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Abstract

The resonance properties of nanoshells are of great interest in nanosensing applications such as surface enhanced Raman scattering or
biological sensing. In this paper the discrete sources method has been applied to analyze the spectrum of evanescent light scattering from
a nanoshell particle deposited near a plane surface. Based on the rigorous theoretical model, which allows to take into account all fea-
tures of the scattering problem as: medium with frequency dispersion, presence of the interface, the objective aperture and its location
and core-shell asphericity, the scattering spectrum of nanoshells was calculated. The dependence of the local nanoshell spectral density
behavior on its properties is discussed.
� 2006 Elsevier B.V. All rights reserved.
1. Introduction

Due to multiple practical applications, which use spec-
tral light scattering by nanoshells, there is growing interest
in simulation of their spectral resonance properties using a
rigorous computer model. Nanoshells are a type of nano-
particles composed of a dielectric core coated with an
ultra-thin silver or gold shell. They are of great interest in
different scientific, medical and technological applications
due to their scattering behavior and their ability to demon-
strate a tunable plasmon resonance response in the visible
and infrared range of spectra. It has been found that the
resonance spectrum peak of nanoparticles depends on its
properties (size, shape, shell thickness etc.) [1–4]. Varying
these parameters enables to shift the plasmon resonance
peak to a required frequency domain. Due to these abilities
0030-4018/$ - see front matter � 2006 Elsevier B.V. All rights reserved.
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nanoshells became of interest for wide variety of applica-
tions: environmental, Raman, chemical and biological
sensing, surface-enhanced and near field scanning optical
microscopy.

In most methods using nanoshells the colloidal suspen-
sion containing particles is deposited on a glass prism.
The incident unpolarized light, which is coupled into the
glass prism and hits the glass water interface with an
angle slightly above the critical angle of total internal
reflection. This generates an exponentially decaying eva-
nescent field near the interface in the lower refractive
index medium (water). A nanoshell in the vicinity of the
surface transforms the evanescent field into a scattered
field. The scattered light is collected by a detector objec-
tive lens. By measuring of resonance position important
data of the ambient medium and its variation can be
obtained. This principle is used e.g. for viruses and immu-
noglobulin detection [5]. Nowadays the sensitivity of
detecting devices is so high that even a resonance shift
of 1 nm can be detected.

Another side of nanoshells application and synthesis
consist in a high sensitivity of its plasmon resonance to
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Fig. 1. Model geometry.
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the properties of nanoshell itself. Even a slight deviation in
particle properties can essentially shift the position of its
plasmon resonance, which complicates data interpretation.
That is why a detailed theoretical analysis of the scattering
properties of nanoshells seems to be important for their
synthesis [6,7].

The first attempts to model resonance properties of
nanoparticles were based on discrete dipole approximation
(DDA) [8], finite difference time domain (FDTD) [9] or Mie
theory [1]. Unfortunately such approaches do not allow to
account for particle-surface scattering interaction com-
pletely. Recently it has been shown that taking into
account rigorous mathematical model including interface
is very important for correct data interpretation [10]. In
this paper we applied the Discrete Sources Method
(DSM) [11] to simulate light scattering by a nanoshell.
DSM enables to take into account the whole environment
of the scattering problem including complete scattering
interaction of a particle and interface, actual objective
aperture and its deposition, core-shell asphericity etc.
DSM has already been applied to the investigation of the
scattering by solid noble nanoparticles on a plane surface
[12]. In this paper DSM model is extended to nanoshell
particle. The main objective of this paper is to present
detailed investigation of the scattering behavior of nano-
shells spectral resonance and optimal choice of the param-
eters, like diameter and shell thickness which enable a shift
of the resonance into the ‘‘biological window’’ of tissue
(wavelength range 700–1100 nm). Based on computer sim-
ulation analysis we consider the appropriate choice of
nanoshell diameter, shell thickness and incident angle,
which provide maximum response for the scattering field.
Additionally the influence of the position of the objective
lens is discussed.

The paper consists of four parts: in the first one the the-
oretical outlines of the DSM are given, the second part is
devoted to the numerical scheme and in the final part of
the paper we present simulation results and discussion.

2. Discrete sources method

In this section we would like to outline the DSM theory
as presented in previous papers [11,12].

