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Abstract

We examine the applicability of different inversion algorithms to retrieve a size distri-
bution of particles in air from light scattering. Our investigation is focused on an optical
measurement setup with an elliptical mirror as the main optical element. To evaluate the
capabilities of the individual inversion methods, we simulate light scattering by spherical
particles in the size range of 0.1 - 10 um and in the size range of 0.05 - 1 um. The dis-
tribution of the particle diameters is modeled with three different parametric functions
(RRSB, logarithmic-normal and a more special distribution from an ultrasonic nebulizer).
Different kinds of noise (additive and/or multiplicative) in different levels are applied to
the simulated scattering measurement to include real physical measurement conditions.
We investigate the convergence properties of the scattering simulation with respect of the
number of size classes and in this way get information about the necessary size resolution
to simulate a measurement for a given particle size distribution. Further parameters of
interest are the minimum angular resolution of the measurements, the number of size
classes of the retrieved particle size distribution and the measured polarization of the
scattered light.

1 Introduction

Optical particle characterization is needed in many practical applications as, for example,
for aerosol analysis, investigation of air pollution, weather radar problems, remote sensing,
etc. The size distribution of small particles is frequently measured by evaluating the light
scattering response of an incident laser beam. In many of those measuring applications there
are more than a single particle within the measurement volume. For the characterization of a
particle size distribution, a frequently used method islaser diffraction [1]. Information about
the particles is gathered by evaluation of the scattered light. If the particles are distributed
randomly and their optical density can be assumed to be small, then the scattered intensity
I(0) at scattering angle 0 is an incoherent superposition of the scattering pattern I, of
all N particles (n = 1,...,N) within the measuring volume. This assumption is only an
approximation for real physical systems because of mutual interaction caused by multiple
scattering of the particles due to their finite distances, and additionally because of noise due
to the measurement electronics. Therefore, noise will be added to a model system (i.e. to
the scattered intensities) to include the unknown physical conditions of the measurement
system.

A vast number of publications deal with one or more methods to solve the inverse
problem of a particular application of a measuring system. Most of the papers describe
new inversion algorithms and they sometimes compare the results with those from well-
known standard methods. In the following, we only want to cite some important major
papers to give an overview.

An overview of general inverse problems are given in the textbooks of Hansen [2],
Ramm [3], Tarantola [4] and in the monograph of Gosh Roy and Couchman [5] for the case
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of incident plane waves. For analysing aerosol measurements a review is given in the paper
by Kandlikar and Ramachandran [6].

In a recently published paper, Vargas-Ubera et al. [7] compare three inversion methods,
the Chin-Shifrin [8], Phillips-Twomey [9] and singular value decomposition method on the
basis of Fraunhofer approximation and calculations of the light scattering using Mie theory.
Simulating this inversion problem, they found that the Phillips-Twomey method yields
the best, the singular value decomposition only delivers satisfactory and the Chin-Shifrin
method yields poor results. However, the Chin-Shifrin method provides an exact analytical
solution of the inverse problem (eq (1)) by using Fraunhofer approximation for the scattering
intensities, and it was proposed to use in particle sizer by Bayvel and co-workers [10]. The
same author published another paper where he and his co-authors recommend the use
of the Phillips-Twomey method for the particle size retrieval [11]. In fact, the Phillips-
Twomey method was investigated already by Chow and Tien [12] and is nowadays a
standard method in inverse problems in particular of laser diffraction measurements and
is used by many workers (e.g. [13, 14]).

Another method is to replace the particle size distribution by a spline approximation
and then to apply a regularization technique [15]. Sun and Sevick-Muraca [16] describe a
B-spline approximation method with a subsequent Tikhonov regularization with the gen-
eralized cross validation or the L-curve method to estimate the regularization parameters.

Iterative methods used to retrieve data from light scattering measurements include
for instance Chahine iteration, Landweber iteration, evolutionary algorithms like genetic
algorithms and neural networks. Chahine developed his algorithm on the basis of problems
in the radiative transfer of the atmosphere [17], but it is also used to analyze fractals [18]
or for the size characterization of inhomogeneous droplets by phase Doppler anemometry
[19]. Landwebers’ algorithm [20] can also be used for different kinds of problems like
image-reconstruction [21] or particle sizing [19].

In contrast to both methods, the evolutionary approaches are more complex. Genetic
algorithms for instance are considered slow, but they yield stable solutions [22, 23].

The last class of iterative methods are the neural networks, which do not optimize a
solution on a given pattern, instead they are used to find patterns in data by a previously
trained model. Applications to light scattering problems are given by Nascimento et al.
[24], Wang et al. [25] and Coppens et al. [26].

Measurement of additional physical properties of the scattered light, e.g. polarization,
range of scattering angles, is important for the retrieval of particle size distributions. In
most of the mentioned papers light scattered in forward direction is evaluated, while Barkey
et al. [23], Hodgson et al. [22], Wang et al. [25] and Ho et al. [27] have presented results
using complete scattering diagrams. However, they investigate only particles with a Mie
parameter a < 10. The scattering diagrams are evaluated by using only one polarization [22,
25], using horizontal and vertical polarization [23] or using the Mueller matrix formalism
[27], which delivers the most information regarding polarization.

In this paper, we will apply more than 20 different inversion methods to a simulated
scattering pattern of a given particle size distribution corresponding to a particular mea-
surement setup. This serves as an overview of the applicability of different methods to our
measurement setup. Several of the used inverse problem methods are based on SVD, e.g.
truncated and damped SVD together with different regularization approaches like Tikhonov
regularization [2]. Other methods are based on the non negative least square approach in
combination with Philips-Twomey regularization [9, 13, 14]. Iterative approaches like those
of Chahine or Landweber and Bialy are described by Chahine [17] and by Mitschke [19],
respectively. Other iterative methods of interest are the genetic algorithm approach [22, 28]
and an inverse Monte Carlo technique [29].

