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Abstract

The discrete sources method (DSM) is applied to the analysis of light scattering by particles of extreme
shapes. Such investigations are needed in many scientific areas, such as particle characterization,
investigation of scattering properties of atmospheric particles, interstellar dust and ice crystals, biological
cells and others. Different methods have been applied to treat the problem, but usually their range of
applicability is restricted to quite low aspect ratios. In this paper, a new approach of DSM to light
scattering by highly elongated and flat particles is presented. The algorithm described in this paper allows to
compute light scattering by elongated particles with aspect ratios up to 1:50 and for flat particles with
aspect ratios till 20:1. The results obtained using DSM also allow to compare common shapes, like
elongated spheroid and cylinder or flat spheroid and disk-sphere.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The problem of light scattering by particles of extreme shape is of great interest in recent years.
According to the shape of particles the problem can be divided into two: highly elongated shapes
and flat shapes. The investigation of elongated particles is needed in different areas of science. Due
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to the development of new isolating materials used in buildings and other high-temperature
applications interest in airborne fibers increases. Such fibers can cause serious health hazards,
especially lung cancer. The health hazard of airborne respirable fibers mainly depends on their
geometries, especially the aspect ratio: the higher the ratio the more dangerous the fibers are
classified. In atmospheric science attention is concentrated on ice crystals, which often have an
elongated shape. In astrophysics the optical properties of cosmic dust grains which are detected in
various astronomical objects are very important. In optical particle characterization investigations
of light scattering are needed to design instruments to measure the size of particles. Owing to this
great interest in light scattering by highly elongated particles, many methods were applied to such
investigations: T-Matrix method, generalized multipole techniques (GMT) [1], multiple multipole
program (MMP) [2], null field method with discrete sources [3]. But usually the range of their
validity does not achieve an aspect ratio higher then 1:20.

Investigation of light scattering by flat objects is needed for example in biology for the
interpretation of red blood cells investigations or in analysis of silicon wafers surface. Thus, light
scattering by extreme-shaped particles is of great interest in many scientific branches. But in this
case usually all the methods are restricted to the aspect ratio not more then 10:1.

In this case using of discrete sources method (DSM) seems to be very reasonable. DSM is one of
the most powerful tools for studying light scattering from any axial symmetric object. High aspect
ratio in case of flat particle can be achieved due to free choice of discrete sources (DS) support.
Besides DSM allows to calculate an a-posterior surface residual to estimate numerical result error.
In this paper renewed scheme of DSM is described. We paid attention to detailed description of
the numerical algorithm. The simulation results for prolate particles with an aspect ratio of 1:50
and for flat particles with an aspect ratio of 20:1 are also given.

2. Theory

Let us start with the mathematical statement of the scattering problem. We will consider
scattering in an isotropic homogeneous medium R’ of an electromagnetic wave by a local
homogeneous penetrable obstacle D; with the smooth boundary 0D. We use a spherical
coordinate system (p, 0, @), 0y is the incident angle of a plane wave. We assume the time
dependence to be exp(jw?). Scattering is described by the electromagnetic fields {Ec;, H;}

satisfying Maxwell equations
V x Hej = jkeéeiEe; _
TR 0 D, Dei= RYD, (1)

V x Ee,i = _Jk,ue,iHe,i ’

the boundary conditions enforced on the particle surface
n, x (Ei(P) — Ec(P)) = m, x E°(P),
n, x (Hi(P) — He(P)) = n, x H'(P),

and Silver—Muller radiation condition at infinity

lim (ﬁE x ; — ﬁH) —0, r=|M|— oo 3)

r—>00

P € aD, )
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Here {E°,H} is an exciting field, {E., H.} is the scattered field, n, is the unit outward normal to
0D, index e belongs to the external domain D, and i to the domain inside the particle Dj, &.; is the
permittivity, u.; is the permeability of media, Imeée, u, = 0, Imei, 1 <0. The boundary value
scattering problem is well-known to have an unique solution [4].

