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Abstract 
A new phase Doppler anemometry (PDA) signal processing 
method based on a Hilbert transform algorithm is introduced 
and analysed. By generating a 90" phase-shifted burst signal in 
the time domain, the envelope of the Doppler burst can be 
determined. In addition, this envelope is approximated by a 
Gaussian exponential function. The difference of the maxima 
of these Gaussian approximations for two related PDA bursts 
gives an estimate of the time difference between these time- 
shifted signals. With the introduction of this estimation 

method, the restriction to the [0,360"] interval resulting from 
conventional signal analysis may be avoided in many cases. To 
investigate the dependence on SNR, burst position, burst 
frequency and sampling rate, results of computer simulations 
are presented. The feasibility of the method is demonstrated 
briefly by experimental results. Phase differences of more than 
2000" arising from the measurement of monodisperse droplets 
by a conventional PDA setup could be determined. 

1 Introduction 

During the last decade, phase Doppler anemometry (PDA) has 
become a well-established method for particle and droplet size 
characterization. The PDA principle is based on the relation- 
ship between the measured phase difference of two burst signals 
detected under different elevation angles and the diameter of a 
spherical particle passing the measuring volume. The para- 
meters of a PDA setup are generally chosen in such a way that a 
linear relationship between the phase difference A@ and the 
particle diameter occurs [1,2]. 
Nowadays, PDA and LDA signal processing is mostly based 
on the fast Fourier transform (FFT) since the FFT algorithm 
works well even in cases of low signal-to-noise ratios (SNR), 
such as -5dB [7,14,16]. Digital signal processors were devel- 
oped which allow low-cost real-time signal processing by 
spectrum analysis in LDA and PDA applications [5,13]. 
However, phase differences may be determined within the 
range 0-360" using two detectors only. Therefore, particle 
diameters from 0 to co are sorted into this [0,360"] interval. If, 
for example, the particle diameter leads to a phase difference of 
400" for a PDA setup with given geometrical parameters, the 
measured particle diameter is calculated assuming a phase 
difference of 40". Of course, it is possible to avoid this problem 
by choosing specific geometrical parameters for the setup (for 
example, small elevation angles) which lead to real phase 
differences of less than 360" even for the largest analysed 
particles. However, this approach does not allow the determi- 
nation of particle diameter distributions with high resolution. 
In order to obtain high resolved size distributions, several 
modified PDA arrangements were proposed. One possibility is 
to use a PDA setup with three detectors measuring three burst 
signals at different elevation angles [lo]. Comparing the 
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different phase differences, the real particle diameter may be 
determined with higher resolution but nevertheless the 
measuring range is restricted. A new method in this context 
is the dual-mode PDA proposed by Tropea et al. [15]. Here, a 
conventional PDA setup i s  combined with a planar PDA 
arrangement using a second wavelength of light. Besides its 
advantages with respect to trajectory and slit effects, this 
method is also well suited to avoiding the problem concerning 
the [0,360"] measuring range. From the different theoretical 
phase difference to diameter calibration curves of the dual- 
mode arrangement, the real diameter may be obtained even in 
cases in which the diameter leads to phase differences of more 
than 360" for the conventional PDA setup. However, both 
methods require much expense in technical equipment and 
have a restricted measuring range. 
A method to determine phase differences of more than 360" 
using signal processing based on correlation techniques was 
proposed by B o y  [3]. For this method, high-quality burst 
signals of more than lOdB SNR are necessary even if the 
signals are sampled by 512 sampling values. 
In this paper, a signal processing method based on a Hilbert 
transform algorithm is proposed. The Hilbert transform is used 
to obtain a 90" phase-shifted burst signal. From the measured 
burst data and the 90" phase-shifted data, the square of the 
burst envelope is estimated as the absolute square of the 
complex amplitudes. Using a least-squares method, this 
estimated envelope is approximated by a Gaussian exponential 
function due to the spatial intensity distribution of a laser beam 
in the TEMoa mode. From the difference in the maxima of such 
Gaussian approximations for two PDA bursts, an estimate of 
the time difference between the time-shifted PDA signals is 
obtained. This estimate may be used to validate the phase 
difference obtained by FFT signal analysis. The method will 
yield reliable results even in cases of low SNR. Signal 
processing according to this method may be carried out by 
software implementation and therefore it does not require any 
further hardware. 
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2 Hilbert Transform Envelope Estimation 

Generally, PDA bursts are sampled by N sampling values 
which correspond to time values nAt, with n E (0 , .  . . , N - l}, 
N = 2"O where mo is an integer and mo 2 2. The real signal 
values s, = s(nAt) are processed by an FFT algorithm which 
carries out the discrete Fourier transform (DFT) 

A I L  1 '. I 

sk = S(kAf) = Cs(nAt)exp(-i27rkn/N), 
n=O 

with a frequency resolution of Af = l / ( N A t )  and i = n. 
The Fourier transform Sk,  k E 0, .  . . , N - 1) is complex valued 
with the real part Re{&} and the imaginary part Im{&}: 

S k  = Re{&} + iIm{Sk}. 