The first aim of this paper is to investigate the effects on the inversion methods when
using different simulation techniques to prepare the data. For instance, the matrix elements
of the kernel matrix / in the inversion formula can consist on normalized or not normalized
scattering diagrams. Another effect appears in the simulation of a measurement. To
simulate the measurement of the light scattering of a continuous particle size distribution
the number of the used particles with different diameters is crucial for convergence.

The second aim of this paper is to find the best inversion method for a particular
measurement setup using an elliptical mirror, represented in Figure 1. The advantage of
an elliptical mirror is that the scattered light can be measured simultaneous in contrast to



e.g. a goniometric setup. Additionally, a setup like that of Figure 1 permits the acquisition
of a nearly complete scattering diagram of about 5° < 0 < 175° on the left and the right
semicircle of the mirror.

In general, the angular resolution of a measurement combined with the number of
different measuring points is also important for the determination of the correct PSD [1]. A
higher resolution seems to be better as long as noise, always omnipresent in measurement
systems, does not decrease below a reasonable value. This requires the investigation of
the effects of noise, what has also been done e.g. by Coston and George [30]. Here, we
distinguish between additive and multiplicative noise (“speckle noise” and “shot noise”
in [30]). As it is not clear how the investigated inversion methods respond to these noise
formulations, these effects will be investigated also in the following as our third aim.

This paper is divided as follows. In the next section we describe our approach to simulate
experimental measurements and the generation of the kernel matrix 4. Then, we give a
short presentation of the inversion methods used. The results are listed and discussed in
the following section. Finally, we sum up our findings with a conclusion.

2 Inversion Problem

Elliptical mirrors are occasionally used as the main optical element in light scattering
experiments. For instance, a description of an single-particle optical counter using an
ellipsoidal mirror is given by Friedlander [31]. Aptowicz and Chang [32] also describe
a measurement system with an ellipsoidal mirror to investigate different single particles
as well as particle clusters. They use a two-dimensional analysis of the picture taken by
an intensified CCD-camera, but without any inversion method. We want to investigate a
measurement setup for particles in air given in Figure 1. The scattered light of an almost
complete scattering plane can be focused on a CCD-camera. Alternatively, the horizontal
polarized scattered light is measured at one side (e.g. the left semicircle in respect of the
incident beam) of the mirror wheras the vertical polarization is measured at the other side
(e.g. the right semicircle). In the following, we treat the investigated inverison algorithms
with respect to the geometry of an ellipsoidal mirror.

scattering
particles

-_——

focus point

Figure 1: Investigated experimental setup; a laser beam illuminates particles at the first
focal point of an ellipsoidal mirror; the light scattered from the particles will be mapped
onto the second focal point and from there the light will be collected with a lens to form a
—nearly — circular image of the scattered light from the mirror on a CCD camera.

Generally, the measured intensity (6, A) depends on the laser wavelength A, the physical

properties of the particles (diameter x and the refractive index m = n — ix relative to the
surrounding medium) and the particle size distribution (PSD) g(x):

I(6,A) = j:o I.(6, A, m(A), x)q(x)dx. M



If the particles consist of a homogeneous material and they are illuminated by monochro-
matic light, this equation corresponds to a Fredholm integral equation of the first kind [2]
with minimum and maximum diameter x,;;;, and X4y

X max
80 = [ o, s @
Xmin
where g(0) corresponds to a measured value, h(0, x) is an element of the given kernel H
which consists of simulated Mie scattering diagrams, and g(x) is the unknown PSD. To get
an impression of such a kernel, Arridge et al. [33] represented an isometric plot of a kernel
consisting of scattering diagrams for spheres with Mie parameter o = ntd/A between 0 and
50. To resolve the continuous size distribution g(x), equation (2) reads in its discrete form

[5]:

g = HAQ, ®)

with g as the vector of all measured values g(60) at different scattering angles 6 and AQ =
[AQ(x1), - .., AQ(x,)]T represents the frequency distribution which is related to the particle
size distribution by the frequency width Ax, AQ = q-Ax. The kernel matrix H consists of the
matrix elements /(0, x). Equation (3) is a forward problem and the expected measurement
values g(0) can be easily determined by calculation of the the matrix elements of h(6, x)
using Mie theory for a particle size distribution g(x). However, the determination of the
particle size distribution from measurement data g is an inverse problem:

AQ =H"g. 4)

A direct evaluation is impossible. Inverse problems are typically ill-posed. The solution
of a well-posed problem has to fullfill the conditions of existence, uniqueness and stability.
Especially in inverse problems, the condition of stability is violated due to measuring noise.
Additionally, inverse problems are mostly ill conditioned. A measure of the ill conditioning
of the problem is the condition number « of the kernel matrix H, x = |[H||[|[H}|. x < 1
implies a high degree of ill-conditioning due to, e.g. simple rounding errors. Hence, simple
matrix inversion methods like the LU-decomposition are unsuitable solution methods for
an inverse problem. Mathematically more complex methods have to be used to yield usefull
results. The methods can be classified by the following schemes [5]:

1. evaluation of spectral properties of the normal operators after a singular value de-
composition (SVD) of the kernel matrix & and application of filtering methods

2. transforming an ill-posed problem into a well-posed one by regularization
3. iterative approaches.

These three schemes can be combined to get new methods [19]. There are further schemes
to tackle inverse problems, e.g. mollification methods or pure least square optimization, but
we will not discuss them here. All schemes own the positivity constraint, that no negative
diameters are possible.

The intention of our paper is to find inversion methods which are suitable to approximate
a given particle size distribution with well known refractive index from light scattering
measurements without any a priori assumptions. For example, we do not assume that a
given particle size distribution will represent our measurements and therefore we do not fit
two or three distribution parameters to the given measurements. From the great number
of inversion methods we selected some major methods for our investigations.

We investigate small droplets with diameters up to 10 um. The droplet deformation
can be calculated by D = (191 + 16)Ca/(16A + 16) (with Ca = nov/o as the capillary number
(viscosity 7, surface tension ¢) and A the viscosity ratio droplet/gas) [34]. This equation lead
to drop deformations of up to 8% for particle velocities of v =5 m/s. However, the equation
do not take into account the size of the droplets. For the investigated small droplets, the

Weber number is much less than 1 and therefore the droplet deformation can be neglected
[35].



