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A simple method to determine the size of a spherical particle in an electrodynamic trap from its
dynamic behavior is introduced. Contrary to common usage of electrodynamic traps, gravity is not
compensated completely. The resulting oscillatory trajectory is phase shifted with respect to the
driving ac field of the trap. A light barrier setup is sufficient to determine the phase lag. An
analytical solution is available in closed form to yield the particle diameter from the measured phase
lag. Numerical trajectory simulations support this solution. Our method is independent of the optical
properties of the particle. Only the viscosity of the surrounding gas and the particle mass density
have to be known for data evaluation. ©1997 American Institute of Physics.
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I. INTRODUCTION

Electrodynamic levitation~also called trap, balance, o
chamber! is a well established technique for studying t
physics of single aerosol particles1–5 and particle clouds.6 An
electrically charged particle is carried against gravity
means of a dc field. An additional ac field provides a d
namic trapping force. This allows experiments to be p
formed under ideal circumstances. Comprehensive revi
of this topic are given by Bar-Ziv Sarofirm7 and by Davis.8

The size of a levitated particle is one of its most striki
parameters. Most of the physical~optical, mechanical, or
thermodynamical! properties of an individual particle ar
dominated by the size. Therefore sizing techniques have
companied the evolution of particle traps.4,9 Optical tech-
niques~direct reading, elastic light scattering! are often em-
ployed. But for data evaluation of such measurements
optical properties of the particle have to be known. In so
applications~particle heating, phase transitions, chemical
actions! the index of refraction even changes during the
periment. Optical techniques also suffer from the fact that
underlying light scattering calculations assume a spher
particle shape. Thus, their reliability decreases strongly
solid particles—which are seldom spherical—are the sub
of investigation.

The measurement of the drag force parameterCD of a
levitated particle offers the possibility of determining its si
independent of knowledge of its optical properties. The d
force due to air friction depends mainly on the relative v
locity between the particle and the surrounding gas, as w
as the particle size. Thus, drag force measurements ca
employed to obtain the particle size. Early examples ba
on this idea are the work by Bar-Zivet al.10 or Daviset al.,11

who imposed an additional air flow onto a levitated partic
The change in the dc voltage that is neccessary to com
sate the drag force, can be evaluated in order to obtain
particle size. Sageevet al.12 switched off the ac voltage for a
short length of time and determined the steady state par

a!Electronic mail: gerhard@iwt.uni-bremen.de
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velocity by means of a photomultiplier with a spatial filter
front.

Maloney et al.13 reported a different approach to dete
mine the drag force parameter. A transient particle traject
is generated by rapidly changing the dc voltage~short dc
step! of the trap. The trajectory, governed both by the ele
trical fields inside the trap and the damping, is record
against time by means of an optical sensor. A numer
algorithm for the simulation of particle trajectories is em
ployed iteratively. The particle diameter and thus the d
force are adjusted to find optimal agreement between
calculated and the detected trajectory.

In this article we show that particle size measuremen
based on the drag force in an electrodynamic trap, can
performed in a much easier way by employing a perio
particle motion rather than a transient process. We do
compensate for gravity completely by the electrical dc fie
This leads to an oscillatory particle movement in the verti
direction around a point outside the center of the trap. T
frequency of the oscillation is the frequency of the applied
field. The drag force leads to an additional phase lag betw
the external driving force~ac voltage! and the particle’s re-
sponse. This phase lag is known to be a function of the
viscosity h, the driving frequencyv and rd2 (r: particle
mass density,d: diameter of a spherical particle! only. We
use a simple experimental setup based on a photoele
barrier to determine the phase lag. The relationship betw
the phase lag and the particle size is available in closed fo
No synchronized trajectory detection, no trajectory calcu
tion and no iterative parameter adjustment in a fitting rout
are neccessary to yield the particle diameter.

