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Over the years the T-matrix method based on the nullfield method established itself as

a fast and reliable approach for light scattering simulation. Compared to other programs

based on discrete dipole approximation or finite different time domain, programs

calculating the T-matrix usually are faster. Unlike the Mie theory the underlying

nullfield method can also be used for non-spherical particles, but one will observe a

limited numerical stability in this case. Using an advanced approach, the nullfield

method with discrete sources, we would like to demonstrate how to improve the

numerical stability and to get results also for particles with extreme shapes like fibers

or discs with high aspect ratios or concavities. In this paper we intentionally keep the

mathematical part rather small, instead we focus on more general explanations for

users of corresponding computer programs by outlining basic ideas and concepts.

& 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Waterman’s nullfield method (NFM) [1], which is
usually used to calculate the T-matrix, can be applied
reasonably to nearly spherical particles only. NFM-based
computer programs, while popular [2–5], show an increas-
ingly unstable numerical behavior for: (a) particle geome-
tries deviating from spherical shape, (b) particles with large
size parameters, (c) particles with high real or imaginary
parts of the refractive index. The reasons for this lack of
stability are due to the implementation of the mathema-
tical nullfield scheme into numerical algorithms for com-
puter programs, as we will demonstrate in this paper.

On the other side, programs based on the NFM, e.g. by
Waterman [1], Barber and Hill [6] or Mishchenko
et al. [7,8] usually need significant less computational
time compared to programs based on a volume integral
ll rights reserved.

ellmers).
approach like discrete dipole approximation (DDA) [9] or
an initial value problem like finite difference time domain
(FDTD) [10]. Because of this, using a T-matrix program can
be favorable in theoretical light scattering investigations.

To overcome the numerical problems, e.g. Iskander
et al. developed the iterative extended boundary condi-
tion method (iEBCM) [11]. In the frame of the iEBCM the
interior volume of the particle is separated into over-
lapping subregions, in each of which a separate field
expansion is assumed. In other approaches Mishchenko
and Travis investigated the benefits of improved numer-
ical precision [12], Voshchinnikov et al. combined ele-
ments of the T-matrix ansatz with the separation of
variables method (SVM) [13] and Kahnert used irreduci-
ble matrix presentations for symmetrical particles [14].

In this paper we would like to demonstrate how the
numerical stability of light scattering calculations can be
increased by applying an advanced NFM using distributed
discrete sources (NFM-DS). This approach was intro-
duced by Doicu et al. [15]. The NFM-DS enables to handle
highly non-spherical particles with large aspect ratios and
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concavities (case (a) from above list). Additionally, we show
how the calculation time benefits from a T-matrix approach.

2. T-matrix and nullfield method approach

The theory of the T-matrix approach has been outlined
many times, therefore here we just present the basic steps
necessary for understanding the arguments, concepts and
results following in this paper. For a detailed description
of the underlying mathematics see, e.g. Mishchenko
et al. [16] or Doicu et al. [17].

Assuming an electromagnetic plane wave scattered by
a single particle, the incident and the scattered fields are
expanded into spherical vector wave functions (SVWF)
Mmn (ks r) and Nmn (ksr) (here omitting the time factor
eiot)

EincðrÞ ¼
X1
n ¼ 1

Xn

m ¼ �n

amnM1
mnðksrÞþbmnN1

mnðksrÞ, ð1Þ

EscaðrÞ ¼
X1
n ¼ 1

Xn

m ¼ �n

fmnM3
mnðksrÞþgmnN3

mnðksrÞ, ð2Þ

ks ¼ k0
ffiffiffiffiffiffiffiffiffiesms
p

is the wave number; amn, bmn are the expan-
sion coefficients for the incident and fmn, gmn for the
scattered field. The index 1 denotes regular and the index
3 radiating solutions of Maxwell’s equations in R3

�f0g,
see Doicu et al. [17]. These expansion coefficients are
related by a linear transformation, the T-matrix:
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" #
¼ T

amn

bmn

" #
¼

T11T12

T21T22

" #
amn

bmn

" #
: ð3Þ

The T-matrix contains the whole information about the
scattering process except the incident field. This is espe-
cially useful for expanded investigations of a scattering
problem, e.g. in cases where the incident angle has to be
changed or one wants to calculate the orientation aver-
aged scattering diagram. As long as scattering parameters
like particle size, shape and refractive index would not
change, the T-matrix can be used again. This leads to
significant savings of computational time, which will be
demonstrated in one of the following sections.