3 Numerical Experiments

To test the suitability of different inversion algorithms, we simulate light scattering of
spherical water droplets with a well known refractive index (n=1.33) in the size range
of d = 0.1 — 10um and of d = 0.05 — 1um at a typical laser wavelength of A = 514.5nm.
This means, the maximum of the dimensionless Mie parameter is « = td/A = 61. In real
processes, the particle diameters are statistically distributed and this will be described in
this paper using three different particle size distributions (PSD) q(x) [1]. In principle, these

size distributions correspond to probability density functions. The well-known log-normal
distribution function has the form:

—(In(x) + In(d))? )
ex ©)
V2rxo y ( 20”
with the standard deviation o and the arithmetic mean value of the diameter 4. An example
(light blue solid line) can be viewed in figure 2.

An often used drop size distribution function common to spray processes is the RRSB
(Rosin-Rammler-Sperling-Bennet) distribution function [36]:

g(x) =

o =1-exp(-(3) ). ©)

The shape of this distribution function are determined by the mean diameter d and 1, which
determines the width of the distribution. A value of n > 2 belongs to a nearly monodisperse
distribution. To get the probability density, i.e. the PSD, one have to differentiate Q(x),
q(x) = dQ(x)/dx (e.g. the dark blue dashed-dotted line in figure 2).

A third distribution function is taken from an investigation of ultrasonically produced
water droplets described by Hedrih et al. [37]:

_ 128 s (_ E)
q(x) ¥ X’ exp 411_ . (7)
Again, an example is given in Figure 2 (red dashed line). Ultrasonic nebulizers are used to
produce broad size distributions [38] to test measuring devices.
Each of these three PSDs are used to simulate the scattering response of hypothetical
measurements. They represent different broad PSDs, shown in Figure 2 with the corre-
sponding parameters. Of course, one can also get PSDs with differing widths from the

log.-normal or the RRSB distribution, and we present as well results of a varied log.-normal
PSD and a bimodal PSD in section 5.
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Figure 2: Normalized log-normal (d = 4.08um, o = 0.2, dso = 3.98um), RRSB (d ~ d5o =
4.57um,n =9, dez = 4.94um) and ultrasonic PSD (d = 2.99um, dyoq = 2.24um, dgz = 3.23um)



3.1 Simulation of Measurements

We want to describe the effects of the number of different size values x; (i is the number of
a node) used for integration in eq. (1) and (2) as well as the effect of low resolutions in the
scattering angles. This is an important topic because for testing and evaluating different
inversion methods it seems to be necessary to simulate measurements which take into
account realistic ambient conditions as far as possible. Therefore, we have to investigate
how to generate a simulated measurement on the basis of simulated scattering patterns,
i.e. how many scattering patterns have to be used to give a convergent result, and in which
way noise has to be added to achieve a realistic measured signal.

The consideration of convergent scattering diagrams does not take into account the real
number of droplets in a measurement volume. If we assume a measurement volume of
V =1 mm? and use a criterion for the maximum volume concentration ¢y at which the light
scattering process fullfills the single scattering requirement, cy < 0.01 [39, 31], there are
several thousands droplets with diameter x = 10um for cy = 0.01 and even some millions
when x = 1um within the measurement volume. Therefore we use convergent scattering
diagrams which consist of several hundred different diameters (i.e. nodes). However, we
also simulate measurements of the light scattering with randomly choosn particle diameters
according to a probability which is related to the PSD.

In order to check the used computer programs for correct results, we compare the
scattering diagrams of algorithms by Wiscombe [40] and an implementation of the code by
Bohren and Hufman [38]. There are no numerical differences within the considered range
of particle sizes used in the present study, so each program can be used. Most of the time,
the code of Bohren and Hufman is employed.

The simulation of a measured scattering response requires an assumption about the
number of particles 1, within the measurement volume. The particle sizes are statistically
distributed according to the supposed PSD. Then, the scattering response will be determined
by the superposition —i.e. an addition — of the scattering diagrams of each particle.

Because of the unknown, arbitrary choosen number of particles within a measurement
volume, we simulate additionally convergent scattering measurements. Convergence is
reached when the simulated resulting scattering diagram do not change with an increasing
number of nodes 1,4, of different size values x;. In general, the more nodes are used, the
smoother will be the numerical integration of eq. (1) and (2). For instance, a simulated
measurement using a small number of nodes of 1,4, = 20 differs considerable from that
using a number of nodes of #,04, = 100, see Figure 3. However, 1,5, = 500 is sufficient
for a convergent scattering diagram in this particular case of horizontal-horizontal- (hh-)
and vertical-vertical- (vv-) polarization, Ij;, and I,. When using unpolarized light (i.e. the
intensity is a summation of Iy, and Ivy, Linpor = (Inn + Ip)/2), the number of nodes should
be increased to at least 71,04, = 1000. For this, one gets the simulated scattered diagrams
for the three described PSDs from above, represented in Figure 4.  The results show
that two PSDs with similar width but different mean diameter (log. normal and RRSB
distribution) result in obviously different scattering diagrams. However, although their
mean diameters are different, the scattering diagram of the broader ultrasonic distribution
looks very similar to that of the log. normal distribution. The differences between the
scattering patterns of the RRSB distribution from the other patterns might be explained by
the strong increase of the number of oscillations in a scattering diagram with increasing
particle diameter. The ultrasonic and the log. normal distribution, on the other side, reveal
very similar scattering diagrams because their mean diameter is comparatively small. An
enlarged detail of the forward scattering range of Figure 4 (right part) shows three disinct
diagrams. As a consequence it can be assumed that the PSDs with small particles (@ < 5)
will give flat scattering curves without oscillations.