The solution for the phase shifted motion of a damp
particle inside an electrodynamic trap, used to obtain
particle diameter from the measured phase lag, was p
lished in 1985 by Arnold and Hessel14 but was not used for
size measurements. Phase lag~sometimes also called relax
ation time! measurements similar to our proposed meth
have been performed in an apparatus called E-SPART.15 An
acoustic or electrodynamic driving force of high frequen
was applied to accelerate particles perpendicular to t
8(8)/3046/7/$10.00 © 1997 American Institute of Physics
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main velocity component in an aerosol stream. Relaxa
time measurements based on air damping have also
performed in optical traps.16

II. ELECTRODYNAMIC DOUBLE RING PARTICLE
TRAP

A. Trap setup

We use a simple double ring electrodynamic trap17 in
our experiments. The trap is built of four ring electrod
~Fig. 1!. The rings are arranged parallel with their cente
coinciding with the vertical (z! axis of symmetry. Thisz axis
defines the direction of gravity. The end electrodes are s
plied with up to 300 V dc voltage, normally of opposin
polarity. Both polarity and magnitude of each dc electro
potential can be adjusted individually. The center electro
carry an ac voltage~max 5 kV, 46 Hz,v/2p,1 kHz! of
equal polarity. For all further considerations we assume
both ac and both dc electrodes are identical in size and
they are positioned symmetrically. For details on parti
charging and trapping procedures for both solid and liq
particles, we refer to previous articles on that topic.14,18

B. Electrical field inside the trap

Knowledge of the electrical field inside the particle tr
is neccessary for the calculations and subsequent analys
particle trajectories. Furthermore, it is desirable to obtain
trap constantC0 on a theoretical basis.C0 is the scaling
factor between the applied dc voltageVdc and the resulting
dc field strengthEz

dcu0 at the center of the trap.
The electrical potential of a charged ring~ring material

diameterb) of radiusR, placed parallel to thex-y axis of a
coordinate system at a vertical positionz0, is obtained by
solving the Laplace equation. According to the symmetry
the problem a cylindrical coordinate system is chosen. T
solution—basically a complete elliptic integral of the fir
kind—was published and discussed in detail by Daviset al.19

Elliptic integrals of the first kind can be evaluated nume
cally for arbitrary arguments with a standard routine ce20

For small arguments we use a power series expansion.21 As
opposed to Daviset al.,19 we do not differentiate the elliptic
integral itself but instead differentiate its power series exp
sion to yield electric field strengths. The total dc and
electric fields at a timet are obtained by a linear superpos

FIG. 1. Setup scheme of the double ring electrodynamic particle trap
gether with the geometrical data.
Rev. Sci. Instrum., Vol. 68, No. 8, August 1997
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tion of the individual ring contributions. As the electric fiel
distribution is smooth at the center of the trap, we c
achieve an approximative analytical solution for the elec
field strengths. We restrict ourselves to positions along
z axis and terminate the series for the elliptic integral af
the second term to find

Ez
ac'Ke

z

x3 S 123
z0

2

x2D e2 ivt, ~1!

Ez
dc'Ke

z0

x3 S 12
z2

x2D , ~2!

with

x25R21z0
2

and

Ke5
Q

2pe0
.

R andz0 are the radius and the vertical position of the ac a
dc rings, respectively, whilee0 is the vacuum permittivity.
We see that the dc field is independent ofz to first order
approximation. Thus gravity is compensated for over
center of the trap if the dc voltage is adjusted according
Contrary to this the strength of the ac field changes linea
with z. It vanishes only at the center of the trap. In acc
dance with Ref. 19 we find for the trap constantC0:

C0}
z0

2

Az0
21R2

3
. ~3!

Q in Eq. ~2! is the so-called generating charge on the rin
According to Daviset al.19 Q can be found by forcing the
potential at the ring surface to equal the applied voltage.
performed additional electric field calculations by means
MAFIA, 22 which is a commercial electromagnetic solv
~time domain, finite differences! and found general agree
ment with the approximative solution given above.