Consider an axial symmetric penetrable particle with
interior domain Di covered with a layer Dl and smooth
external boundaries oDi,l deposited on the plane prism sur-
face R. We denote the prism domain by D1 and ambient
space exterior to the nanoshell particle by D0. Let us intro-
duce a Cartesian coordinate system Oxyz by choosing its
origin O at the interface surface and Oz coincides with
the axis of symmetry of the particle and is directed into
domain D0 so, that plane z = 0 corresponds to the R plane.
We assume that the exciting field {E0, H0} is a plane wave
propagating from D1 at the angle h1 with respect to the
z-axis (Fig. 1).

Then the mathematical statement of the scattering prob-
lem can be formulated in the following form:
r�Hf ¼ jkefEf; r�Ef ¼�jklfHf in Df; f¼ 0;1; i; l;

ni� ðEi�ElÞ ¼ 0; ni� ðHi�HlÞ ¼ 0; at oDi

nl� ðEl�E0Þ ¼ 0; nl� ðHl�H0Þ ¼ 0; at oDl

ez� ðE0�E1Þ ¼ 0; ez� ðH0�H1Þ ¼ 0; at R ð1Þ

and radiation conditions for the scattered field at infinity.
Here, ni,l are the outward unit normal vectors to the sur-

faces, k = x/c and {Ef, Hf} stands for the total field in the
corresponding domain Df,f = 0,1, i, l. Note that the total
field in D0 is a superposition of an exciting field and a scat-
tered one. If Imef, lf 6 0, the time dependence for the fields
is chosen as exp{jxt}) and the surfaces are smooth enough
oDi,l � C(2,a), then the above boundary-value scattering
problem is uniquely solvable [13].

We construct an approximate solution to the scattering
problem (1) based on the DSM. First the plane wave {E0,
H0} scattering problem on the interface is solved. The
result yields external excitation fields fE0

f , H0
fg; f ¼ 0; 1 in

domains D0,1, which satisfy transmission conditions at
the plane interface. Let us construct the approximate solu-
tion of the boundary value problem (1) for the scattered
field fEs

f, Hs
fg in D0,1 and the total field in Di,l.

In the frame of DSM the approximate solution is con-
structed by representing the electromagnetic fields as a
finite linear combination of the electric and magnetic fields
of multipoles distributed over an axis of symmetry inside
the scatterer. Besides the fields analytically satisfy the
transmission conditions enforced at the plane interface R
[14], which provides an opportunity to account for whole
interactions between scatterer and interface. Then the
approximate solution satisfies the Maxwell equations in
the domains Df,f = 0,1, i, l, the infinity conditions and
the transmission conditions at the plane interface R.
Thus, the scattering problem is reduced to the problem of
approximation of the exciting field on the surfaces oDi,l.
Only the amplitudes of discrete sources (DS) are to be
determined from the boundary conditions at the surfaces
oDi,l, which can be rewritten in following form:

ni� ðEi �ElÞ ¼ 0 ni� ðHi�HlÞ ¼ 0 at oDi

nl� ðEl�Es
0Þ ¼ nl�E0

0 nl� ðHl�Hs
0Þ ¼ nl�H0

0 at oDl

ð2Þ
where fE0

0, H0
0g is the refracted field into D0.
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To generate the fields of multipoles, which analytically
satisfy the transmission conditions at the plane interface
R we should incorporate the Green’s tensor of a half-space.
The components of the Green’s tensor accept the form of
Sommerfeld integrals [12]. The approximate solution to
the scattering problem is constructed taking into account
the rotational symmetry of the scattering problem geome-
try (particle plus interface) and the polarization of the
external excitation as well [11].

Consider P-polarized plane wave excitation. In this case
the refracted plane wave into D0 accepts the form

E0
0 ¼ T Pð�ex cos h0 þ ez sin h0Þv0; H0

0 ¼ �T Pn0eyv0;

v0 ¼ exp½�jk0ðx sin h0 þ z cos h0Þ�: ð3Þ
Here gn ¼

ffiffiffiffiffiffiffiffiffi
enln
p

is associating refractive index of Dn, h0

is a refraction angle for the plane wave. The refraction

coefficient T P
1;0 can be written as T P

1;0 ¼ 2n1 cos h1

n1 cos h0þn0 cos h1
: Snell’s

law in this case yields: sin h0 ¼ n1

n0
sin h1: As jn1j > jn0j with

increasing of incident angle h1 from 0 till p/2 one can get
jsinh0j > 1. This circumstance requires corresponding

branch for cos b0 ¼ �i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 b0 � 1

q
. Hence beyond the crit-

ical angle hc ¼ arcsin n0

n1
in the upper half-space an evanes-

cent wave appears, which is propagated along the
interface and damping in the normal (z > 0) direction

v0 ¼ expf�ik0x sin b0g expf�k0z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 b0 � 1

q
g [15].