To derive the T-matrix usually the so-called nullfield
method (NFM) is used, sometimes called the extended
boundary condition method (EBCM) [19]. For this the
scatterer is assumed to be a closed domain Di with a
surface S. Using Huygens principle and transmission
conditions for the fields at the particle surface one can
express the relation between the incident field, the total
external field and the surface field on S:

EðrÞ

0

�
¼ EincðrÞþunknown surface field on S,r

outside Di

inside Di:

(

ð4Þ

The lower branch of Eq. (4) is also called the nullfield
equation:

EincðrÞþr �
Z

S
eiðr

0Þgðks,r,r0Þ dSðr0Þ

þ
j

k0es
r �r �

Z
S

hiðr
0Þgðks,r,r0Þ dSðr0Þ ¼ 0, r 2 Di, ð5Þ
Ei, Hi are the electric and magnetic amplitudes for the
interior field, ei ¼ n� Ei, hi ¼ n�Hi, gðk,r,r0Þ ¼ expðjk
jr�r0jÞ=4pjr�r0j, ðrar0Þ is the scalar Green’s function.

In the frame of the NFM the scattering problem by a
single particle is solved as follows:
1.
 Determine the unknown surface fields ei, hi as a
solution of the surface integral equation (5) for a given
incident field Einc(r).
2.
 Calculate the wanted scattered field Esca(r) by inserting
the surface fields ei, hi into the upper branch.
In order to calculate the T-matrix the incident and
scattered fields are expressed in terms of localized SVWF
and the surface fields are approximated using a complete,
linear independent basis of vector functions. In this case,
the two surface integral equations mentioned above are
transformed to infinite linear systems. Here, we would
like to omit explaining the corresponding mathematical
procedures as they have been published in detail many
times, for example by Mishchenko et al. [18], Kahnert [19]
or Doicu et al. [17]. Instead we want to focus on a general
description and the resulting constraints that have an
effect on the work presented in this paper. In principle,
there are three steps to derive the T-matrix in the frame
of NFM:
1.
 reduction of the field expansions to the given number
of basis functions,
2.
 calculation of the surface integrals for the trun-
cated linear systems ðincident2interior,interior
2scatteredÞ,
3.
 calculation of the T-matrix through matrix inversion.
While widely known numerical implementations can
be used to transfer this scheme into computer algorithms,
there are inevitable limitations. Firstly, ‘smooth’ integrals
in step 2 must be ‘reduced’ to ‘discrete’ series expansions.
Secondly, the series expansions cannot be done
indefinitely—instead there must be a truncation after a
sufficient depth.

The question of course is, when the depth of series
expansion, which from now on we would like to refer as
Nrank, is sufficient enough. The realization within a
computer program usually is done as follows: a result is
calculated for a certain expansion depth Nrank= i. Then
the depth is increased to Nrank= j, a result is calculated
again and compared with that from Nrank= i. For a simply
shaped scatterer one will observe, that the results for an
increasing expansion depth Nrank will get closer and
closer. So, if the result for Nrank= j does not significantly
differ from that for Nrank= i one can assume that the last
calculated result is correct and the sought-after one.
Usually, the user of a program can define the correspond-
ing threshold; if the change of the results (calculated
during the simulation for increasing values of Nrank) stays
under this limit, the calculation process is stopped. In this
case the results show convergence.

This convergence should not be mistaken for numerical

unstable calculations. Here, the results for increasing
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expansions depths Nrank start to behave unpredictably,
usually never reaching convergence. Therefore numerical
stable calculations are required so that one can get a
converging result.

The different effects ‘convergence’ and ‘numerical
unstable calculations’ are drafted in Fig. 1.