More precise approximations for the course of the el
tric fields can be obtained by taking into account higher
der terms of the elliptic integral series expansion. This w
performed and the results were published for a variety
trap configurations different from our double ring trap b
Hartung and Avedisian.23

III. PARTICLE TRAJECTORY CALCULATION

An arbitrary shaped particle~massm, densityr) can be
characterized by a volume equivalent sphere diameterdV

(m5p/6 rdV
3). The drag force on a particle moving wit

velocity v in a fluid of densityrg and viscosityh depends
strongly on the particle Reynolds numberRep :

Rep5
rgdVv

h
. ~4!

For Reynolds numbers belowRep,0.1 the drag force
on an arbitrary shaped particle is described by the follow
extended version of Stokes law:

o-
3047Particle size
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FD5
3phdVKv

Cc
5

CDv
Cc

. ~5!

As we consider only particle diameters clearly larger t
the free mean path of the gas molecular motion, the C
ningham slip correction factor,Cc , equals 1 and is omitted
in the following.CD53phdVK is called the drag force co
efficient. Confusion can arise from the fact that a simi
symbol, the drag coefficientCd , is commonly used in New-
ton’s law:

FD5Cd

p

8
rgdV

2v2, ~6!

which can be simplified to Eq.~5! for laminar flow
(Cd524/Rep). The dynamic shape correction factorK of a
nonspherical particle was derived by Leith:24

K5
1

3
1

2

3

ds

dn
. ~7!

ds anddn are equivalent sphere diameters with respect to
total surface of the particle and its projected area to a pl
perpendicular to the flow direction. Although Eq.~7! is valid
for arbitrarily shaped particles, corrections based on a c
bration to experimental data are recommended for strong
viations from a spherical particle shape.24 For a sphere of
diameterdV5d the dynamic shape correction factor reduc
to K51.

We can now describe the three dimensional motion o
particle~electric chargeq) within the electrodynamic trap by
the following differential equation:

mrẄ52mgeW z2CDrẆ1qEW ac1qEW dc. ~8!

eW z is the unit vector pointing along the direction of gravit
andg is the gravitational acceleration. The drag force is

sumed to act in the direction ofrẆ. This is valid even for
nonspherical particles, as long as the flow can be regarde
laminar and no particle alignement takes place.25

While Ez
dc is constant within the area of interest@Eq.

~2!#, Ez
ac is proportional toz to first order approximation@Eq.

~1!# for particle positions close to the trap nullpoint:

Ez
ac5a•z•e2 ivt,

with

a5
Ke

x3 S 123
z0

2

x2D . ~9!

This makes Eq.~8! a Mathieu type differential equation i
thez direction, which is commonly solved numerically. An
lytical solutions for Eq.~8! are available only in form of
power series expansions,7,26 the method of continued
fractions,27 or by applying approximations for special cas
of particle motion. Both a numerical solution for arbitra
trajectories and an approximative analytical solution for
case of an oscillating particle will be presented in the follo
ing.
3048 Rev. Sci. Instrum., Vol. 68, No. 8, August 1997
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A. Numerical trajectory integration

We start with the description of a numerical solution
Eq. ~8!. This enables us to simulate particle trajectories
arbitrary initial particle positions and velocities without an
limiting approximation. Eq.~8! can be treated as an initia
value problem and can be solved with a finite differen
integration method. We use a Runge–Kutta algorithm w
an adaptive step size control.20 The calculations are per
formed in Cartesian coordiantes in three dimensional ge
etry.

The result of such a simulation for ad550 mm particle
of densityr52.5 g/cm3 is depicted in Fig. 2. A dc voltage
of 100 V was selected. Thus the particle charge was ca
lated accordingly to compensate for gravity complete
(q53.8073106e). The initial values for the particle position
and velocity were chosen different from zero (rW05(0.1

u20.1u1.0) mm, rẆ05(20u210u210)mm/s!. For each Carte-
sian coordinate the phase space diagram (vx vs x) is depicted
for a time period of 5 s. For all components, conical stru
tures can be seen. They are composed of elliptical cou
with decreasing radii that tend toward the center of the tr
This corresponds to the phase space diagram of a dam
oscillation. While the trapping is moderate in thex and y
directions, we observe a much faster decrease of thez coor-
dinate of the particle position. The center area~612 mm! of
the trap is shown enlarged in Fig. 3 for a detailed study
the trapping process. Here only thez coordiante is depicted
for reasons of clarity. An overshooting in the particle moti
can be seen due to the momentum of the particle in thz
direction. With increasing distance from the trap center
oscillation amplitude increases linearly due to thez depen-
dance ofEz

ac. At z'210 mm the movement of the oscilla
tion center comes to rest before a moderately damped
back to the trap center takes place.