In frame of DSM an approximate solution of the scattering problem is constructed as a finite
linear combination of the field of dipoles and multipoles deposited in a supplementary domain.
Under these conditions the representation for the approximate solution satisfies Maxwell’s
equations (1) in D.; and the radiation condition (3). The unknown amplitudes of DS are to be
determined from the boundary conditions (2). So the boundary value scattering problem under
investigation is reduced to the solution of an approximation problem enforced at the obstacle
surface 0D. One of the most attractive features of DSM consists in the flexible choice of DS fields
that can be used for approximate solution construction, which should provide fulfilling Maxwell
equations, radiation conditions and yield a complete system of DS fields at the obstacle surface
[S]. Tt is also possible to choose a support of DS, but there some problems can appear. For
elongated obstacles as a DS support usually the part of the axis of symmetry is used, but in the
case of flat obstacles sometimes there is not enough space for sources deposition. Therefore it can
be necessary to find a special support of DS. One of the possibilities is to deposit DS in a complex
plane [5]. Such procedure allows to limit a sequence of DS when number of sources N — oo. This
limitation is very important to provide the stability of the numerical model based on DSM.

We will consider an axial symmetric particle. The algorithm of approximate solution
construction has some differences for elongated and flat particles, that is why we will separate
those two cases. In case of an elongated particle the system of lowest order multipoles distributed
on the axis of symmetry z can be applied to construct an approximation solution [6]. In case of a
flat particle we have to use the system of multipoles situated in the complex plane.

Let us shortly describe the procedure of construction of an analytic continuation of DS support
to the complex plane with respect to the source’s coordinate z,. We will take a halfplane

@ = const: & ={n=(p,z)| p=0,z € R"}
and a complex plane
¢ = (¢ = (Re&,Im&)|Re&,Im € R,

Assume the @ match the real axis in such a way that Reg coincides with z. Now we can represent
the system of DS functions using the analytical continuation as follows

Y, u(x) = h,zn(ke,R ’E)P:Z(COS 52){1, cosmo,sinm¢p}, n,m e N. 4
né
Where
R~=p? +(Z—E)2, sinazl, cosl =" é.
né R ~ R ~
né né

Here R ~ is a function of the complex variable Z and it is chosen so that it represents a branch
corresp?)gnding to the arithmetical root at the positive part of the real axis.
By definition, the point & € @ is called image of the point € @ if R T= 0.
1
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~12
Lemma 1. For every point n = (p,z) € ® there are 2 images &

~12 ~12
Reé =z and Im¢ = +p. (5

Proof. The condition Rn? = 0 means that
R~=(p—Im&)(p+Im¢) — 2jmIm &z — Red) + (z = Re &)’ = 0,
from the last follows (5). O

Lemma 2. Let n = (p,z) localized outside or on the surface 0D;. Then the area of corresponding
analytical continuation is a coherent area D~ C @, whose boundary coincides with the generatrix of
revolution C @. -

Proof. The boundary of D~ is defined by position of # at the object surface. That means that the
singularities are dist~ributecf in accordance to (5). Those singularities bound the coherent area at
the complex plane @, whose boundaries coincides with the image of the generatrix . It can be
shown that Re R”?ZO for every 5 is localized outside or on the objects surface and & € DZ [5]. O

Notation 1. The area where R~ is an analytical function is symmetric corresponding to the
. o7 . . .
symmetry axis of the scatterer iy according to the Schwarz principle.

Lemma 3. Every pointg in the complex plane @ generates a circle of singularities in the real space

R

Proof. Let us put E € @. Then (5) provides us a singularity point # = (p, z), corresponding (5)
0= |ImE| and z= Rez. (6)

Eq. (6) means that we have singularities distributed on a circle of radius p in R*. O

Lemma 4. Functions (6) with DS situated in D~ satisfy Maxwell's equations outside the obstacle and
radiation conditions at infinity (3).

Proof. Proof is a result of Lemma 1 and the asymptotic of spherical Hankel function. [

Theorem. Let complex coordinates of DS amplitudes {E};’il € D~ be distributed in accordance with
Notation 1 and have at least one condensing point inside DE, then system (4) is complete and closed in
L?(6D;).