Representations for the scattered field in D0 and total
field inside in Di will be the same as in case of homogeneous
particle considered in [12]. Let us focus on the representa-
tion of the total field inside the shell domain Dl. To adjust
the polarization of exciting plane wave (3) we shall use fol-
lowing vector potentials:

Ae;j
mn ¼ fY j

mðn; zj
nÞ cosðmþ 1Þu; �Y j

mðn; zj
nÞ sinðmþ 1Þu; 0g

Ah;j
mn ¼ fY j

mðn; zj
nÞ sinðmþ 1Þu; Y j

mðn; zj
nÞ cosðmþ 1Þu; 0g;

Ae;j
n ¼ f0; 0; Y j

0ðn; zj
nÞg: ð4Þ

where j = l± and Y lþ
m ðq; zlþ

n Þ ¼
k0

i
hð2Þm ðk0Rnzlþ

n
Þðk0;q=Rnzlþ

n
Þm,

Y l�
m ðq; zl�

n Þ ¼ jmðklRq;zl�
n
Þðkl; q=Rq;zl�

n
Þm, Rnzn ¼ q2 þ ðz� znÞ2.

Here jm(Æ) are the spherical Bessel functions, hð2Þm ð�Þ are the
spherical Hankel functions, coordinates of multipoles
fzl�

n g 2 Oz, and fzl�
n g � Di. So, the fields inside the layer

are presented as superposition of outgoing (l+) and stand-
ing (l�) waves.

Using the notations for the differential forms Df
1;2 intro-

duced in [12], we can construct our approximate solution as
follows:

EN
f

HN
f

 !
¼
XM

m¼0

XN f
m

n¼1

pf
mnDf

1Ae;f
mn þ qf

mnDf
2Ah;f

mn

� �
þ
XN f

0

n¼1

rf
nDf

1Ae;f
n ;

f ¼ 0; i; l�;
EN

l ¼ EN
lþ þ EN

l�; HN
l ¼ HN

lþ þHN
l�: ð5Þ

We would like to emphasise that the scattered field fEN
0 ,

HN
0 g in domains D0,1 can be represented in terms of the uni-

tary set of amplitudes fp0
mn, q0

mn; r
0
ng. This circumstance
seems to be a key feature because it allows taking into
account all the interactions between scatterer and interfac-
ing analytically.

Similar approach can be implemented for S-polarized
external excitation, see [12] for more details.

The completeness of the system of lowest-order distrib-
uted multipoles used in (5) guarantees convergence of the
approximate solution to the exact one in any closed subset
of D0 [9].
3. Numerical scheme of the DSM

In this section a short description of the numerical
scheme will be given. As mentioned above representation
(5) satisfies all the conditions of the scattering problem
(1) except the transmission conditions at the shell and core
surfaces (2). These boundary conditions are used to deter-
mine the unknown amplitudes of DS fp0;i;l�

nm ; q0;i;l�
nm ;

r0;i;l�
n gN f

m
n¼1; f ¼ 0; i; l. Since the scattering problem geometry

is axially symmetric with respect to the z-axis and the DS
are distributed over the axis of symmetry, fulfilling the
transmission conditions (2) at the surfaces oDi,l can be
reduced to a sequential solution of the transmission prob-
lems for the Fourier harmonics of the fields. So, instead
of matching the fields on the scattering surfaces oDi,l (see
(2)), we can match their Fourier harmonics separately thus
reducing the approximation problem on the surfaces to a
set of problems enforced at the particle core and shell gen-
eratrices Ii;l. By solving these problems one can determine
the DS amplitudes fp0;i;�l

nm ; q0;i;�l
nm ; r0;i;�l

n gN f
m

n¼1.
We will use point-matching technique to fit the transmis-

sion conditions (2) for Fourier harmonics of the fields at
the generatrices Ii;l. Let us consider matching points Li,l

distributed over Ii;l and corresponding number of multi-
poles for each domain: N 0

m;N
i
m;N

l�
m . In this case for each

Fourier harmonic m = 0,1, . . . ,K we get linear system for
DS amplitudes of following dimension:

4ðLi þ LlÞ � 2ðN 0
m þ N i

m þ N l�
m þ Nlþ

m Þ:
It has been found that more stable results can be

obtained by using the generalized point-matching tech-
nique and a pseudo-solution of an over-determined system
of linear equations [14]. Because the DSM is a direct
method and hence it allows to solve the scattering problem
for the entire set of incident angles h1 and for both polar-
izations (P and S) at once. This is an advantage compared
with methods similar DDA and FDTD. Besides, the
numerical scheme provides an opportunity to control
the actual convergence of the approximate solution to the
exact one by a-posterior error estimation [9].

