismograms were identified that appeared to
have no source-generated noise, either very early or
very late in the seismograms. Finally all the errors
were assumed to be additive, in the sense that the
final data covariance matrix is just the sum of the
individual covariances.

With these approximations to CD and CM , and
using the mean of the well logs as the mean of the
prior distribution mprior, one has the full Bayesian
posterior. Maximizing this posterior probability is e-
quivalent to minimizing the cost function in Equation
3. A local optimization method (a nonlinear conju-
gate gradient routine from the free COOOL library12)
was used to find the peak of the posterior; this is
the so-called maximum a posteriori (MAP) model.
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The nonlinearity of the forward operator makes this
problem technically non-Gaussian, so the difference
between the mean and the maximum of the posterior
might be significant in some problems. In any case,
the MAP model is computed by optimizing the cost
function, Equation 3.

Once the MAP model is found, the forward opera-
tor is linearized about this model. This is equivalent
to approximating the posterior by a Gaussian cen-
tered about the MAP model. (Note this is not the
same thing as linearizing about mprior, which would
make the calculation entirely linear.) Within this
approximation the posterior covariance matrix is48

CM′ =
[

GT C−1
D

G + C−1
M

]

−1
, (13)

where G is the linearization of the forward operator
about the MAP model.

The MAP models for five particular shots, brack-
eted by plus or minus one standard-deviation error
bars (square roots of the main diagonal of CM ′ ) are
shown in Figure 7. These error bars do not say any-
thing about the correlation of the parameters; that
information is contained in CM ′ itself (see Gouveia
and Scales20 for plots of the posterior covariance).

The ultimate result of this calculation is a proba-
bility density on the space of models. This probabili-
ty takes into account all the probabilistic information
that is available, including data uncertainties and a

priori model uncertainties. This probability defines
the range of models that fit the data and are reason-
able to a certain degree. One way to distill this infor-
mation is to look at marginal probabilities. Figure 8
shows marginal probabilities for P-wave impedance
at four depths for two different shot records. The
dashed lines show the prior marginals derived from
the well logs. This is what is known before the sur-
face data have been analyzed. The black lines are the
posterior marginals. The inference procedure nar-
rows the marginals to various extents (increases the
information); but changes in the means of the pa-

rameters are also evident. From these marginals it
is straightforward to answer questions of the form:
what is the probability that the P-wave impedance
at .6 km depth is between 8.4 and 8.5. (Units for
impedances are 105 g s−1 cm−2.)

Figure 7 The Bayes MAP models for five particular shots bracketed
by plus or minus one standard deviation error bars. The error bars are
derived from the posterior covariance matrix and therefore take into
account the prior information as well as information about the forward
modeling operator and the various sources of data uncertainty. Rather
than thinking of the solution of the problem as consisting of particular
models, such as the MAP models, it is better to regard the solution
as consisting of these ranges of model parameters; i.e., the posterior
probability itself.
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Figure 8 P-wave impedance marginals, at depths 0.6 km, 0.8 km, 1.0 km and 1.2 km. (a) Marginals associated with the data extracted
from line 4 of shot gather 1. (b) shows the marginals associated with the data extracted from line 7 of shot gather 5. These two lines represent
the range of data quality. The dark lines are the posterior marginals, while the dashed ones are the prior marginals. The ultimate result of
the inversion procedure has been to sharpen the marginals, more or less, and to shift the location of the mean values of the parameters.
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Finally, two different “constructions” from the da-
ta are shown in Figure 9. The two models were
obtained by local optimization. The model labeled
Bayes is one of the MAP models described above.
It fits the surface data and is statistically consisten-
t with the borehole measurements. The model la-
beled Occam is the smoothest model that fits the
surface data alone.19 Below the two models are the
data they predict. This should be taken as a caution-
ary tale—the range of models that is consistent with
the surface data is potentially quite large. Imaging
alone cannot address this issue. Some quantitative
measure of the uncertainty associated with a com-
puted model is necessary. At best, imaging provides
a model of the subsurface that may or may not ac-
tually explain the data.