B. Analytical solution

If gravity is not compensated completely by the dc fie
a levitated particle oscillates in the vertical direction. A

FIG. 2. Phase plot of a 50mm particle trajectory in an electrodynamic tra
(Vac53 kV at v/2p550 Hz, Vdc56100 V). The initial values for posi-
tion and velocity are given in the text.
Particle size
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there is no driving force component in the horizontal dire
tion, any initial trajectory component is damped out. For
steady state solution we can assume a one dimensional
tion. According to the expected vertical oscillation we sp
the particle motion into two components:

z~ t !5^z&1 z̃ •e2 ivt. ~10!

The position of the oscillation midpoint^z& is to change only
over timescales much larger the the oscillation period an
assumed to be constant in the following.z̃ is the complex
valued oscillation amplitude. Although this kind of separ
tion has been used repeatedly,14,28 a careful examination o
the validity of this assumption is advised. If the trap para
eters are chosen to yield an oscillation amplitudez much
smaller than̂ z&,

z!^z&

with

z5u z̃ u, ~11!

we can assume that the change in the ac field streng
negligable along the amplitude of the oscillation and c
therefore can replacez in Eq. ~9! by ^z&. The solution for the
resulting one dimensional equation of motion forz was
given by Arnold and Hessel14 as

z̃ 5
2aq^z&

mv21 ivCD

. ~12!

The phase lag between the driving ac field and the part
motion is

tan F5
CD

mv
5

18hK

dV
2rv

. ~13!

F is only a function of the drag force coefficient to ma
ratio CD /m for a fixed ac frequencyv. As we restrict our-
selves to spherical particles within the scope of this artic
K51 and theCD /m ratio reduces to 18h/(rd2). As the

FIG. 3. Enlarged phase plot trajectory depiction of the center a
(212 mm , z,12 mm) of Fig. 2. Only thez coordinate is shown. An
overswing can be seen before the oscillation center^z& comes to rest and
slowly moves back toward the trap center.
Rev. Sci. Instrum., Vol. 68, No. 8, August 1997
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viscosityh of air is well known,29 d can be determined if the
densityr is available. For particle shapes other than sphe
K is a second unknown quantity.

The behavior ofF versus sphere diameterd can be ex-
plained with the size dependence of the forces acting on s
a sphere. While the particle inertia is proportional todV

3 , the
drag force is proportional only todV . Thus the inertia is
dominant for relatively large particles. In this case the m
tion can be considered free of drag and the phase lag isp.
With decreasing size the drag gains importance and increa
the phase lag up to the limit of32p for a drag dominated
motion.

C. Numerical validation

In order to check the validity of Eq.~13! a large number
of numerical trajectory calculations described in Sec. III
were performed for various particle diamete
(1.0 mm,d,80 mm), ac frequencies~v,1 kHz!, and ini-

tial values rW0 and rẆ0. The air viscosity
(h51.7431025 N s/m2! and the particle density
(r52.5 g/cm3) were held constant. The dc voltage wa
shifted 1% with respect to ideal gravity compensation
yield a realistic value for the oscillation amplitude. An ex
ample trajectory (z component only! is depicted in Fig. 4
~channel 0! together with the driving ac voltage~channel 1!.
The phase lagF between both channels was evaluated
means of a fast Fourier transform~FFT! algorithm.

Fig. 5 shows the phase lag tanF vs 1/vd2 in a log-log
diagram. Each point represents one simulation similar to F
4. As can be seen, the analytical result according to Eq.~13!
~solid line! is in full agreement with the numerically obtaine
results.