The unstable behavior usually is a result of the procedure
necessary in step 3, as for example Mishchenko et al.
explain [18]. The inversion of a matrix in general is not a
trivial numerical process and can be significantly influenced
by round off errors. Here, the matrix elements are surface
integrals including Hankel and Bessel functions; the Hankel
functions of low order have high values while the Bessel
functions of high order tend to oscillate. So one has to cope
with highly oscillating functions of radius r. By increasing:
the particle size and/or the difference between rmin and rmax

(for non-spherical particles) and/or investigating even more
complex particle shapes, the matrix element calculation
scheme becomes unstable. In other words: there is a direct
connection to the particle’s size and more importantly to its
shape. The more it differs from a spherical form, the more
numerically difficult it gets to calculate the matrix elements.
The following inversion process increases these errors and
in the end the calculation becomes numerically unstable.

A typical observation is that a behavior (meaning: the
very pattern), as presented in Fig. 1 (right), can be
reproduced only on the same computer. Running the
same program on a different hardware can lead to a
different behavior/diagram pattern (while still unstable):
Let us assume, that running a NFM program on computer
‘A’ will lead to ‘rAi

’ as result for Nrank= i. Doing the same
calculation again on ‘A’ will give the same ‘rAi

’. Running
Fig. 1. Sketch to demonstrate the different effects ‘convergence’ and ‘numerica

certain value with an increasing expansion depth, on the right hand side th

calculation.

Fig. 2. Concept of discrete sources. Left: alon
the same program now on a computer ‘B’ might lead to a
different result ‘rBi

’.
As numerical stability is crucial for light scattering

calculations and as it decreases for particle shapes getting
more and more complex we would now like to demon-
strate how to improve it.
3. Improving the numerical stability

3.1. Using an advanced NFM with discrete sources

A first approach to improve the numerical stability is
to replace the localized SVWFs that are used to describe
the interior field by using distributed discrete sources. For
a comprehensive description of the use of discrete sources
in the frame of scattering theory we recommend the
books by Doicu et al. [17,15].

In principle, the conventional NFM theory is expanded
by using distributed SVWF to describe the interior field

M1,3
mnðkrÞ ¼M1,3

m,jmjþ l½kðr�znezÞ�,

N 1,3
mnðkrÞ ¼N1,3

m,jmjþ l½kðr�znezÞ�, ð6Þ

ez is the unit vector in z-direction, n¼ 1,2, . . . ,m 2 Z, l=1
for m=0, l=0 for ma0. See also Fig. 2. fzng

1
n ¼ 1 is a set of

origins within the inner domain Di of the scatterer with
surface S. For elongated scatterers the sources are placed
on the z-axis, for oblate particles the sources are placed in
the complex plane zn ¼ iẑn,ẑn 2 R.
l stability’. While on the left hand side the results start to converge to a

ey unpredictably bounce and therefore represent a numerical unstable

g the z-axis. Right: in a complex plane.
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Then the conventional nullfield equation (5) is refor-
mulated
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ei, ee, hi, he are the tangential components of the electric
and magnetic fields inside and outside the scatterer. The
usage of distributed SVWFs leads to a set of new nullfield
equations
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The next steps are equivalent to those within the frame of
the conventional NFM. For details, here we would like to
refer again to the book by Doicu et al. [17].

The idea behind the usage of discrete sources is
sketched in Fig. 3. In the standard NFM scheme the light
scattering process is described by using an expansion into
spherical vector wave functions for the incident and the
scattered field. This expansion has one origin in the center
of the scatterer. As an illustration one can think of the
concentric, little waves on the surface of a lake after
throwing a stone into the water. As one can see
from Fig. 3 (left) these ‘waves’ fit to a circular/spherical
shape. The less spherical the shape the less the ‘waves’ fit.
If one would throw now several stones in one line, the
resulting ‘waves’ would interfere—and by this it is possi-
ble to fit also elongated shapes, see Fig. 3 (right). That
is—figuratively spoken—the idea behind the NFM-DS.