We will construct the approximate solution by taking into account not only the rotational
symmetry of the obstacle, but also the polarization of an external excitation as well.
In case of a P-polarized exciting plane wave the exciting field accepts the following form

E’ = (e, cos 0y + e sin 0y)y,

H’ = (—e,y cos 0p)y/eclle,
y = exp{—jke(x sin 6y — zcos 6y)}; (7)

where k. = k. /ecll,.
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To take the polarization of the external excitation into account we use a linear combination of
electric and magnetic multipoles {w}2, distributed over the complex plane. For this we need
special vector potentials. In case of P-polarization of the plane wave the representation for
corresponding vector potentials in a cylindrical coordinate system can be represented as

ALl — (yeiy, wel) cos(m + 1); — Yoy, wS) sin(m + 1)¢; 0},
A28 = (S, WSy sin(m + 1)¢; Y, wS) cos(m + 1)¢; 0}.

Vector potentials for vertical dipoles, which are required to provide completeness of the
multipoles’s system are

A = 10,0, YE'(r, wy)).

The representation for vector potentials in case of an elongated particle can be found in [9].
So, the approximate solution taking into account P-polarization of the exciting plane wave and
axial symmetry of the particle, can be represented in the form

M NG Ne;
( > SN DAL + g DoAY + Z reiD AL (8)
el m=0 n=1
VxV Lv
D1 — kéehuul , D2 — J Eeli
_EV kac.i.ue‘i V x V

To provide the convergence of the approximate solution (8) to the exact one it is enough to assure
the completeness of the system of distributed multipoles which are used for approximate solutions
representation. The scattering from the S-polarized plane wave can be analyzed in the same
manner [7].

Now we shortly describe the numerical scheme based on the theory presented above. The
approximate solution satisfies Maxwell’s equations and radiating conditions at infinity. As the
discrete sources are distributed over the symmetry axis of the particle, the approximate solution is
a finite linear combination of Fourier harmonics with respect to the ¢ variable. The exciting plane
wave can also be resolved into a Fourier series with respect to the angle ¢ [7]. As the approximate
solution satisfies all the conditions of the original scattering problem, except the boundary
conditions, the unknown vector of amplitudes of DS

e1

{pmn’ qmn’ }n 1°

where pSi are amplitudes of electric, ¢% —magnetic and r—vector dipoles in representations [8],
is to be determined from the boundary conditions (2). Taking into account the dependence of the
incident plane wave on the ¢ angle, we can reduce the surface approximation problem enforced at
the particle surface into a sequence of one-dimensional problems at the particle generatrix . To
solve this problem we will use the general matching-point technique [8]. First we choose matching
points {17,},L:1 distributed homogeneously over . Then by matching the representation for the
approximate solution and external excitation at the set of matching points and using the axial
symmetry we pass from the surface approximation to the approximation for each Fourier
harmonic. As a consequence the unknown vector of amplitudes p,, can be found as a
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pseudosolution of a over-determined system of linear equations

Bmpm:qm: sz,"',M

Here B,, is a rectangular matrix, B, = [B}/], [ =1,...,4L,i=1,...,2(N{" + N_'). The reasonable
ratio of matching points and number of DS was established as 2<L/(N{" 4+ NI')<4, the vector of
unknown amplitudes p,, has length 2(N{" + N.') and the vector in the right-hand side can be
represented as a 4L vector in the following form:

_ (a01 0¢p
q, = (em—H 1€ m+l l’hm-‘rl l’hm+1 l) >

(X

where e, = egfl‘p(q,), hgfl‘p h?nrl(” (1,)- The components of the vector, in case of P-polarized plane

wave excitation, can be written as

Epry1 (1) = (=) c0s 0o[(J (kep 5in o) — Josa(kep sin b)) + 2if sin 6y
X1 (kep sin Op)] exp{—jkez cos 0o},

31‘11(17) — o8 Oo(—))" [ m(kep sin 0g) + Ji2(kep sin Oy)] exp{—jkez cos O},
h 1) = —a(=))"[J m(kep sin 0g) + Ji2(kep sin Op)] exp{—jkez cos O},

It (1) = (=" [=Tn(kep $in 00) + Jyu(kep sin o)] exp{—jkez cos 0).
In case of a S-polarized exciting wave:

e, () = (=i)" ol m(kep sin 0g) + J o ya(kep sin 0)] exp{—jkez cos O},
e (1) = (—i)"[Jm(kep sin 0p) — Jms2(kep sin 0)] exp{—ikez cos O},

Fyr (1) = (=)0t cos Oo[(Jn(kep sin ) — Jysa(kep sin 0p)) + 2if sin O
X Jm1(kep sin Op)] exp{—jkez cos O},

B (17) = — c08 Og(—j)" [T m(kep sin 0g) + J 2 (kep sin Op)] exp{—ikez cos O},

where («, 0, f) is the vector, tangential to the generatrix in point #, (p, z) is the coordinate of the
matching point.