IV. EXPERIMENTAL SETUP

The geometry of our electrodynamic double ring tra
was presented in Fig. 1. The trap is surrounded by a w
shield with various laser light inlets and observation wi
dows. The trap is mounted on a three-axis translation stag
enable precise positioning of the particle with respect to t
light barrier. A Questar QM-1 telescope focused on the ce

a

FIG. 4. Example of a numerically calculated particle trajectory (d530 mm,

v5314 Hz, rW05(10u210u100)mm, rẆ05(0u0u0) mm/s). Only thez com-
ponent is depicted. In addition the driving ac voltage is shown~right axis!.
3049Particle size
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ter of the trap is a useful tool for visual observation of p
ticle trajectories, especially during particle trapping and fi
adjustment of the electrical fields. A random access li
sensor~Fuga 19b, 19203192 elements! is mounted close to
the trap. Reading a single line of the sensor gives the ang
scattering distribution of the levitated particle, which can
evaluated to obtain the particle diameter. Rather than
forming exact Mie calculations, we use an approximative
linear relation between the particle size parame
a5pd/l and the angular peak frequency for th
purpose.30,31

The amplitude of the oscillating particle trajectory
typically smaller than 200mm. It can easily be adjusted b
varying the electric parameters of the trap. A light barrier
used to measure the phase shift of the particle oscilla
relative to the ac field. It consists of a laser beam~argon ion
laser,P550 mW atl5488 nm) and a photomultiplier tub
~PMT! with a standard optical assembly~imaging system,
pinhole, aperture!. The scheme of this setup is depicted
Fig. 6. The laser is focused to a spot size clearly smaller t
the oscillation amplitude of the particle. A typical value
'15 mm. The focus is placed on an arbitrary positon alo
the particle trajectory. The particle crosses the laser fo
twice per period. The shape of the PMT signals results fr
the Gaussian laser beam profile and the particle velocity

FIG. 5. Comparison between the phase lagF obtained by numerical trajec
tory simulations (s) and the analytical result~—!; tan F is depicted vs
1/vd2.

FIG. 6. Scheme of the experimental setup. A strongly focused laser b
and PMT build up a light barrier. Both the PMT signal and the ac volta
are recorded and evaluated with respect to the phase lagF between them. A
line camera is used for angular scattering measurements to yield a refe
value for the particle size. Visual observation is performed with a Que
telescope~not depicted!.
3050 Rev. Sci. Instrum., Vol. 68, No. 8, August 1997
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dient during the laser beam crossing. For measurem
close to the oscillation midpoint the signal shape is pl
Gaussian.

The optical signal and the ac voltage~reduced by means
of a bleeder chain! are digitized by a two channel transie
recorder card and stored in a personal computer for fur
data evaluation. The sampling rate is chosen clearly hig
than the ac frequency to ensure appropriate resolution.
use a two channel 30 MHz analog-to-digital~AD! board with
a dynamic range of 12 bit. With an ac frequency below
kHz sampling rates of 100 kHz are sufficient. A typical rea
ing of the two channels is depicted in Fig. 7. The tempo
average between corresponding peaks in the PMT sign
equivalent to the time when the particle changes direct
~extremal points of oscillation!. This time has to be com
pared with the time when the driving ac voltage is at t
extreme to yield the phase shiftF.

The particle diameterd can in principle be obtained
from a single phase lag measurement according to Eq.~13!.
In order to increase the quality of our result we take repea
measurements on the same particle. The ac frequencyv is
changed within the available range which is mainly limit
by the stability of the particle trapping. According to E
~13! we should yield a linear relationship if tanF is plotted
versus 2p/v. The slope of the resulting straight line is give
by 9h/(prd2) for a sphere.

The particle velocity is maximal at the center of the o
cillation and given by

v05z•v. ~14!