Once the amplitudes of the DS were determined, one can
calculate the far field pattern F(h,u) of the scattered field,
which is determined at the upper part of the unite semi-
sphere X = {0� 6 h < 90�, 0� 6 u 6 360�} and is given by

EðrÞ=jE0
0ð0Þj ¼

expf�ik0rg
Fðh;uÞ þ Oð1=r2Þ; r!1
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Fig. 2. Objective scattering response versus wavelength for Au nanoshell
D = 50 nm with different shell thicknesses (th).
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Fig. 3. Objective scattering response versus wavelength for Pt nanoshell
D = 50 nm with different shell thicknesses.
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We asymptotically estimate the Sommerfeld integrals
involved in the representation for the scattered field, which
yields the representation for the h,u-components of the far
field pattern Fh,u(h,u) as a finite linear combination of ele-
mentary functions, see [12] for more details. This circum-
stance ensures a low-costs computer simulations of the
scattering characteristics in the far zone.

In the paper the intensity of scattered light is
considered

IP;Sðk; h;uÞ ¼ jF P;S
h ðk; h;uÞj

2 þ jF P;S
u ðk; h;uÞj

2

where F P;S
h;uðk; h;uÞ are the components of the far field pat-

tern for P and S polarized incident wave at the unit sphere
h,u. The scattered intensity of an unpolarized wave calcu-
lated in lm2/sr units is also considered

Iðk; h;uÞ ¼ 1

2
ðIPðk; h;uÞ þ ISðk; h;uÞÞ ð6Þ

We will also consider the detector objective scattering
cross-section, which represents the summarized intensity
scattered into the prescribed solid angle X

rðkÞ ¼
Z

X
Iðk; h;/Þdx ð7Þ

where X = {0 6 u 6 360�; 0 6 h 6 22.08�}, which corre-
sponds the Numerical Aperture of the objective lens
NA = 0.5.

DSM provides the opportunity to control the accuracy
of the computational result in two steps:

1. Control of the internal convergence of the results by
increasing the number of matching points and DS;

2. Checking the residual in least square norm of the bound-
ary conditions at the particle surface (2). As a rule a
residual of 1% provides stabilization of the 2 digit of
the scattering diagram.

In all the results presented below the residual was less
then 0.2%.

The number of matching points where the DS ampli-
tudes are defined increases until the necessary accuracy
of the results is achieved. The DS number usually is
2–4 times less then the number of matching points. As a
rule the DS are deposited on the axis of symmetry inside
the particle. In the case of an oblate particle it is neces-
sary to make an analytical continuation of the DS coor-
dinates into the complex plane adjacent to the symmetry
axis; DS then are deposited in the complex plane [11].
The maximal order of multipoles (K) is a priori defined
from the condition that error of the plane wave approx-
imation by corresponding Fourier series should be less
then 0.1%. The detailed algorithm for matching point’s
choice is described in [14].

DSM model has been verified by comparison with Bob-
bert Vlieger model available in Th. Germer group at NIST
[16] and with T-matrix code available in Th. Wriedt group
at Bremen University [17].
4. Results and discussion

In this section we will present some numerical results
obtained using the DSM model and discuss them shortly.
As external excitation unpolarized light in the wavelength
range of 400 6 k 6 800 nm has been taken. We investigated
a nanoshell with PSL core and a thin shell of noble metal.
As substrate material we took silica glass, the numerical
aperture of objective NA = 0.5 has been used. For most
of results presented here we took the fixed incident angle
of 63�, which is close to the critical angle (�62�) corre-
sponding to the whole wavelength range. In all the results
the core diameter decreased with increase the shell thick-
ness, but the external diameter of shell (D) stayed the same.

We would like to start with the investigation of the influ-
ence of shell thickness on the scattering response. For this
propose we calculated the objective response for nanoshells
of diameter D = 50 nm for different shell thicknesses and
different shell material. The obtained results are shown in
Figs. 2–4.