Note: this explanation as well as Fig. 3 is just a sketch
of the idea, a mnemonic that is easy to understand and
remember. From the real, mathematical point of view the
whole process is different and much more complex. In
short words: using distributed SVWFs instead of localized
SVWFs leads to a better approximation of the surface field
for non-spherical shapes. Additionally distributed SVWFs
are also more preferable because of the lower order of the
SVWFs. This allows to avoid numerical problems with
spherical Bessel and Hankel functions of higher order.

To demonstrate now the advantage of the NFM-DS for
numerical stability, we calculate the scattering diagram
for an oblate spheroid with a high aspect ratio. To make
sure, that the result calculated using the NFM-DS is
correct, we compare it with the result gained by another
computer program based on a different scattering theory.
In this case we choose the discrete sources method
(DSM) [20], as this method is well proven for different
Fig. 3. Sketch to demonstrate the c
kinds of non-spherical particles like elongated fibers [21],
oblate discs or erythrocyte [22]. The DSM is based on a
generalized point matching method (PMM) approach and
there is no T-matrix calculated.

This DSM scattering diagram serves as reference for a set
of NFM-DS calculations with an increasing number of series
expansions Nrank. The procedure is as follows: starting
with Nrank=10 the depth of series expansion is increased
by 2 until Nrank=100. As a result we get 46 NFM-DS
scattering diagrams. Then, for every NFM-DS scattering
diagram the deviation of the differential scattering cross
section (DSCS) for every scattering angle y is compared to
the DSM reference; the average is calculated using the
residual sum of squares (RSSQ) for each polarization:

avg: dev: diag:¼
1

360

X359

y ¼ 0

½DSCSDSMðyÞ�DSCSNFM�DSðyÞ�2:

ð9Þ

The resulting deviation is plotted as a function of the
expansion depth Nrank.

The scatterer is an oblate spheroid with a diameter of
d¼ 3 mm, a thickness of D¼ 0:2 mm and therefore an
aspect ratio of 15:1.

Fig. 4 (left) shows that for increasing values of Nrank (and
therefore deeper series expansions) the deviation between
NFM-DS and DSM results gets less. Starting from Nrank=20
it stays at nearly the same level for perpendicular polariza-
tion. For parallel polarization the deviation fluctuates, but
always stays lower than for perpendicular polarization. To
prove the good congruence between both methods Fig. 4
(right) shows the corresponding scattering diagrams for
Nrank=26. So, two conclusions can be made from Fig. 4:
firstly, by using distributed sources for field expansion it is
possible to calculate light scattering by a significant non-
spherical particle using the T-matrix approach. Secondly, the
result of the NFM-DS calculation converges towards the
correct result with an increasing depth of series expansion.

3.2. Using increased numerical precision

A well-known approach to increase the numerical
stability is the usage of a higher numerical precision,
see, e.g. Mishchenko et al. [12,18,23]. To demonstrate this,
we firstly increase the spheroid diameter–see Fig. 4–
from 3 to 4 mm. The thickness is kept constant, the aspect
ratio increases from 15:1 to 20:1. We again use DOUBLE
precision [24] for light scattering calculation. Because
particle and aspect ratio are larger, a worse numerical
behavior has to be expected. This is confirmed by Fig. 5,
which shows the same type of diagrams as Fig. 4.

As one can observe, the numerical stability indeed
decreases. The average deviation between the different
oncept behind the NFM-DS.
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Fig. 4. Influence of the Nrank expansion depth for light scattering calculations using the NFM-DS. The scatterer is an oblate spheroid with a diameter of

d¼ 3 mm, a thickness of D¼ 0:2 mm and therefore an aspect ratio of 15:1. l¼ 628:32 nm, refractive index m=1.5, incident angle parallel to rotational axis.