In summary, the calculation described here was a
nonlinear, elastic waveform inversion calculation ap-
plied to field data for which the underlying assump-
tions of isotropy and lateral invariance appeared to
be satisfied. There is no fundamental reason why the
same procedure could not be applied to data with
anisotropy or complex three-dimensional structure.
These may be largely computational considerations
since the dominant cost will be the forward modeling.
(The calculations described above were performed on

a cluster of low-cost PCs.) On the other hand two
key assumptions used here are that the local opti-
mization can be used to find the MAP model starting
with the a priori model, and the basin of attraction of
the MAP model contains most of the support of the
a posteriori probability distribution. If the former
assumption were not true then it might be necessary
to perform some sort of Monte Carlo sampling in or-
der to find the basin of attraction of the MAP mod-
el. If the latter assumption were not true, then one
could not ascribe the same significance to the posteri-
or covariances that has been done here since then the
Gaussian approximation would be strongly violated.
(What would be the significance of the mean and co-
variance of a multi-modal probability?) Under such
circumstances the inference problem becomes much
more complicated theoretically and computationally.
For a discussion of Monte Carlo methods applied to
Bayesian geophysical inverse problems see the paper
by Mosegaard and Tarantola.34

Finally, a philosophical observation. Waveform in-
version is sometimes said to be an inherently unsta-
ble procedure. But the difference between optimiza-
tion and inversion should always be kept in mind.
The calculation of a particular model, such as the
least-squares model, may indeed be ill-conditioned
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Figure 9 Two models obtained by local optimization. The model labeled Bayes, is one of the MAP models described above. It fits the
surface data and is statistically consistent with the borehole measurements. The model labeled Occam is the smoothest model that fits the
surface data alone. Below the two models are the data they predict. In each of the two lower plots, the observed and predicted traces are
alternated trace-by-trace for comparison.
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or highly nonlinear. But that does not mean that
the inversion procedure itself is unstable; it might
simply mean that the error bars or confidence sets
for some parameters are large. If the uncertainties
are too large, then more information or data are re-
quired. Particular models, such as the least-squares
model, may be of no special significance other than
as convenient points in model space about which to
center the box of feasible models.

0.1.5. Conclusions

Seismic migration, which is every day applied to
vast quantities of exploration seismic data around
the world, can be looked upon as a special case of
a more general family of waveform inversion algo-
rithms. The goal of migration is to produce maps
of the subsurface reflection coefficient. Here, the ter-
m “map” is interpreted loosely. It is impossible to
make quantitative statements about the accuracy of
these maps without performing a full inverse calcu-
lation. Migration is used as a form of exploratory
data analysis. On the other hand, the goal of seis-
mic waveform inversion is to make quantitative in-
ferences about the earth’s elastic properties. If one

applies a single step of iterative waveform inversion
and discards all uncertainty information, then what’s
left is a least-squares migration algorithm. But to
go from migration to inversion it first is necessary
to quantify the uncertainties in data, uncertainties
in the data prediction operator, and to character-
ize objectively the data-independent a priori model
information. Only then can one analyze the final un-
certainties in the model parameters. The difficulty in
assessing these uncertainties has heretofore preclud-
ed widespread use of waveform inversion methods.
I have shown an example where, under reasonable
exploration seismic conditions, it is possible to per-
form elastic full-waveform inversion efficiently with a
complete uncertainty analysis—provided certain as-
sumptions about the data uncertainties and the to-
pography of the data mis-fit function are satisfied.
An empirical Bayesian procedure was used to inte-
grate surface seismic data with borehole measure-
ments; the latter were instrumental in narrowing the
range of feasible models. The final result consists of
probabilistic statements about the range of models
that fit the surface seismic data and are statistical-
ly consistent with the borehole measurements. The
techniques used in this inversion procedure could be
applied to a wide variety of waveform measurements,
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including borehole radar, earthquake source mecha-
nisms, non-destructive testing, ocean acoustics and
others.
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