Obviously, in the case of a sinusoidal signal with frequency f ,  
the frequency j ,  = f,/Af in terms of DFT spectral lines 
corresponds to the number of periods of the signal within the 
sampled time range NAt: 

. f, NAt 
J =-=- 
' Af To 

with the period To = l/fo of the signal. 
The negative frequency values are represented by kAf, with 
k E { N / 2 , .  . . , N - l}. Since these negative frequency values 
do not have any physical merit, the Fourier transform values 
are restricted to positive frequencies by the transform: 

2 S k  O<k<N/2 
A k =  { S k  k = O  

0 k>N/2. 
(3) 

In addition, transforming Ak to the time domain by inverse 
FFT leads to the analytical time signal a, = a(nAt) :  

. N-1 
I "  . 

k=O 
a, = Re{n,,} + iIm{a,} = -~Akexp( i27 r l in /N)  (4) 

with Re{a,} = s, and n E (0,. . . , N - 1). Thus, the imaginary 
part Im{a,} is obtained from the real part Re{a,} by the so- 
called Hilbert transform. The square envelope en of the actual 
time-dependent signal s, is given by [8] 

( 5 )  
2 

e, = + (Im{a,})2 = la,/ . 

These relationships become more obvious by assuming a sinu- 
soidal signal s, = sin(27rNon/N) with N ,  E (1, .  . . , N/2 - 1 ) .  
In this case it follows that 

for k=No 

. k = {  0 for k ?No. 

Therefore, we obtain a, = ( l / i )  exp(i2~Non/N) and 
en = a,,aE = 1. 

2.1 Gaussian Approximation by Least Squares 

As shown in Section 3, the empirical envelope e, of the burst 
signal is sensitive to noise. Therefore, a least-squares fitting 

algorithm [4] is used in order to detect a representative 
maximum value of the burst envelope. The time-discrete 
function e, = e(nAt), with N E (0,. . . , N - l}, will be approxi- 
mated by a continuous Gaussian function: 

( t  - T)2 u ln(g(t)) = - - 
U2 

= bo + b1t + b2t2, (8) 

with bo = In(P) - ( r2/a2),  bl = r/a2,  62 = 1/02. This Gaus- 
sian shape of the envelopes arises from the spatial intensity 
distribution of a laser beam in the TEMoo mode. After having 
applied the logarithm function in Eq. (7), only a quadratic 
interpolation has to be performed in order to evaluate b,, b ,  
and hZ. 
According to the least-squares method [4], three linear 
equations which contain the three unknown parameters bo, 
b,  and h2 must be solved: 

bo(nmax - nmin + 1) + bl [t] + b2[t21 = ~ 1 1  

b,[ti + bl [t21 + b2[t31 = [ui, 
b,[ t2]  + bl[t3] + b,[t4] = [ t 2 f ] ,  

(9) 

(10) 

( 1 1 )  

where we have assumed 

and f n  = lne, with n E (0,. . . , N - l}. 
Assuming a threshold emin, the values of nmln and n,,, are 
computed by fulfilling the condition 

en > emin for n E {nrnin, nmin + 1 > . . . > nmax}. 

This condition makes the procedure robust versus noise 
phenomena. According to Eqs. (9)-(1 I), the parameters bo, 
b ,  and b2 may be calculated easily. Using the relationships 

the parameters of the Gaussian function g(t) of Eq. (6) are 
defined with T as the maximum position of this function. 
The complete procedure is carried out for both PDA burst 
signals. The difference AT = r2 - r1 of the maximum position 
T, of the temporally first burst signal and r2 of the second burst 
signal is used as an estimate of the time difference AT between 
the two bursts. 

3 Computer Simulations 

In this section, computer simulations which were performed in 
order to study the feasibility and the reliability of the new 
method will be outlined. In this context, especially the SNR 
dependence of the time shift estimation is relevant. 



