
Author's personal copy

Analysis of light scattering in the evanescent waves area
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Abstract

The discrete sources method has been extended to analyze the scattering behavior of a cylindrical nanohole in a noble-metal film
deposited on a glass prism. The dependence of the transmitted intensity on the incident angle has been investigated. Extreme transmis-
sion of the incident plane wave has been detected in the evanescent waves area.
� 2008 Elsevier B.V. All rights reserved.
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1. Introduction

The discovery of enhanced optical transmission through
a subwavelength hole has attracted considerable interest to
this optical phenomena and applications associated with
nanoscale apertures in metal films [1]. The ability to local-
ize light in spots much smaller than the volume predicted
by diffraction theory offers multiple applications in biopho-
tonics, such as probing a few molecules in a highly concen-
trated solution or monitoring a cell membrane with a
submicrometer resolution [2,3]. Combination of a hole with
other surface nanostructures or using nanohole arrays
offers a wide variety of potential applications as well [4].

It is generally agreed that surface plasmon resonances
play a key role in enhancing of light transmission through
apertures in noble metal films [5,6]. Different groups world-
wide have recently examined the transmission properties of
sub-wavelength apertures. In particular, Wannemacher [1]

has studied the fundamental characteristics of a single cir-
cular nanohole in thin conducting films, as well as the role
played by surface plasmon polaritons in the transmission
process. Sönnichsen et al. [6] detected locally excited sur-
face plasmons in a metal film by investigating transmission
through a single nanohole using scanning near-field optical
microscopy (SNOM). de Abajo [7,8] has examined light
transmission through simple circular holes in perfectly con-
ducting and real metal films, and holes containing addi-
tional structure such as a sphere or a high index dielectric
filling, which seems to improve the transmission efficiency
at specific wavelengths. Shuford et al. [9] have been inves-
tigating the effect of a substrate influence on the transmis-
sion properties. Degiron et al. [10] have shown that real
metal plays a key role to support light transmission in a
nanohole. The effect of P-polarized transmission efficiency
has been considered by Eom et al. [11]. In the paper of Yin
et al. [12] the final difference time domain (FDTD) has been
used to model the problem and simulation results have
been compared to experimental ones. More information
regarding the transmission problem can be found in recent
reviews [5,7].

In most papers mentioned above normal incidence is
used as an external excitation. At the same time, there
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are multiple practical applications using an evanescent
wave as external excitation [13,14]. Employing evanescent
waves may allow to avoid the problem of filtering the scat-
tered light from the refracted one. In this paper, we con-
sider the evanescent wave scattering properties of a single
sub-wavelength hole in a noble-metal film filled by a dielec-
tric medium. The discrete sources method (DSM) [15] has
already been applied to model light scattering by different
nanoobjects on a plane surface [14,16]. In this paper, the
DSM is adjusted to model evanescent light scattering of a
fixed wavelength by a nanohole. The influence of the inci-
dent angle on the scattering properties of the hole is inves-
tigated. The effects of the size and filling of the hole, as well
as the material and thickness of the metal film are
considered.

In the next chapter, we present the theoretical outlines
of the DSM. In the third chapter the numerical algorithm
is presented and computer simulation results are discussed
in the last chapter of the paper.

2. Mathematical model

Let an axially symmetric hole occupying a certain
domain Di with a smooth boundary oD be situated inside
a film of thickness d, which is bounded by the planes R1

and Rf . The plane R1 separates the film and the substrate
(glass prism). We denote the prism domain by D1 and
ambient space exterior to the film and the hole by D0.
The upper half-space D0 and the interior of the hole Di

are filled with water. Let us introduce a Cartesian coordi-
nate system Oxyz by choosing its origin O at the prism-sur-
face R1 in the center of the hole and Oz axis is directed into
domain D0. The plane z = 0 corresponds to the R1 plane
(Fig. 1). We assume that the exciting field {E0,H0} is a
plane wave propagating from D1 at the angle h1 with
respect to the z-axis.

Then the mathematical statement of the scattering prob-
lem can be formulated as follows:

r�Hf ¼ jkefEf; r� Ef ¼ �jklfHf in Df;

f ¼ 0; 1; f ; i;

np � ðEiðpÞ � Ef ðpÞÞ ¼ 0;

np � ðHiðpÞ �Hf ðpÞÞ ¼ 0;
p 2 oD;

ez � ðEf ðpÞ � E1ðpÞÞ ¼ 0;

ez � ðHf ðpÞ �H1ðpÞÞ ¼ 0;
p 2

X
1

;

ez � ðE0ðpÞ � Ef ðpÞÞ ¼ 0;

ez � ðH0ðpÞ �Hf ðpÞÞ ¼ 0;
p 2

X
f

ð1Þ

and radiation/attenuation conditions at infinity for the
scattered field at z 6¼ 0,d.