A minor effect on the convergence of the scattering diagram is given by the variation of
the resolution of the scattering angle 0 for the calculated diagrams. A high resolution of
A = 0.1° did not show any differences regarding a complete scattering diagram compared
to that with A@ = 1° in respect of the convergence behaviour. However, sharp minima
within the diagrams are resolved only for an angular resolution of at least A = 0.25°.

Above all, we also have to include noise into the simulated measurements due to the
ambient physical conditions (e.g. unwanted scattered light from reflections), due to noise
in the measurement electronics, and due to multiple scattering effects between the particles
because of the coherent laser light [41]. The level of the noise has an influence on the
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Figure 3: Convergence of scattering diagrams for different node numbers with respect to
horizontal-horizontal (left) and vertical-vertical (right) polarized laser light (wavelength
A = 514.5nm) using the ultrasonic PSD for water particles (n = 1.33) represented in Figure 2
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Figure 4: Left: scattering diagrams for three different PSDs of Figure 2 using a number of

nodes of 1000 and unpolarized light; right: detailed enlargement of the forward scattering
range from Figure 4

regularization parameters of the inversion algorithms [3]. Therefore, we add noise to the
simulated measurements in different levels. In general, there are multiplicative (y) and
additive (€) noise which disturbs a signal. Multiplicative noise due to multiple scattering
can be related to speckle phenomena [42, 43] as well as to fading in communication systems
[44,45], while additive noise is a rather general phenomena which occurs, e.g. in the resistor
noise of electronic circuits or in CCD-cameras as well as from the unwanted detection of
light from arbitrary sources.

Because the nature of multiplicative noise is usually the superposition of coherent waves,
even the forward scattering intensities are influenced by that kind of noise. On the other
hand, additive noise originates from attenuation and distortion of the measured signals

[46]. The effect of both kinds of noise on a measured scattering diagram can be expressed
by:

8ey(0) = 8(O)y +e. 8)

In this paper we will account for the multiplicative noise mainly to the previously integrated
scattering response of the particle collective. Additionally, we apply this kind of noise to the
scattering diagrams of each particle. The multiplicative noise parameter y is determined



by [47, 48, 23]:

y=0-p/2)+pX )

with X € [0,1] as a white Gaussian process generated by a Gaussian random number
generator and p as the noise factor. p = 0.1 means that the signal will be degraded by
a noise level of 10%. In the case of additive noise we use the usual signal-to-noise ratio
(SNR), e.g. defined by [49]: SNR = 10log(o4/0on) with g4, o as the variance of the signals g
and N to characterize the magnitude of the additive noise. € is also determined by a white
Gaussian process, and the maximum values of € are limited by the given SNR. Therefore,
this additive noise floor affects in particular weak signals like the intensity of particles at
scattering angles about 6 = 90°, while the strong forward scattering will be barely affected.

3.2 Kernel Matrix Generation

After we have given some general consideration about the generation of a simulated mea-
surement, we will now describe some consequences on the inversion algorithms when
parameters of the kernel matrix will be varied.

The matrix elements of each row of the kernel H (eq. (3)) consist on calculated scattering
intensities at all measured scattering angles depending on the size class x;. Therefore, it
is possible to normalize the kernel matrix elements to a previously specified value of one
matrix element. In the results presented in this paper, we normalize to the first measured
scattering angle which is set to a value of 1.

On the other hand, the kernel matrix can be built by the raw scattering diagrams
from the simulation program. The differences of the intensity values between particles
with diameter of x = 0.1um and 10um is very high, in the order of magnitude of about
10°. Nevertheless, there are some inversion algorithms which deliver correct or at least
much better results when the kernel do not consist of scaled scattering diagrams, whereas
some other algorithms work only if the scattered diagrams of the kernel are normalized.
Therefore, it seems to be of interest to investigate which inversion algorithm works best
with a scaled kernel and which with an unscaled one.

Another import parameter is the number of size classes, #;. A too large number can often
lead to oscillations in the resulting PSD curve, while a too small number cannot reproduce
the PSD in sufficient resolution. The discretization of the PSD is accomplished without
interpolation. Reasonable values are n; ~ 20...40. Because of this we choose a number of
n; = 24 for most of the simulations. The division of the scale is linear, but we also present a
geometric series division which may be advantageous for specific PSDs.

The retrieval of a PSD with a number of size classes n; is related to number of mea-
surements m, which is given by the length of g(6). The condition to get a solution of the
linear system in eqn. 4 is m > n;. However, an increase of m will not necessarily lead to
more stable or more accurate solutions because the eigenvalues of the covariance matrix
C = HynH; %, may become very small and therefore the information content tend to
zero [9]. However, in some cases — although the eigenvalues are very small (< 1071%) — an
increase of the number of measurements is necessary for a correct retrieval of the PSD. We
refer to this circumstance again below.

4 Inversion Methods

A detailed description of the used inversion methods would exceed the limit of this paper,
so we only give a short sketch in the order of the methods listed in Table 1. The singular
value decomposition (SVD) of a rectangular matrix H is a decomposition:

H=UzV’ (10)

with the diagonal matrix X = diag(oy,...,0,), which consists of non-negative singular
values o; in decreasing order. U = (uy, ..., u,)and V = (vy, ..., v,) are orthonormal matrices
(UTU = VIV =1, I as the idendity matrix, T depicts the transpose). In the case of non-
quadratic, rectangular matrix H, the Generalised SVD is used, but the following description
remains in principle the same.



references

abbrev. | algorithm

SVD Singular-Value-Decompostion | Hansen [2]

TSVD Truncated SVD Hansen [2]

DSVD Damped SVD Hansen [2]

NNLS | Non-Negative Least Squares Lawson, Hanson [50]
P-T. Phillips-Twomey Weichert [14]

Tikh. Tikhonov Hansen [2]

GA Genetic Algorithm Hodgson [22]

L.-B. Landweber-Bialy Mitschke [19]

Chah. Chahine Mitschke [19]

IMC Inverse Monte-Carlo Ligon et al. [29]

Table 1: List of the methods used for comparison; some abbrevations label more than one algorithm

(see the text).