In Fig. 2 the results for PSL particle with gold (Au) shell
are presented. From the results it is obvious that with
decreasing of the shell thickness the peak of maximum
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Fig. 4. Objective scattering response versus wavelength for Ag nanoshell
D = 50 nm with different shell thicknesses.
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Fig. 5. Objective scattering response versus wavelength for Ag nanoshell
with fixed shell thickness th = 3 nm and different diameters.
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Fig. 6. Objective scattering response versus wavelength for Au nanoshell
with fixed shell thickness th = 3 nm and different diameters.
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Fig. 7. Objective scattering response versus wavelength for Ag nanoshell
of D = 50 nm with shell thickness of 3 nm for different incident angles.
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shifts to the area of longer wavelength (red shift). The
width of the peak also differs depending on the thickness
of a shell. The results presented in Fig. 2 look similar to
the experimental results presented in Fig. 1(b) in [1]. Simi-
lar results for platinum (Pt) and silver (Ag) shells are pre-
sented in Figs. 3 and 4. The results for silver shell look
very close to those for the gold ones, but platinum nano-
shell does not demonstrate any resonance peak in this
range of spectrum under investigation. The objective
response from a platinum nanoshell does not have a reso-
nance peak and the curves smoothly decrease with increase
of the incident wavelength for all shell thicknesses. Due to
this fact we did not use platinum for further investigations
and concentrated on silver and gold shells. The refractive
index data for PSL can be found at Sematech website
(see www.sematech.org), for noble particles and for sub-
strate materials can be found in public sources [18,19] or
in [20].

As we have already mentioned above that the objective
of our research is not only to investigate the influence of
different parameters of the scattering response, but also
to find out the appropriate shell-core-diameter combina-
tion which provide a shift of the intensity peak to the area
of biological window and also realise a sharp resonance
peak. From analysis of the presented figures we found that
a shell thickness of 3 nm would be the most reasonable
choice for both gold and silver shells.

To find the appropriate particle diameter let us fix the
shell thickness of 3 nm, and vary the diameter of the parti-
cle. In Fig. 5 results for the silver shell thickness of 3 nm are
presented for various particle diameters. From these results
one can see that with an increase of the diameter not only
the intensity of the peak increases, but also the intensity
maximum shifts to the area of longer wavelength and the
peak gets wider. Similar results are presented for gold shell
in Fig. 6. The optimal diameter which provides relatively
high intensity and sharper peak corresponds to D =
50 nm. Let us now fix both the particle diameter and the
shell thickness and turn to the choice of the incident angle
we kept fixed up to now.
In Fig. 7 the objective response for a silver shell for dif-
ferent incident angles is demonstrated. From the results
one can see that the resonance wavelength stays the same,
but its value decreases with the increasing of the incident
angle. Consider the influence of objective lens shift with
respect to the axis of symmetry on the response. Fig. 8
demonstrates the objective response for the silver nanoshell
and for objective declinations of 15� and 40� from normal

http://www.sematech.org
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direction to the interface in the incident plane (/ = 0) and
in the perpendicular direction (/ = 90) under the incidence
of 63�. From the results one can see, that highest response
is found for a lens declination of 15� in the plane of inci-
dence (/ = 0).

Let us analyse another important aspect the nanoshell
application – core-shell asymmetry. Nanoshell asymmetry,
which does not often taken into account in theoretical con-
sideration, appears rather often [21]. Fig. 9 shows the scat-
tering response from silver nanoshell of D = 50 nm with
shell thickness of 3 nm under the incidence of 63� for var-
ious centre of the core deposition with respect to shell cen-
tre. The shift in this case means that the centre of core is
shifted up (+) or down (�) inside nanoshell. From the sim-
ulation results one can see that even a small core-shift
of 1 nm shifts the maximum of the response by about
10–15 nm and yields a decrease of its value. So, a possible
asymmetry of the nanoshells should be taken into account
in the design, as in sensitive systems the shift of resonance
peak of even 10 nm could lead to the wrong interpretation
of the measurements.
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Fig. 9. Objective scattering response versus wavelength for Ag nanoshell
of D = 50 nm with shell thickness of 3 nm for different asymmetry models.
5. Conclusion

In this paper DSM has been applied to analyze scatter-
ing behaviour of nanoshells on a glass prism. The main
objective of research was to investigate the influence such
parameters as: nanoshell diameter, shell thickness, angle
of incidence and position of the objective lens on the scat-
tering response. The results obtained by simulation using
DSM model allow to choose the optimal parameters for
nanoshells, which provide shift of the resonance peak into
the window of biological transparency: D = 50 nm, shell
thickness of about 3 nm and incident angle close to the
critical angle. We can also as conclude that measuring
set up seems to be less sensitive to the choice incident
angle and objective lens location, because of variations
examined keep the same spectral peak position. It has
also been demonstrated that the scattering behaviour
strongly depends on the core-shell asymmetry, which
may lead to incorrect interpretation of experimental
results.
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