Here, ez is the unit normal vector to the surfaces R1;f , np

is the outward unit normal vector to oD, k = x/c and
{Ef,Hf} stands for the total field in the corresponding
domain Df, f = 0,1,f,i. While in D1,f the total field consists
of incident and reflected waves, in D0 the total field
includes the transmitted wave which transforms to the eva-
nescent one under certain conditions. If Im ef, lf 6 0 (the
time dependence for the fields is chosen as exp {jx t})
and the particle surface is smooth enough: oD � C(2,a), then
the above boundary-value scattering problem is uniquely
solvable [17].

We construct an approximate solution to the scattering
problem (1) based on the DSM [14]. First, the plane wave
{E0,H0} scattering problem on the interface is solved. The
result yields external excitation fields fE0

f ;H
0
fg; f ¼ 0; 1 in

domains D0,1, which satisfy the transmission conditions
at the plane interface. Let us construct the approximate
solution of the boundary value problem (1) for the scat-
tered field fEs

f;H
s
fg in DB, f = 0,f,1 and the total field in Di.

In the frame of DSM [15] the approximate solution is
constructed by representing the electromagnetic fields as
a finite linear combination of the electric and magnetic
fields of multipoles distributed over an axis of symmetry
inside the scatterer. Besides, the fields analytically satisfy
the transmission conditions enforced at the plane interfaces
R1;f , which provides an opportunity to account for whole
interactions between scatterer and interface. Then the
approximate solution satisfies Maxwell equations in the
domains Df, f = 0,1, f, i, the infinity conditions and the
transmission conditions at plane interfaces R1;f . Thus, the
scattering problem is reduced to the problem of approxi-
mation of the exciting field on the hole surface oD. Only
the amplitudes of the discrete sources (DS) are to be deter-
mined from the boundary conditions at oD. Which can be
rewritten in the following form

np � ðEi � Es
f Þ ¼ np � E0

f np � ðHi �Hs
f Þ ¼ np �H0

f :

ð2Þ
Prior to the construction of an approximate solution for
the scattered field, the plane wave diffraction problem on
the layered structure must be solved. The field representa-
tion can be written as

EP ;S
f ¼ W P ;S

i Eþf þ W P ;S
r E�f ; HP ;S

f ¼ W P ;S
i Hþf þ W P ;S

r H�f :

ð3Þ
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Fig. 1. Model geometry.
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Where

W P ;S
i ¼

T P ;S
1f

1� RP ;S
f 1 RP ;S

f 0 e2
; W P ;S

i ¼ �
T P ;S

1f RP ;S
f 0 e2

f

1� RP ;S
f 1 RP ;S

f 0 e2
;

e ¼ expf�ikf d cos hf g:
Here RP ;S

sl ; T
P ;S
sl are corresponding Fresnel reflecting and

transmission coefficients from Ds to Dl for P/S-polarized
plane wave [18].

To construct the fields of dipoles and multipoles that
analytically satisfy the transmission conditions at the plane
interfaces R1;f we incorporate the Green’s tensor for a
stratified interface [19].

An approximate solution of the scattering problem is
constructed taking into account not only the rotational
symmetry of the scattering problem geometry (hole
together with layered interface) but the polarization of
the exciting field [15] as well. For a P-polarized excitation
the field’s components in (3) accept the following form:

E�f ¼ ð� cos hf ex þ sin hf ezÞv� H�f ¼ �nf eyv
�

v� ¼ expf�ikf ðx sin hf � z cos hf Þg
In accordance with [14] for P-polarized excitation the fol-
lowing electric and magnetic vector potentials correspond-
ing to the multipoles are used:

Ae;f
mn ¼ fge

mðq;wnÞ cosðmþ 1Þu;

� ge
mðq;wnÞ sinðmþ 1Þu;

� fmþ1ðq;wnÞ cosðmþ 1Þug;
Ah;f

mn ¼ fgh
mðq;wnÞ sinðmþ 1Þu;

gh
mðq;wnÞ cosðmþ 1Þu;

� fmþ1ðq;wnÞ sinðmþ 1Þug;
Ae;f

n ¼ f0; 0; gh
0ðq;wnÞg:

Here, the Fourier harmonics of the Green tensor ge;h
m ; fm in

contrast to [14] accept the form of Weyl–Sommerfeld
integrals:

ge;h
m ðq;wnÞ ¼

Z 1

0

J mðkqÞve;h
11 ðz;wn; kÞk1þmdk;

fmðq;wnÞ ¼
Z 1

0

J mðkqÞv31ðz;wn; kÞk1þmdk: ð4Þ

Here, Jm is the cylindrical Bessel function, the point q = (q,z)
belongs to the half-plane u = const, and the multipoles are
distributed along the axis of symmetry wn 2 Oz inside Di.
In this case, the spectral functions ve;h

11 ; v
e;h
31 are given by

ve;h
11 ðz;wn;kÞ ¼

Ae;h
11 ðk;wn;dÞexpf�g0jz� djg; z> d

expf�g0jz�djg
gf

þBe;h
11 expf�gf jz� djg

þCe;h
11 expf�gf zg; d > z> 0

De;h
11 ðk;wn;dÞexpf�gf zg; z< 0;

8>>>>><
>>>>>:

ve;h
31 ðz;wn;kÞ ¼

Ae;h
31 ðk;wn;dÞexpf�g0jz� djg; z> d

Be;h
31 expf�gf jz� djg
þCe;h

31 expf�gf zg; d > z> 0

De;h
31 ðk;wn;dÞexpfgf zg; z< 0:

8>>>><
>>>>:

Here, g2
f ¼ k2 � k2

f ; k2
f ¼ k2eflf; f ¼ 0; f .

The spectral coefficients A,B,C,D are determined from
the following one-dimensional transmission conditions at
R1;f (z = 0,d) [14]:

½ve
11� ¼

1

l
ove

11

oz

� �
¼ 0; ½vh

11� ¼
1

e
ovh

11

oz

� �
¼ 0;

1

l
ve

31

� �
¼ 0;

ove
31

oz

� �
¼ � 1

el

� �
ve

11;
1

e
vh

31

� �
¼ 0;

ovh
31

oz

� �
¼ � 1

el

� �
vh

11:

Here, square brackets [] stay for the jump of values across
the interface. In particular, the equality ve

31 ¼ vh
31 holds at

d > z > 0.
For the total fields inside the hole the same representa-

tion as in [14] is used.
Then for the scattered fields in D0,f,1 which satisfy the

transmission conditions at R, the following representation
is valid

Es
f;N ¼

XM

m¼0

XNm

n¼1

pmn

j
keflf

r�r� Ae;f
mn þ q

1
ef
mnr� Ah;f

mn

� �

þ
XN0

n¼1

r
j

keflf
n r�r� Ae;f

n ;

Hs
f;N ¼

j
klf

r� Es
f;N ðMÞ; f ¼ 0; f ; 1: ð5Þ

The approximated solution for the S-polarized excitation
can be constructed in a similar way. The field’s components
from (3) accept the form

E�f ¼ eyv
�; H�f ¼ nf ð� cos hf ex þ sin hf ezÞv�:

The following electric and magnetic vector potentials corre-
sponding to the multipoles are employed:

Ae;f
mn ¼ fge

mðq;wnÞ sinðmþ 1Þu;

ge
mðq;wnÞ cosðmþ 1Þu;

� fmþ1ðq;wnÞ sinðmþ 1Þug;
Ah;f

mn ¼ fgh
mðq;wnÞ cosðmþ 1Þu;

� gh
mðq;wnÞ sinðmþ 1Þu;

� fmþ1ðq;wnÞ cosðmþ 1Þug;
Ae;f

n ¼ f0; 0; ge
0ðq;wnÞg:

Then for the scattered fields in D0,1, which satisfy the trans-
mission conditions at R, the following representation is
valid:

Es
f;N ¼

XM

m¼0

XNm

n¼1

pmn

j
keflf

r�r� Ae;f
mn þ qmn

1

ef
r� Ah;f

mn

� �

þ
XN0

n¼1

rn
j

keflf

r�r� Ah;f
n ;

Hs
f;N ¼

j
klf

r� Es
f;N ðMÞ; f ¼ 0; f ; 1: ð6Þ
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The completeness of the system of dipoles and multipoles
guarantees the convergence of the approximate solutions
(5) and (6) to the exact one [20].