Numerical precision is DOUBLE. Left: average deviation between the NFM-DS and DSM scattering diagrams depending on expansion depth Nrank. Nrank

is increased from 10 to 100, DNrank¼ 2. Right: Comparison of the NFM-DS and DSM scattering diagram for Nrank=26, parallel polarization.
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Fig. 5. Lack of convergence for NFM-DS light scattering calculation. The scatterer is an oblate spheroid with a diameter of d¼ 4 mm, a thickness of

D¼ 0:2 mm and therefore an aspect ratio of 20:1. l¼ 628:32 nm, refractive index m=1.5, incident angle parallel to rotational axis. Numerical precision is

DOUBLE. Left: average deviation between the NFM-DS and DSM scattering diagrams depending on expansion depth Nrank. Nrank is increased from 10 to

100, DNrank¼ 2. Right: Comparison of the NFM-DS and DSM scattering diagram for Nrank=32, parallel polarization.
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Nrank expansion depths never converges, Fig. 5 (left)
proves that it is a numerically unstable calculation. From
all values of Nrank the most promising result could be
expected at Nrank=32. The corresponding scattering dia-
gram is presented in Fig. 5 (right). It shows a deviation in
side-ward direction.

So, to prove now the benefit from an increased
numerical precision, in the next step we change it from
DOUBLE to QUAD [24]. This allows to operate with 16
digit floating point numbers during the calculations
instead of 8 digit ones. To make the light scattering
calculation even more challenging, we again increase
the spheroid diameter—here from 4 to 5 mm. Therefore
the aspect ratio is 25:1. Fig. 6 presents the diagrams of the
light scattering calculation results.

The left graph shows the wanted converging behavior.
The average deviation between NFM-DS and DSM results
gets smaller and smaller until Nrank=30, after that it
increases again, but reaches a steady level from
Nrank=36. This general level is higher as observed
in Fig. 4, so to check the quality of the results we compare
the NFM-DS scattering diagram for Nrank=38 with the
DSM reference scattering diagram in Fig. 6. Here, one can
observe a very good congruence, the result can be
assumed correct.
3.3. Arrangement of discrete sources

The—in general—better numerical stability of the
NFM-DS (compared to the conventional NFM) can be
improved further by adjusting the position of the discrete
sources in a favorable way.

We would like to demonstrate this with an example
where we calculate the scattering diagram for a biconcave
oblate disc. Concave particle shapes are especially chal-
lenging for T-matrix codes, see for example Mishchenko
et al. [18]. The most comprehensive investigation of the
applicability of a T-Matrix program for concave shapes
was done by Wiscombe and Mugnai [25], who used
different so-called Chebyshev particles for their studies.
However, the investigated particles were—while con-
cave–rather spherical, which made it easier to handle
them. Here, we would like to investigate a non-spherical
biconcave oblate particle based on a Cassini oval instead.
Such a shape can be described using three parameters a, b,
and c:

y¼ 7c � ð�a2�x27 ð4x2a2þb4Þ
1=2
Þ
1=2: ð10Þ

If a is chosen slightly smaller than b, one gets a two-
dimensional cross section as presented in Fig. 7. Rotating
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Fig. 6. Converging NFM-DS light scattering results by using higher numerical precision. The scatterer is an oblate spheroid with a diameter of d¼ 5 mm, a

thickness of D¼ 0:2 mm and therefore an aspect ratio of 25:1. l¼ 628:32 nm, refractive index m=1.5, incident angle parallel to rotational axis. Numerical

precision is QUAD. Left: average deviation between the NFM-DS and DSM scattering diagrams depending on expansion depth Nrank. Nrank is increased

from 10 to 50 in steps by DNrank¼ 2 and from 50 to 100 in steps by DNrank¼ 10. Right: Comparison of the NFM-DS and DSM scattering diagram for
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Fig. 7. Cross section of the investigated Cassini shape. The Cassini

parameters are a¼ 1:1 mm, b¼ 1:125 mm, c=0.66. The resulting diameter

is d¼ 3:78 mm and the aspect ratio is 4:1.
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it around its vertical axis gives the three-dimensional
particle shape. More details are given in [26].

Fig. 7 shows the particle we would like to discuss here.
With these Cassini-parameters and the resulting size and
aspect ratio at first it was not possible to get a numerical
stable calculation using NFM-DS, even not with QUAD
precision. As there is no use of presenting results of
numerical unstable calculations the corresponding scat-
tering diagrams are omitted here.