As we used Stoke’s law for calculating the drag force on
particle in Eq.~5!, we have to limit the Reynolds number t
values below 0.1 for every point along the particle trajecto
This leads to the following constraint:

z•v,
h

10dV rg
. ~15!

rg is the density of the surrounding gas inside the trap. T
ac frequencyv and the oscillation amplitudez have to be
chosen with respect to Eq.~15!. Thusz has to be decrease
for high frequenciesv.

m
e

nce
r

FIG. 7. Typical experimental reading of a phase lag experiment on a l
tated and oscillating particle. The sampling frequency wasf s560 kHz. The
ac voltage reading~right axis! and the signal of the photomultiplier tub
PMT ~left axis! is depicted. The temporal difference between the peak c
ter and the ac voltage maximum yields the phase lagDF.
Particle size
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If measurements are performed at higher Reyno
numbers, the drag forceFD is underestimated in Eq.~5!, and
so is the resulting phase lagF. This can be regarded as
source of systematic error. As it occurs at small values of
abscissa 2p/v, it can be counteracted by including the lim
iting case,

lim
v→`

F5p, ~16!

as an additional constraint in the linear regression for
slope of the straight line.

V. RESULTS AND DISCUSSION

Measurements were performed on glycerin droplets
solid spheres. Table I summarizes the physical propertie
the media involved. Solid monospheres from differe
sources~polystyrol particles from Duke Scientific and M
melamin resin particles from Micro Particles GmbH, Berli!
were employed.

Fig. 8 shows the measured phase lag tanF vs 2p/v. As
described above, the ac frequency was varied for each
tated particle within the limits drawn by the empirical stab
ity of the trap~typically 46 Hz,v/2p,500 Hz!. Both the ac
and the dc voltages have to be adjusted at each frequen
order to provide the desired trajectory that has a small os
latory amplitude. As the densityr is known for all media
under consideration, we can calculate the particle diam
d from the slopem of the straight line.m in turn is evaluated
by means of a linear regression.

The phase lagF is calculated from time period reading
according to Fig. 7. The uncertainty of a single time read
s0 depends on the sampling frequencyf sampand the quality
of the signal. It is in the order of the time spacing corr

FIG. 8. tanF vs 2p/v for glycerin droplets and various solid monosphere
The slope of the straight line is evaluated to yield the particle diameter

TABLE I. Physical properties of the particles and fluids used in our exp
ments.dref is the reference value for the particle diameter given by
manufacturer.

System
Density
(g/cm3)

dref

~mm! nl

Glycerin 1.23 ••• 1.48488

PS monosphere 1.05 32.260.6 1.61488

MF monosphere 1.51 14.9160.27 1.68633
Rev. Sci. Instrum., Vol. 68, No. 8, August 1997
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sponding to 1/f samp. Higher resolution could be achieved b
fitting an analytical function to the measured signals~i.e., a
Gaussian profile for the light barrier signals and a harmon
function for the ac signal!. For determination of the ac fre
quencyT52p/v two time readings are neccessary, where
three readings are needed to obtain the time spacingDT.
Thus we find for the uncertaintysDF of the phase lagDF:

sDF

DF
5s0A 3

DT2
1

2

T2
. ~17!

The uncertainty in the abscissas2p/v5A2s0 is negligable
compared tosDF . Therefore onlysDF is depicted in Fig. 8.
The uncertainty in the slopem and thus in the particle diam
eterd is obtained from the maximum variation of the straig
line within these error bars. For all particles the relative u
certainty inDF or d is below 6%.

In Table II the resulting diameters are given togeth
with reference values from angular scattering measureme
Reference data are usually provided by the manufacture
the monospheres. These values are also listed. The a
ment between our phase lag results, the reference va
given, and the angular scattering results is good for all p
ticles.

We can thus suggest that the phase lag technique ap
to oscillating particles in electrodynamic traps provides
simple and reliable tool for determination of the particle d
ameter. The measurement range is basically limited by
trapping stability. No information on the optical properties
neccessary. Both the measurement and the data evalu
are much more simple than in equivalent techniques ba
on trajectory detection and simulation.

Our phase lag measurements are in general agree
with the reference data. In all cases the agreement is wi
the calculated uncertainties.
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