3. Numerical scheme of the DSM

In this section, a short description of the numerical real-
ization of the computational algorithm is given. As men-
tioned above, representations (5) and (6) satisfy all the
conditions of the scattering problem (1) except the transmis-
sion conditions at the hole’s surface (2). These conditions
are used to determine the unknown amplitudes of discrete
sources {pmn, qmn, rn}. Since the scattering problem geome-
try is axially symmetric with respect to the Z-axis and the
DS are distributed over the axis of symmetry, fulfilling the
transmission conditions (2) at the surface oD can be reduced
to a sequential set of 1D transmission problems for the Fou-
rier harmonics of the fields. Thus, instead of matching the
fields on the scattering surface (see Eq. (2)), we match their
Fourier harmonics separately by reducing the approxima-
tion problem on the surface oD to a set of 1D problems
enforced at the particle surface generatrices I. By solving
these problems one can determine the DS amplitudes.

Various numerical schemes for the amplitudes evalua-
tion have been suggested. It has been found that more sta-
ble results can be obtained by using the generalized point-
matching technique and a pseudo-solution of correspond-
ing over-determined system of linear equations [21]. DSM
is a direct method and therefore it allows solving the scat-
tering problem for the entire set of incident angles h1 and
for both polarizations (P and S) at once. This is an advan-
tage compared to methods similar to discrete dipole
approximation (DDA) or finite difference time domain
(FDTD) which require application of an iterative scheme.
Besides, the DSM numerical scheme provides an opportu-
nity to control the actual convergence of the approximate
solution to the exact one by posterior error estimation [15].

After the amplitudes of the DS have been determined,
one can calculate the far field pattern E1(h,u) of the scat-
tered field, which is determined at the upper semi-sphere
X = {0� 6 h 6 90�,0� 6 u 6 360�} and is given by

Es
0ðMÞ=jE0ðz ¼ 0Þj ¼ expf�jk0rg

r
E1ðh;uÞ þ oðr�1Þ;

z > d; r ¼ jM j ! 1:
We asymptotically estimate the Weyl–Sommerfeld inte-
grals involved in (4) [21], which yields the following repre-
sentation for the h,u-components of the far field pattern
corresponding to representation (5)

EP
1;hðh;uÞ ¼

jk0

e0

XM

m¼0

ðjk0 sin hÞm cosðmþ 1Þu

�
XNm

n¼1

pnm½�ge
nm cos hþ jk0 sin2 h�f nm� þ qnm�gh

nm

� �

� jk0

e0

sin h
XN0

n¼1

rn�gh
n0;

EP
1;uðh;uÞ ¼ �

jk0

e0

XM

m¼0

ðjk0 sin hÞm sinðmþ 1Þu

�
XNm

n¼1

fpnm�ge
nm þ qnm½�gh

nm cos hþ jk0 sin2 h�f nm�g:

ð7Þ

For S-polarized excitation following to representation (6)
one gets

ES
1;hðh;uÞ ¼

jk0

e0

XM

m¼0

ðjk0 cos hÞm cosðmþ 1Þu

XNm

n¼1

fpnm½�ge
nm cos hþ jk0 sin2 h�f nm� � qnm�gh

nmg;

ES
1;uðh;uÞ ¼

jk0

e0

XM

m¼0

ðjk0 cos hÞm sinðmþ 1Þu

XNm

n¼1

pnm�ge
nm � qnm½�gh

nm cos hþ jk0 sin2 h�f nm�
� �

þ jk0

e0

sin h
XN0

n¼1

rn�gh
n0:

ð8Þ

Where the corresponding spectral functions �ge;h
nm;

�f nm, in
contrast to [14], accept the form

�ge;h
nmðhÞ ¼ jk0 cos h expfjk0d cos hgAe;h

11 ðk0 sin h; zn; dÞ;
�f nmðhÞ ¼ jk0 cos h expfjk0d cos hgAe

31ðk0 sin h; zn; dÞ:
Hence, after the unknown amplitudes of DS are deter-
mined, the far field patterns for P/S polarization (7) and
(8) are represented as finite linear combinations of elemen-
tary functions. This circumstance ensures a low costs com-
puter analysis of the scattering characteristics in the far
zone.

4. Numerical results and discussion

The differential scattering cross-section (DSC) is calcu-
lated as:

IP ;Sðh1; h;uÞ ¼ jEP ;S
1;hðh1; h;uÞj2 þ jEP ;S

1;uðh1; h;uÞj2; ð9Þ

where EP ;S
1;h;uðh1; h;uÞ are the components of the far field

pattern for a P (7) and S (7) polarized incident wave, in
a spherical coordinate system h,u.