Part. Part. Syst. Charact. 13 (1996) 27-33 29 

A noise generation procedure was realized based on an 
algorithm proposed by Kafadar [6] using a pseudo random 
number generator described by Park and Miller [9]. Gaussian 
white noise was generated and added to the simulated burst 
signal data assuming a specific SNR value given by the time 
domain definition 

variance of noise 
mean square of signal 

SNR = lologlo 

where the signals were Gaussian weighted sinusoids and the 
noise bandwidth was equal to the Nyquist frequency [ 121. 
Figure l a  shows the absolute square of simulated laser Doppler 
signal which lies symmetrically within the sampled data 
window. The number N of sampling values was 128 and an 
SNR of 40dB was assumed. The envelope estimation which 
results from the Hilbert transform procedure is plotted as a 
dotted line in Figure lb. The solid line in Figure l b  gives the 
signal envelope obtained by the Gaussian least-squares fitting. 
Since the quality of the signal is high there are only small 
deviations between the two sets of results in Figure lb. In 
Figure 2 the same curves are plotted but in this case only 10 dB 
was chosen as the SNR value. The deviations between the two 
envelope estimates in Figure 2b are striking. Obviously, for low 
SNR values the maximum position of the burst signal may be 
determined from the Gaussian approximation only. Figure 3 
was obtained for a simulated 10 dB laser-Doppler signal which 
has a non-symmetrical position within the sampled time range. 
Even in this case the maximum position is reproduced 
satisfactorily by the Gaussian envelope estimation. Further 
investigations concern the “rate of validation” of PDA signals 
assuming phase differences of more than 360”. The “rate of 
validation” is defined as follows: when the phase difference is 
determined correctly by the m.360” phase shift of the Gaussian 
approximation envelope plus the value A@ obtained by 
conventional FFT signal analysis, the result will be validated. 
This means that the condition 

lm.360” + A@ - 36O0.A&1 = minimum 

a) Square Amplitude [arb. units] 
20 1 
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b) Square Amplitude [arb. units] 

0 16 32 48 64 80 96 112 
Sample Number 

Fig. 1: Amplitude absolute square and envelope a proximation for a 
simulated burst signal. Maximum position, 64; l/e width, 64; SNR, 
40dB. 
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Fig. 2: Amplitude absolute square and envelope a proximation for a 
simulated burst signal. Maximum position, 64; lie width, 64; SNR, 
1OdB. 

1: 

has to be proved for several integers m in order to obtain the 
correct m value. For the following simulation results a phase 
difference of 400” was assumed. 
The accuracy of the envelope maximum estimation does not 
depend on the signal frequency. Consequently, the rate of 
validation decreases strongly with an increasing number of 
interference fringes within the measuring volume and therefore 
with the number jo of periods within the sampled time range. 
This dependence is plotted in Figure 4a for SNR values of 5, 10 
and 15dB. The ordinate in Figure 4 is scaled in terms of the 
normalized frequencyjo according to Eq. (2). For each SNR 
value 1000 pairs of burst signals were simulated. Even in the 
case of a 5dB SNR a nearly 100% validation for frequency 
values between 5 and 10 of 64 FFT spectral lines can be 

a) Square Amplitude [arb. units] 
20 

v O  16 32 48 64 80 96 112 
Sample Number 

b) Square Amplitude [arb. units] 

0 16 32 48 64 80 96 112 
Sample Number 

Fig. 3: Amplitude absolute square and envelope a proximation for a 
simulated burst signal. Maximum position, 80; lie width, 90; SNR, 
IOdB. 

r : ,  
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Fig. 4: Rate of validation for several SNR values. (a) N = 128; 
maximum position (burst l), 64; l/e2 width, 64. (b) N = 512; maximum 
position (burst l), 256; l/e2 width, 256; QI2  = 400”. 

obtained. With an increasing SNR value this range becomes 
broader until for SNR values of more than 20dB the rate of 
validation reaches 100% for all frequency values of interest. 
In Figure Sa, the rate of validation is plotted versus SNR for 
different numbers of burst periods within the sampled range. 
The first case assumes that only 6.5 signal periods are sampled 
while the particle passes the PDA measuring volume. In this 
case a validation rate of nearly 100% is reached for SNR values 
of more than 5 dB. Even for an SNR of only -5 dB the rate of 
validation is more than 50%. Assuming 20.5 signal periods, a 
100% validation is possible only for SNRs of more than 12 dB. 
Since this phenomenon depends on the sample number per 