Roughly speaking, the small singular values of the diagonal matrix X represent the noise
of a system. The simple solution of eq. (3) by means of a SVD is to calculate the so-called
pseudoinverse of H by:

H!'=vZ'u (11)

with 27! = diag(1/03,...,1/0,4) and U* as the complex conjugate of U. However, this
pseudoinverse rarely delivers useful or correct results. However, the SVD serves as a base
for other methods like the truncated (TSVD) and the damped (DSVD) SVD. In the case of
TSVD, a simple truncation of all small singular values o;, starting from an index n;, and
a following recalculation of H results in an improved solution compared to the SVD, and
frequently the TSVD delivers the only stable solution of equation 3. However, the problem
is to find the best truncation number for the o;. For the TSVD, we use five different methods:

1. TSVD LSQ optimized: The least square differences of the known PSD and the solution
gr = VZ;}UT are calculated for each truncation number n; = 1, ..., n to find the n; with
the best fit. Such an a priori calculated, constant truncation number may be sufficient
to retrieve the PSD for a specific measurement problem.

2. TSVD with L-curve: This is a graphical method. A full-logarithmic plot of the residual
norm |[Hq — g|| versus the corresponding norm of different solutions for the PSD
q, IIqll, usually shows an extremal value, for which the corresponding truncation
number #; is the optimized solution.

3. TSVD with Generalized Cross-Validation (GCV): Minimization of

“queg - 8”2
G= — 7
n—Yifi

with fi = 02/(0? + A%) as the (Wiener) filter factors, p = 1,...,n -1 and qug =
Y.iLy fiul gvi/oi, gives the best, regularized solution gy, for the PSD.

(12)

4. TSVD with Quasi Optimality Criterion (QOC): Minimizing of

p u'g 2\1/2
= (1- fi)—= 13
Q {Z;(f( fai)] (13)
with f; as the (Wiener) filter factors and using different regularization parameters A
to filter out the noise in .

5. Modified TSVD (MTSVD) with L-curve: Similar to the TSVD with L-curve above, but
here using a concatenated vector qo on q which minimizes the norm ||q]|.

Non Negative Least Square (NNLS) minimizes the norm ||[Hq — g|| with the condition q > 0
for every element of q. The NNLS will also be used by the following Phillips-Twomey
(P-T.) regularization methods:



1. P-T. with LSQ optimized reqularization parameter A: This calculates the SVD of the matrix
HTH + AS with the banded matrix [13]

0 0 0 O
-1 2 -1 0 -
S= 0 -1 2 -1 --- |- (14)

2. P-T.with NNLS: This method uses a predefined regularization parameter A to calculate
a regularization matrix H™$ = H'H + AS and then minimization of |[H"*$q — gll using
NNLS.

In the Tikhonov regularization (Tikh.) four different methods are used to find an opti-
mized solution:

1. Tikh. with L-curve: Minimization of the combined norm of |[H"¢q — g|| + A%||q — qol|
using the L-curve method (see TSVD with L-curve above).

2. Tikh. with GCV: see TSVD with GCV above.
3. Tikh. with QOC: see TSVD with QOC above

4. Tikh. with Lagrange factor: Minimization of the combined norm of ||[H"*¢q — g|| + A?||q]|
is applied.

In the case of Damped SVD (DSVD), we use the following methods:

1. DSVD with LSQ optimzed s-function: Least square approximation of the solutions using
adiagonal smoothing matrixs; = exp((—i/a).t),i = 1,...,n. Like in the case of the TSVD
LSQ optimized above, we argue that the s-function parameters a and b are specific for a
measurement problem and therefore are constant. That means a one-time estimation
of a and b is sufficient and the estimation of the PSD with a predefined smoothing
function is a very fast method.

2. DSVD with L-curve: see TSVD with L-curve above, but using a smoothing function.
3. DSVD with GCV: see TSVD with GCV above, but using a smoothing function.
4. DSVD with QOC: see TSVD with QOC above, but using a smoothing function.

For the Genetic Algorithm (GA), the Landweber-Bialy (L.-B.), the Chahine (Chah.) and
the Inverse Monte Carlo (IMC) method we would like to refer to the references cited
in table 1. However, we have slightly modified some algorithms. In the case of the IMC
algorithm we implement a non-linear search algorithm. Each random PSD q; in an iteration
is generated by an exponential form q; = q} with an initial, randomly choosen distribution
qo and a random number X € [0, 6]. This non-linearity accelerates the detection of solutions.

5 Results

In this section we will present some results we obtained from our simulations. They are
presented in tables'. Each row of the tables concern to one inversion method, described
in Section 4. Because there are different methods within one invsion method (e.g. five
different approaches of the Tikhonov regularization), we have marked the most exact result
with a superscript corresponding to the related method in Section 4 (see row "Tikh.” in Table
2). We simulate the scattering pattern of water droplets (m = 1.33 + 0.0i), illuminated by a
plane wave (A = 514.5nm). For a better comparability, all results are calculated by using the
same number of n; = 24 size classes.

Because of the stochastic nature of the added noise the quality of an inversion method
may vary from run to run. Therefore, we have to perform several simulation runs for
the same parameters but different noise. Of course, simulations with low noise probably
should not generate differing results. This assumption was verified by repeating some

1 Additional results can be found in a supplementray file, see Section 8.
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selected simulations. Only simulations with very noisy simulated measurements show
occasionally a non-uniform convergence.

In all presented results we use a constant number of iterations for every iterative method.
These are n;; = 10%, 10°, 10° and 10° for GA, L.-B., Chah. and IMC, respectively.

To test our implemented method, we first investigate the well known inverse problem
of laser diffraction measurements, which are based on the measurement of the forward
radiation [1]. We limit the scattering range to 0.5° < 8 < 35° in steps of a geometric series
expansion resulting in 30 measured scattering ranges (e.g. [13]). The PSD is a log.-normal
distribution (eq. (5)) with a mean diameter d = 2um and a width parameter o = 0.4, divided
in n; = 24 size classes. The results of this investigation are presented in Table 2. Each
simulation result is represented by a block consisting of the four lines “problem”, “LSQ
difference” (Least Square difference), “modal value” and “computing time”.