We will mostly consider the transmission cross-section
(TCS), which represents the integrated intensity transmit-
ted into the upper semi-sphere X = {0� 6 h 6 90�, 0� 6
u 6 360�}:

rP ;Sðh1Þ ¼
Z

X
IP ;Sðh1; h;uÞdx: ð10Þ

Next, we will present some numerical results obtained
using the DSM model and discuss them shortly. As it has
already been pointed out before, we used P/S-polarized
plane wave excitation (6). We consider the scattering prop-
erties of the hole excited by a light source with a wave-
length of k = 532 nm. The refractive indices are: n1 = 1.52
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for glass in D1 and n0 = ni = 1.33 for water in D0,i. As film
materials silver (Ag) with refractive index nAg = 0.15 �
3.19 j and gold (Au) with nAu = 0.45 � 2.41 j [22] have been
chosen.

In Fig. 2 the TCS (10) versus incident angle is presented
for a hole of diameter D = 30 nm in an Ag film of thickness
d = 40 nm for two different cases: when both the upper
half-space and the hole are filled with water or air. From
the figure one can see, that the S-polarized curve monoton-
ically decreases but the curve for P-polarization drops
down beyond the critical angle (see water hc = 61.1�) and
then rapidly jumps up two orders in value. A similar behav-
iour can be observed in the case of air near the critical angle
of hc = 41.2�. Besides, the maximum value of rP(h1)
achieved in the region of evanescent waves excitation
exceeds the TCS under normal incidence rP(0�) almost by
an order.

To analyse the scattering behaviour of the scattered
intensity in the incident plane under different incident
angles, the DSC was calculated for the same hole in case

of a water filling. The results are presented in Fig. 3. For
this analysis three different incident angles have been
chosen: h1 = 0�,65�,73�. One can see, that the DSC for
P-polarization at h1 = 73� corresponding to the TCS max-
imum considerably exceeds the DSC at h1 = 65�, where the
TCS achieves its minimum value (see Fig. 2).

Let us now have a closer look at the influence of the film
parameters on the scattering behaviour of the TCS. In
Fig. 4 the results of calculation of the TCS for P-polarized
excitation for the same hole in Ag films of different thick-
nesses are presented. The curves demonstrate similar
behaviour as in Fig. 2.

In Fig. 5 similar results but for different film materials
(Au and Ag) are presented for both polarizations. From
the analysis one can see, that the Ag film provides a much
higher intensity peak then the Au one. We will now restrict
our consideration just to an Ag film of d = 40 nm and
investigate the influence of the hole’s diameter.

In Fig. 6 the results for holes of different diameters are
presented. From the results it is clear, that the larger the
hole, the higher the transmitted intensity peak is, but the
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Fig. 2. Transmission cross-section (TCS) for the hole of diameter
D = 30 nm in silver (Ag) film of thickness d = 40 nm in cases of air and
water inside the hole.
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Fig. 3. Differential scattering cross-section (DSC) for the hole, D = 30 nm
in Ag film, d = 40 nm versus incident angles h1.
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curves shapes stay almost the same. We now consider how
the filling of the hole affects the TCS. We take now silicon
dioxide SiO2 with a refractive index of ni = 1.46, and SiN
with ni = 2.03. In Fig. 7 the TCS for P-polarization for
the same hole is presented for the three different filling
materials. From the diagrams one can see that in general
the transmitted intensity peak increases together with
increase of the refractive index value of the filling.

To conclude our discussion, we should emphasize, that
the light scattering properties of a hole in a noble-metal
film in the evanescent waves area extremely dependent on
the incident angle. When the incident angle exceeds the crit-
ical one the intensity of transmitted light drops down by
several orders and then sharply jumps up by several orders
(Figs. 4 and 6). The position of the TCS maximum and
minimum values can be slightly manipulated by varying
the film parameters, material and thickness (Figs. 4 and
5), but does not depend on the hole’s diameter and filling
(Figs. 6 and 7). Their positions are determined by the value
of the critical angle only.

5. Conclusion

In this paper, the DSM has been adjusted to scattering
analysis of a single subwavelength nanohole in a noble-
metal film deposited on a glass prism. The main result of
this research consists of the following: extreme transmis-
sion of P-polarized scattered intensity in the evanescent
waves area has been detected. The influence of the film
thickness, material and the diameter and filling of the hole
on this effect was investigated and discussed. The effect of
extreme transmission seems to be interesting for different
applications in nanooptics and biophotonics, including
optical antennas and biosensors.
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Fig. 7. TCS for P-polarized light for the hole of D = 30 nm in Ag film of
d = 40 nm with different hole fillings.
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Fig. 6. TCS for P-polarized light for the holes of different diameters in Ag
film, d = 40 nm.
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