Rate of validation [“h] 
100 r- 

I ” 
. *  

6.5 Periods 

20.5 Periods 

40 5 Pfriods 20 

-5 0 5 10 15 20 
SNR [dB] 

Fig. 5: (a) SNR-dependent rate of validation for several burst 
frequencies, N = 128. (b) Improvement of the rate of validation by 
low-pass filtering assuming NAt /T ,  = 9.5. 

period, we conclude that a broader range of 100% validation 
may be reached by sampling the PDA signal with a higher 
sampling rate. The results plotted in Figure 4b are analogous to 
those in Figure 4a but in this case 512 sampling values were 
chosen. Comparing the curves obtained for equal SNR values, 
the above-mentioned effect becomes obvious. 
A further improvement was achieved by low-pass filtering the 
Fourier transformed signal data. Results for a constant 
number of 9.5 periods within the data window are shown in 
Figure Sb. The rates of validation computed for 128 and 512 
sampling values do not show significant deviations. Improved 
rates of validation arise by computing the spectral line j ,  by 
FFT and defining according to Eq. (3): Ak = 0 even for 
k S j ,  + 4. In this case a rate of validation of 100% was 
reached for SNR values down to -3 dB. This effect is primarily 
caused by the assumption of white noise. Since the high- 
frequency part of the PDA signal is restricted to frequency 
values of a few spectral lines more than the maximum spectral 
line, the high-frequency noise contributions may be eliminated 
easily by low-pass filtering. 
In the following, the term “non-weighted phase difference 
estimation” will describe the method of sorting each pair of 
PDA burst signals within a 360” interval by means of the 
envelope estimation and using the phase difference value 
obtained by FFT signal analysis to determine the phase 
difference accurately within this interval. Obviously, this 
method requires an accurate envelope estimation. Never- 
theless, in most practical PDA applications, not particle sizes 
corresponding to unique events but size distributions of 
particle ensembles are of interest. In all these cases, a 100% 
validation is not necessary if a total width of a corresponding 
phase difference distribution of less than 360” can be assumed. 
Then, using the method introduced in this paper, a distribution 
of the time shifts of PDA bursts can be obtained by counting 
the corresponding events for several neighbouring 360“ 
intervals. 
Determining the centre of such distributions will yield an 
estimate 612 for the real absolute phase difference QI2 .  By 
sorting the FFT phase differences A@ for each pair of bursts 
assuming that the condition 

lm.360” + A@ - 6121 = minimum 

with an integer m is fulfilled, the absolute phase difference 
distribution and therefore the real size distribution can be 
obtained as shown in the next section. This principle called 
“weighted phase difference estimation” will work even for rates 
of validation of less than 50%. 

4 Experimental Investigations 

To test the capability of the Hilbert transform envelope 
estimation under experimental conditions, phase Doppler 
measurements were performed at a flow of monodisperse 
droplets of toluene in water. 
The physical background of the phase Doppler measurement 
technique has been explicitly discussed in the literature (e.g. [l,  
21). The PDA setup used for the purpose of this study is 
illustrated in Figure 6. The PDA-transmitting system consisted 
of 40 mW diode laser (A = 830 nm) and a conventional optical 
PDA arrangement (beam splitter, polarizers and collimator 
lens). As receiving unit a one-lens system integrating two 
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Toluene Peristaltic 