[ Method no. [ SVD [ TSVD [ DSVD | NNLS [ P-T. [ Tikh. [ GA [ L-B. [ Chah. [ IMC |
problem 1: convergent measured scattering diagram; linear divison of PSD
LSQ difference: 354 [ 3.54 6.517 5.51 5827 | 6197 | 5.36 6.65 5.75 5.67
modal value: (um) 2.68 2.68 3.11 2.68 2.68 3.11 9.14 2.68 2.68 2.68
computing time (s): | 0.00 | 0.00 0.04 0.01 0.04 0.05 73.01 | 1661.55 | 1694.03 | 41.46
problem 2: convergent measured scattering diagram; geometric series division of PSD
LSQ difference: 952 | 427" 5.897 6.49 7.09% | 5377 | 625 7.20 6.51 7.04
modal value: (um) 0.26 2.61 4.64 2.61 3.83 4.64 10.00 | 3.16 2.61 3.83
computing time (s): | 0.00 0.00 0.36 0.01 0.03 0.04 73.51 | 446.37 175.19 41.93
problem 3: randomly selected scattering diagrams; linear divison of PSD
LSQ difference: 353 | 3.07 2377 3.48 2627 1 219° ] 5.36 2.54 2.48 2.75
modal value: (um) 2.68 2.68 1.82 2.68 2.68 1.82 9.14 2.68 2.68 2.25
computing time (s): | 0.01 0.03 0.03 0.00 0.04 0.03 7327 | 6.04 17.06 42.21
problem 4: randomly selected scattering diagrams; geometric series division of PSD
LSQ difference: 9.87 [ 3.52 3.507 4.13 3477 1 3.68"T [ 6.25 3.77 3.98 4.98
modal value: (um) 0.21 3.16 2.61 2.61 2.61 2.15 10.00 | 2.61 2.61 2.61
computing time (s): | 0.01 0.00 0.03 0.01 0.04 0.16 66.00 | 1362.66 | 1289.63 | 41.59

Table 2: List of results; the footnotes in the respective row indicate different analysing methods
which are described in section 4; a computing time of 0.00 means that it is lower than 10 ms; fixed
parameter: log.-norm. PSD (d = 2um, width parameter ¢ = 0.4) in the size range of 0.1...10um,
multiplicative noise with p = 1%, unpolarized measured scattering diagrams; varied parameter:
method to simulate the measurements and the kind of division of the PSD.

The results in Table 2 show that simulation of measurements using a limited number
of particles according to the probability derived from the PSD leads to better results than
convergent measurements. In addition, a linear division of the PSD delivers better results
than a geometric series division. Besides their quickness, the truncated and the damped
SVD yield the best result.

If we extend the measuring range to scattering angles of 5° < 6 < 175° and maintain
the parameters above, the inversion algorithms have great problem to reproduce the given
PSD?. Then, an increase of the angular resolution up to AQ = 0.5°, obtainable with high
resolution CCD-cameras, leads to better results. This can be seen in Table 3 when comparing
the results of problem 2 with the enhanced results of problem3. Furthermore, the increase
of the number of nodes improves the quality of the results once more. However, the last
observation is not relevant for measurements, but is import for simulations. Therefore,
the measurement of a wide scattering range needs a very high angular resolution. This
simulation result is in contrast with an analysis of the covariance matrix given by Twomey
[9] which leads to the conclusion that such a high resolution results in very small eigenvalues
without any physical meaning.

In the next simulation series we use particles with a PSD between 0.05...1um and eval-
uate the full scattering range of 5° < 0 < 175°. Additionally, we evaluate the measured light
intensity twice under horizontal-horizontal (hh) as well as vertical-vertical (vv) polariza-
tion of this scattering range. This will be enabled by the capability of the ellipsoidal mirror
to measure two opposite scattering diagrams (see Figure 1). The simulation results show
better reproducibility of the given PSD with most of the inversion algorithms compared
with the results in Table 2. To give an impression of the achieved simulation results Figure
5 shows two examples for algorithms which each yields the lowest least square difference.
The left part is from Table 3 while the right part is from Table 4.

2Table 2 in the supplementary information.
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Figure 5: Comparison of given (solid lines) and retrieved (dashed lines) PSDs in the size
range of 0.05...1um; (left) log.-normal PSD, best result of problem 8 of table 3: truncated
SVD; (right) bimodal PSD, best result of problem 3 of table 4: the Chahine inversion method.

We explain the overswing behaviour by numerical instabilities. Oscillatory results
are typical for inverse problems, and the inversion methods always show more or less
instabilities, except that the noise level is very small.

We want to investigate now the effect of different kinds of noise for small particles. Table
3 lists results of simulations using either additive or multiplicative noise.