To improve now the numerical behavior we shifted the
positions of the discrete sources, which are the origins for
the field expansion into SVWFs. Usually, these discrete
sources are distributed in the same distance from each
other, see Fig. 8 (left). Keeping in mind the sketch
from Fig. 3 it seems logical, that in this case such an
arrangement might be not favorable for a Cassini oval
based shape as in Fig. 7. Therefore we arranged the
discrete sources as follows: considering that the Cassini
shape is described by polar coordinates r¼ rðyÞ the sec-
tion y¼�p=2, . . . ,p=2 is separated into Nrank+1 equal
angles yNrank. The corresponding values r¼ rðyNrankÞ are
then projected down onto the complex plane, setting a
discrete source. As a result for a Cassini oval based shape
there is a higher concentration of discrete sources in the
middle and the edge of the particle, see also Fig. 8 (right).

By using this distribution of discrete sources we were
able to conduct numerical stable calculations. Fig. 9
shows the resulting scattering diagrams for two cases:
incident angle of the light parallel to the rotational axis of
the scatterer (left) and incident angle between light and
rotational axis y¼ 303 (right). To ensure correctness of our
results we again compare the diagrams with those gained
by DSM. All scattering diagrams show good congruence.
4. Saving computational time

A main advantage of the T-matrix method is that as
soon as this matrix is calculated it can be used for
additional investigations like changing the direction of
the incident light or multiple scattering.

To demonstrate now the time saving advantage of the
T-matrix approach we would like to refer to Fig. 9 again.
The left diagram shows the scattering diagram for inci-
dent light parallel to the rotational axis. For this config-
uration the T-matrix is calculated. As said, the T-matrix
contains all information about the scattering process and
is valid, as long as particle size, shape and refractive index
is not changed. This T-matrix then is used to calculate
the scattering diagram for an angle of 303 between the
direction of incident light and the rotational axis of the
same scatterer. The corresponding diagram is presented
in Fig. 9 (right).

Now, we compare the time necessary to calculate the
T-matrix (Fig. 9—left) and the calculation time using the
precalculated T-matrix (Fig. 9—right). The calculation
times on a PC with an Intel P4 3000 MHz CPU, Intel
Fortran compiler, QUAD precision:
�
 including T-matrix calculation: 24 min,

�
 using an already calculated T-matrix: 12 s.
As one can see, the necessary calculation time is
significantly decreased by using an already calculated
T-matrix. This is especially useful in cases where the
scattering characteristics for a particle for different direc-
tions of incident light has to be calculated. It also allows
an easy and fast numerical orientation averaging of a
particle’s light scattering behavior.
5. Summary and conclusion

In this paper we demonstrate how an advanced
T-matrix scheme based on the NFM-DS can be used to
calculate light scattering by particles with extreme



Fig. 8. Left: regular placement, discrete sources distributed in the same distance from each other. Right: improved placement taking into account

particle shape.
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shapes. Our conclusions are as follows:
�
 The use of distributed discrete sources within the NFM
scheme improves the numerical stability in general, as
demonstrated by the scattering diagram for an oblate
spheroid with a large aspect ratio of 15:1 (Fig. 4).

�
 Increasing the numerical precision within the light

scattering simulation program improves the stability
of the calculation even further: while there was no
converging result using DOUBLE precision for an
oblate spheroid with an aspect ratio of 20:1 (Fig. 5),
the scattering pattern of an oblate spheroid with an
aspect ratio of 25:1 could be calculated easily using
QUAD precision (Fig. 6).

�
 An aligned distribution of the discrete sources taking

into account the particle shape has an additional
advantageous influence on the numerical stability of
light scattering calculations using the NFM-DS. (Fig. 9).
This enables to use a T-matrix light scattering approach
also for highly non-spherical particles with high aspect
ratios or even concavities. Usually, for such scatterer pro-
grams based on other light scattering theories are used, like
discrete dipole approximation (DDA) or finite difference
time domain (FDTD). While these programs work reliably,
their calculation times usually are longer. The disadvantage
regarding the calculation time gets especially significant in
cases where light scattering for different directions of
the incident light or an orientation averaged scattering
pattern has to be calculated. In such cases the NFM-DS with
its feature of using a precalculated T-matrix could be an
attractive alternative.
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