Fig. 6 :  Experimental PDA setup 

avalanche photodiodes in one casing was used. By applying 
receiving lenses of different focal length and apertures of 
different width, the detector elevation angle @ and 
consequently the measuring range of the PDA setup, which is 
defined by the maximum droplet diameter that can be sorted 
into the [0,360"] interval, could be varied. In this context, an 
increasing value of Q causes a decreasing particle size 
measuring range. 
For each burst signal, a threshold of lOdB was used as the 
minimum SNR value. The burst signals were sampled by 
128 sampling points, digitized with 8 bits and stored for 
further signal processing. As verification of the PDA size 
measurements, the droplets were observed by a microscope and 
recorded by a CCD camera and a video tape recorder, 
which allowed off-line size analysis by digital image 
processing. 
The physical and chemical properties of the liquid-liquid 
system toluene-water (nrel = 1.122) have been briefly described 
[l 11. Based on light scattering considerations (Mie theory, 
geometrical optics), an off-axis angle 'p of 15" giving first-order 
refracted light was considered a good choice in order to obtain 
a linear relationship between the diameter of the spherical 
particle and the total phase difference of the Doppler bursts 
received by the two photodetectors. This is an important 
prerequisite for correct size determination by PDA. As 
illustrated in Figure 6, the experimental chamber consisted of 
a rectangular cell (20 x 20 x 100mm) of optical glass with the 
bottom and top made of stainless steel. By means of a 
peristaltic pump, a steady-state flow of monodisperse toluene 
droplets (in all cases 2.47 mm diameter) could be produced at 
the top of a hypodermic needle. Since the PDA measurement is 
sensitive to droplet trajectory effects, the cell could be adjusted 
in all axes by means of a 3D micrometer traverse table. 
The results of the first series of measurements (Q = 0.57') are 
plotted in Figure 7a-c. The number of signal periods within the 
sampled range was about 14. The distributions obtained by 
conventional, FFT-based signal processing (a) are compared 
with the distributions calculated by the non-weighted phase 
difference estimation (b) and the weighted estimation (c) using 
the estimate 612. The maximum of the phase difference 
distribution in Figure 7a is established in the [0,360"] interval 
at 95", whereas in Figure 7b the distribution is shifted to the 
second 360" interval and has a maximum value at 455". This 
classification corresponds to the phase shift which can be 
predicted by geometrical optics [I] for the PDA arrangement 
used in this case. As some of the measured phase differences are 
sorted into different 360" intervals by the envelope estimation 

1,000 .*.- 
Sum of counts 

Number of counts 

5 95 355 
Phase Difference [Degrees] 

*t.*ll*t.*..*.fI*tlt.i.*.t 

Sum of counts 

Number of counts 

400 

" 365 455 715 
Phase Difference [Degrees] 

c) 

800 
Number of counts - 

" 365 455 715 
Phase Difference [Degrees] 

Fig. 7: Phase difference distributions for a phase difference mean value 
of 455": (a) resulting from FFT signal processing; (b) using the non- 
weighted phase difference estimation method; and (c) using the 
weighted phase difference estimation method. 

algorithm (see Table I), the maximum peak of the distribution 
is not as distinctive as it is in the first case (Figure 7a). 
A pronounced improvement can be achieved by the weighted 
phase difference estimation (Figure 7c). In this case an estimate 

was obtained. The centre of the phase difference distribu- 
tion (between-800" and 2800") which was obtained by the 
Gaussian approximation method (Table 1) is used to 
estimate the mean value 612 = 418". If the real phase 
difference distribution is broader, a more accurate mean 
phase difference estimation may be realized by subdividing 
the phase difference axis into smaller intervals. For example, 
according to the non-weighted phase difference distributions in 
Figure 7b, any mean value estimation will be close to the real 
phase difference mean values. 
The advantage of the weighted phase difference estimation 
method is even more obvious in the second series of 
measurements (9 = 2.23") illustrated in Figure 8a-c, where 
the number of sampled burst periods was about 18. In this case 
the distribution obtained by conventional FFT signal proces- 
sing is split (Figure 8a). The peak is to be found 5" to the left 
side of the [0,360"] interval. A second small peak appears at the 
end of the interval at 355". 
The distribution resulting from the Gaussian phase difference 
estimation according to Table 1 (second series) is plotted in 
Figure 8b. As expected from geometrical optics [I], the 
maximum peak of the distribution is shifted to the sixth 360" 
interval. Additionally, the distribution is spread over many 
360" intervals from 360" to 3600". 
At first glance, the results in Figures 8a and 8b seem to 
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Table 1: Sorting of phase differences estimated by the Gaussian approximation method to 360" intervals. 

First series 

interval 4 0 0  -440 -80 280 640 1000 1360 1720 2080 2440 
(degrees) to to to to to to to to to to 

-440 -80 280 640 1000 1360 1720 2080 2440 2800 
counts 1 3 121 862 I 3 0 0 0 0 

Second series 

interval 180 540 900 1260 

540 900 1260 1620 
counts 8 13 39 123 

(degrees) to to to to 

___ _ _ _ ~  _ _ _ ~ _ _ _ ~  

contradict the PDA measurement of monodisperse size 
distributed droplets. Actually, since the parameters are critical 
in this case, the Gaussian approximation method does not 
work accurately and the estimated time shift AT shows 
large variations. In addition, the mean value of the 
distribution (2170") is close to the border of two related 360" 
intervals and therefore ambiguities in the assignment of A@ 
values appear. Consequently, the phase differences A@ are not 
always sorted into the expected 360" interval by the envelope 
estimation (see Table 1) .  This leads to displacements of the 
sorting which can be avoided by the weighted phase difference 
estimation method with an estimated mean value (Figure 8c). 
Using the FFT phase differences A$ and the mean value of 
& = 2170" of the broad estimated time shift distribution of 
Table 1 (second series), a narrow monomodal distribution 
which now corresponds to the monodispersity of the droplets 
measured by PDA is obtained. 