[ Method no. [ SVD [ TSVD [ DSVD | NNLS [ P-T. [ Tikh. [ GA [ L-B. [ Chah. [ IMC |
problem 1: unpolarized, AO = 1°, noise: addit. with SNR = 20dB
LSQ difference: 5.79 1.667 5.74% 5.74 6.13T | 1.097 | 3.56 2.38 3.01 6.58
modal value (um): 0.05 0.42 0.46 0.05 0.05 0.38 0.34 0.46 0.34 0.13
computing time (s): | 0.01 0.06 0.08 0.02 0.01 0.05 360.92 29.76 | 22.23 52.88
problem 2: unpolarized, AO = 1°, noise: addit. with SNR = 30dB
LSQ difference: 578 | 1777 6.137 3.67 4707 | 1.817 | 2.09 2.64 1.97 4.79
modal value (um): 0.05 | 0.38 0.42 0.30 0.50 0.42 0.38 0.50 0.38 0.13
computing time (s): | 0.01 0.00 0.07 0.02 0.04 0.20 369.81 44.92 | 22.09 53.91
problem 3: unpolarized, AO = 0.5°, noise: addit. with SNR = 30dB
LSQ difference: 5.79 1.187 4547 2.53 2987 1 1277 ] 1.9 2.49 0.98 4.79
modal value (um): 0.05 0.38 0.50 0.34 0.34 0.38 0.34 0.46 0.34 0.13
computing time (s): | 0.01 0.00 0.04 0.04 0.05 0.22 724.89 4210 | 25.63 66.19
problem 4: hh + vv polarization, A@ = 0.5°, noise: addit. with SNR = 304B
LSQ difference: 585 [ 0.81 3.99° 2.78 466 | 323" ] 0.88 2.40 2.83 4.68
modal value (um): 0.05 | 0.38 0.38 0.34 0.30 0.38 0.38 0.46 0.38 0.34
computing time (s): | 0.00 | 0.00 0.02 0.04 0.04 0.17 1442.67 | 55.87 | 31.40 89.25
problem 5: unpolarized, AG = 0.5°, noise: multiplicative with noise factor p = 10%
LSQ difference: 577 | 0.96 3.497 2.15 7737 1 0947 | 1.58 2.49 0.34 3.15
modal value (um): 0.05 | 0.38 0.34 0.34 0.09 0.38 0.34 0.46 0.38 0.46
computing time (s): | 0.01 0.00 0.15 0.06 0.00 0.14 719.14 39.85 | 24.80 65.50
problem 6: hh + vv polarization, A@ = 0.5°, noise: multiplicative with noise factor p = 10%
LSQ difference: 586 | 3.51 6.427 5.76 3.807 | 6.08" [ 1.22 2.42 5.75 3.95
modal value (um): 0.05 | 0.38 0.38 0.05 0.34 0.38 0.38 0.46 0.05 0.46
computing time (s): | 0.00 | 0.00 0.39 0.03 0.04 0.20 1441.67 | 57.86 | 31.24 89.13
problem 7: unpolarized, A = 0.5°, noise: multiplicative with noise factor p = 1%
LSQ difference: 577 | 0.777 2.697 3.37 3877 1 0.807 | 1.77 2.49 0.10 3.10
modal value (um): 0.05 | 0.38 0.38 0.38 0.46 0.38 0.46 0.46 0.38 0.42
computing time (s): | 0.02 | 0.00 0.36 0.04 0.08 0.04 719.89 48.33 | 24.91 65.64
problem 8: hh + vv polarization, A@ = 0.5°, noise: multiplicative with noise factor p = 1%
LSQ difference: 586 [ 0.93 1117 5.68 3377 ] 155" | 1.66 2.38 5.27 3.95
modal value (um): 0.05 | 0.38 0.38 0.09 0.38 0.38 0.38 0.46 0.09 0.46
computing time (s): | 0.01 0.01 0.05 0.06 0.09 0.13 1284.44 | 91.33 | 43.43 70.84

Table 3: Fixed parameters: log.-norm. PSD from 0.05...1um with modal value d,,,s = 0.38um and
dip = 0.31um and dgg = 0.52um, size classes: 24, scat. range: 0 = 5 — 175°; varied parameters:
scattering resolution, the kind of noise and the value of the noise.

In case of additive noise (first 4 simulations presented in Table 3), it can be observed that
a higher angular resolution (from AO = 1° to AO = 0.5°) yields better results. A decrease
in noise by increasing the SNR will in general not necessarily improve the quality of the
results. For instance, the Tikhonov regularization algorithms, where one of them yields the
best result in problem 1, get worse results in the case of less noise in problem 2. Altogether,
it is not possible to define a general rule or to observe unambiguous tendencies for the
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performance of the individual inversion methods. In the case of multiplicative noise (last 4
simulations), most of the inversion methods perform better at lower noise level. At a noise
level of 10%, the genetic algorithm method yields the lowest least square difference, but
also the longest computing time. It can be seen that the computing time of the GA increase
linearly with an increase of the angular resolution, while the other iterative methods (L.-
B., Chah., IMC) show a slower increase. When using the hh- and the vv-polarization
simultaneously, the computing time of GA exceeds 20 minutes.

In Table 4, we now compare the results of the inversion methods when additive and
multiplicative noise are applied simultaneously to the simulated measurements. Therefore,
each intensity 1,(0, A, m(A), x) (eqn.(1)) will be disturbed by multiplicative noise with p =
0.1%. After the integration (i.e. the resulting I(6, A) from eqn.(1)) we apply additive noise
with a SNR = 30dB. Additionally, we compare the performance of the inversion methods
for two log.-normal PSDs with the same mean diameter but different widths and for a
bimodal PSD.

| Method no. | SVD | TSVD | DSVD | NNLS | P-T. | Tikh. | GA | L.-B. | Chah. | MC |
problem 1: d=0.4um,0=0.2,dye = 0.38um, dig = 0.31um, dgg = 0.52um, unpol.
LSQ difference: 5.81 1.24% 4.867 3.05 4557 1.20° 5.76 2.51 0.17 4.80
modal value: (um) 0.05 0.42 0.42 0.34 0.30 0.42 0.96 0.46 0.38 0.13
computing time (s): 0.00 0.02 0.07 0.02 0.05 0.17 796.94 92.39 23.66 64.99
problem 2: d=0.4um,o =04, dye = 0.32um, dig = 0.22um, dgy = 0.61um, unpol.
LSQ difference: 24.87 | 16.34° | 17.43% | 25.07 22.30F [ 17.977 | 24.95 17.04 17.66 21.95
modal value: (um) 0.05 0.05 0.13 0.05 0.13 0.38 0.96 0.50 0.34 0.34
computing time (s): | 0.00 0.07 0.08 0.04 0.01 0.18 803.65 126.48 | 23.93 65.08
problem 3: bimodal distr.: d,,wdl =0.22, dmudl = 0.62um, unpol.
LSQ difference: 717 3.55° 7.147 7.18 6.417 5.18% 7.18 5.25 1.37 5.09
modal value: (um) 0.05 0.63 0.05 0.05 0.09 0.63 0.96 0.63 0.21 0.63
computing time (s): | 0.00 0.07 0.08 0.03 0.01 0.04 805.27 114.71 | 23.56 65.76
problem 4: d=0.4um,c=0.2,dy4 = 0.38um, dip = 0.31um, dog = 0.52um, hh + vv polarization
LSQ difference: 5.86 1.06% 5.04% 2.96 5.93T 3.38] 5.76 2.40 0.41 3.93
modal value: (um) 0.05 0.42 0.38 0.38 0.05 0.38 0.96 0.46 0.38 0.38
computing time (s): | 0.01 0.08 0.08 0.04 0.00 0.18 1615.00 | 130.19 | 57.21 89.58
problem 5: d=0.4um,0 =04, dye =0.32um, digp = 0.22um, doy = 0.61um, hh + vv polarization
LSQ difference: 9.38 3.58T 6.077 5.21 6.397 3.93" 9.29 5.78 0.72 5.97
modal value: (um) 0.05 0.38 0.46 0.42 0.34 0.42 0.96 0.50 0.38 0.34
computing time (s): 0.00 0.00 0.01 0.05 0.11 0.17 1601.97 101.93 51.11 89.66
problem 6: bimodal distr.: dmod1 =0.22, d"’°d1 = 0.62um, hh + vv polarization
LSQ difference: 7.23 4837 6.417 3.89 4.067 5.06" 7.18 5.03 2.14 4.58
modal value: (um) 0.05 0.63 0.63 0.21 0.63 0.63 0.96 0.63 0.21 0.59
computing time (s): 0.01 0.00 0.09 0.03 0.11 0.20 1605.94 108.27 | 47.91 89.02