1,000 I 
600 

m - 5 600 ' 400 
Sum of counts 

Number of counts - 
200 

0 .  
Phase Difference (Degrees] 355 

1,000 Center Value: 21 70 degrees . . 
Sum of counts 800 

0 
400 

Number of counts I -  
0 b 

360 2160 3600 
Phase Difference [Degrees] 

1,000 f .........*-.-- 

1965 2165 2345 
Phase Difference [Degrees] 

Fig. 8: Phase difference distributions for a phase difference mean value 
of 2165": (a) resulting from FFT signal processing; (b) using the phase 
difference estimation obtained by Gaussian approximation according to 
Table 1 (second series); and (c) using the weighted phase difference 
estimation method. 

1620 1980 2340 2700 3060 3420 
to to to to to to 

1980 2340 2700 3060 3420 3780 
195 237 141 116 68 25 

5 Conclusions 

A high-resolution PDA particle sizing method based on Hilbert 
transform signal processing was introduced and studied. An 
estimated phase difference value &12 is obtained from the time- 
shifted maximum positions of the estimated Gaussian envel- 
opes of the PDA burst signals. 
Estimated phase difference values were used to obtain phase 
difference distributions within the -1080" to + 3780". How- 
ever, high-quality signals or high sampling rates are required to 
reach close to 100% validation. Nevertheless, even for lower 
rates of validation the maximum of a real phase difference 
distribution may be determined with sufficient accuracy, as can 
be seen in Figures 7b and 8b. 
Assuming that the total width of the real phase difference 
distribution is less than 360", an accurate approximation of this 
distribution can be realized by sorting the phase differences 
resulting from FFT with respect to the mean phase difference 
&12 of the complete ensemble of events. Such weighted phase 
difference distributions are shown in Figures 7c and 8c. 
This new method of post-processing PDA burst signals can 
yield particle diameter distributions of high resolution. In 
addition, a signal validation using the envelope information to 
distinguish between PDA bursts resulting from first-order 
refracted or reflected light can be implemented. This distinction 
will help to reduce measurement errors due to trajectory effects 
[I 51. Furthermore, the envelope information can supply an 
estimation of signal intensity and the burst length. 
Further studies will give more detailed information about the 
feasibility of the Hilbert transform envelope estimation method 
especially in terms of high resolution and improved validation 
of PDA results in spray experiments. 
All numerical algorithms presented in this paper were realized 
by software implementation on microcomputers. 

6 Symbols and Abbreviations 

analytical burst signal 
nth sampling value of a( t )  
complex conjugate of an 
nth sampling value of the discrete Fourier trans- 
form of a( t )  

b2 parameters 
normalization factor 
frequency resolution 
phase difference value resulting from FFT 
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At 
A T  
AT 

en 

emin 
h 
f n  

g ( t )  
1 

Im{. . .} 
jO 
k 
x 

n 
m 

nmin 
nmax 
%el 
N 
NO 

?12 

a12 

s ( t )  
Sn 

sn 

cp 

Q 
Re(. . .) 

U 

t 
TO 
7 

TlI 7 2  
0 

discretization time interval 
time difference between PDA bursts 
time difference between estimated burst maximum 
positions 
nth sampling value of the square envelope result- 
ing from Hilbert transform 
envelope threshold 
Doppler frequency 
logarithm of the square envelope value en 
time-dependent Gaussian approximation 
imaginary unit 
imaginary part of the embraced expression 
normalized Doppler frequency 
index 
wavelength of light 
integer 
index 
integer, minimum value 
integer, maximum value 
relative refraction index 
total number of sample points 
number of periods 
off-axis angle 
total phase difference 
phase difference estimation 
elevation angle 
real part of the embraced expression 
burst signal 
nth sampling value of s( t )  
nth sampling value of the discrete Fourier trans- 
form of s ( t )  
width of the Gaussian function 
time 
period of a Doppler burst 
maximum position of the Gaussian function 
estimated maximum position of burst 1 or burst 2 
angle of beam intersection 
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