Table 4: Fixed parameters: the PSDs are between 0.05...1um, the scattering range is 6 = 5°...175°
with AB = 0.5°, there is no scaling of the scattering diagrams, and the value of the multiplicative
noise is 0.1% and that of the additive noise is SNR = 30dB; varied parameters: three different PSDs
(two different log.-norm. PSDs (both with an arithmetic mean diameter d = 0.4um but o = 0.2 and
a broader PSD with ¢ =0.4) and one bimodal log.-norm. PSD (two added log.-norm. PSDs with
dy = 0.22um, o1 =0.25 and dy = 0.62um, 5 = 0.08)) and different polarizations.

The results presented are different from those in the other tables by the fact that we
here apply both kinds of noise. The simulated measurements calculated in this way can be
considered as very noisy.

The results in Table 4 shows again that the increase of the number of measurements may
be able to enhance the quality of the data retrieval although the information content of the
eigenvalues, discussed at the end of Section 3.2, is very small. In problem 2, no inversion
method retrieve the broad PSD, while in problem 5 — the same PSD but measuring hh as
well as vv polarization — the Chahine method retrieves the reasonably well.

6 Conclusion

In this paper we investigate simulation of scattering measurements of spherical particles and
the usefulness of inversion methods on different measurement setups and size distributions.
A necessary condition for testing different inversion methods is a correct generation of
realistic measurement data. Another important modeling parameter for the simulation of
measurements is the number of nodes used by the integration of the measured scattering
data. Measured data are usually disturbed, but often the background for the interferences
are not exactly known. Therefore, the stochastic concept of noise is used in this paper,
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i.e. noise is applied to the simulated data and the behaviour of the inversion methods to
different kinds and levels of noise are investigated.

The other varied parameters are related to measurement setups. For instance the mea-
surement resolution of the scattering angles is important to retrieve the particle size dis-
tribution. In the case of the measurement of a wide range of angles we notice that larger
particles require a higher angular resolution.

Our focus of interest is to find out which inversion method is ideal when using a
measurement setup with an elliptical mirror. The answer depends on the assumed particle
sizes. The best results are frequently provided by the iterative methods. In particular, the
Chahine iteration method, which is additionally the fastest of them, yields frequently the
best results for a simulation®. The Landweber-Bialy algorithm delivers good results as well
in the case of large particles and extended scattering range.

If we consider inversion methods with regularization, the L-curve method seems to be
a very suitable criterion to find a correct solution, especially in comparison with GCV (e.g.
TSVD and DSVD, method 3). This was also stated by Kandlikar and Ramachandran [6].

The fastest and additionally one of the most stable inversion algorithm investigated
in this work is the truncated singular value decomposition (TSVD). It may be used in
measuring applications where on-line evaluation is required.

The shown results (especially that from Table 2) confirm that in the case of laser diffrac-
tion measurements the Phillips-Twomey inverison method is a good approach.

In general, because no inversion method yields satisfactory results for all investigated
cases, even not for one specific measurement setup, we recommend to investigate simu-
lations of the particular problem considering several inversion methods and variation of
different parameters.
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3In case of very noisy measurement conditions, the genetic algorithm approach yields the best results; see the
supplementary file.
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9 Symbols and Abbrevations

Ca capillary number

d mean droplet diameter
dso median value

Aiod modal value

oy xx-quantile value

D droplet deformation

g(9) measured value/intensity
H kernel matrix

h(0,x) element of H
1(6) intensity scattered at angle 0
m(A) refractive index of the particles

n; number of size classes
MNyode number of nodes for the integral estimation
N number of particles within a scattering volume

q(x) number of particles with diameter x (PSD)
AQ frequency distribution
v droplet velocity
number of particles within a scattering volume
additive noise
multiplicative noise
condition number of H
wavelength
scattering angle
number of particles within a scattering volume
Chah.  Chabhine iteration
DSVD  Damped SVD
GA Genetic Algorithm
GCV  Generalized Cross Validation
hh horizontal-horizontal measured intensity
IMC Inverse Monte-Carlo
L.-B. Landweber-Bialy iteration
NNLS Non-Negative Least Squares
PSD Particle Size Distribution
P-T. Phillips-Twomey regularization
QOC  Quasi Optimality Criterion
SNR Signal-to-Noise Ratio
SVD  Singular Value Decomposition
Tikh.  Tikhonov regularization
TSVD  Truncated SVD
unpol. unpolarised measured intensity
vV vertical-vertical measured intensity

Zo=AR O R
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