Because Fourier harmonics do not depend on the ¢ angle, the linear system for both P and S
polarization corresponding to vertical electric or magnetic dipoles can be written in the form

B_ip_,=q,.

In this case B_; has a dimension 2L x (N{" + N{'), the right-hand side vector has length 2L, and
the unknown vector of amplitudes has length (N{" + N?'). Then we have

eg‘”(n) = —[jaucos 0pJ 1 (ksp sin Oy) + fsin OyJ o(ksp sin Op)] exp{—jksz cos Oy},

B (1) = J1(ksp sin 00) exp(—jksz cos B).
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for P polarization and for S case

eo' (1) = jJ1(ksp sin o) exp{—jksz cos o},

hg“’(n) = —[joucos 0yJ 1 (ksp sin Oy) + f sin OyJo(ksp sin Oy)] exp{—jksz cos Op}.

The main differences of the extended DSM scheme described above to the conventional DSM
algorithm [1] consist in following:

1. Different numbers of discrete sources N_', Ni" are used for the representation of the scattered
field outside and total field inside the particle. The numbers of discrete sources are chosen
proportionally to the value of the refractive index of the corresponding media. For the internal
domain (higher refractive index ,/gii; > ,/ecli;) a higher number of discrete sources then for the
scattered field Ni"> N7 is used. In case of flat particles the DS are situated in the complex plane
that allows to limit the sequence of DS when N — oo.

2. The number of discrete sources depends on the rank of Fourier harmonics N = Nei(m).
For higher harmonics a lower number of multipoles Ne’”f lgNgji is used. This circumstance
enables to acquire a more accurate simulation result, provides a monotone decrease of the surface
residual and reduces the computer demands up to 30% for a larger particles compared to the
conventional DSM model. Besides, it allows to extend the range of validity of the DSM to
particles of larger diameters.

After DS amplitudes {p,,}*._, have been determined, the far field pattern can be computed [4]:

m=1
E(r)  exp(—jker)
E'@r)

F(@,(p)—i—o(%), F— 00.

The vector F(0, ¢) has two components in the far zone: ¢ and 0, so that its components are
determined at the unit sphere as

F(0,9) =0 Fy(0,90)+ ¢ - Fy(0, ).

Using the asymptotic representation for Y, for a P-polarized exciting plane wave, components of
the far field pattern accepts the form

M Ny N
FR0,¢0) =] > cos(m+ Do sin )" > {p5,, cos0 + ¢5, )Gy +]j sin 0 > G,
m=0 n=1 n=1
M N
Fi(0,0) == Y _ sin(m+ De( sin 0)" > {p5, + 45, c0s 0}G,
m=0 n=1
where
G, = exp{—jkez, cos 0}. )

The last term in F' 5 corresponds to vertical dipoles.
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For S-polarized excitation the far field components can be written as follows

M N
F§0,0) =] sin(m+ De( sin 0)" Y {p5,, cos — ¢5,} Gy,
m=0 n=1
M N NY
F5(0,0) =j ) _ cos(m+ DG sin 0)" > " {pS, — 45, cos0}G, +jsin 0> G, (10)
m=0 n=1 n=1

Using asymptotic representation for Y, the components of the far-field pattern can be calculated
as a finite linear combination of elementary functions [5].

3. Results

We will mostly study the Differential Scattering Cross-section (DSC), which can be calculated
analytically via components of the far-field pattern (9), (10) as follows:

DSC™S = |Fg(0, 9) + IF;3(0, )"

To demonstrate the capabilities of the renewed DSM concept we will present some computational
results. As particle material SiO (z = 1.67) and an incidence wavelength of 633 nm are chosen due
to a typical laser used in optical particle characterization. For description of the particle we will
use such parameters like length /, diameter D and aspect ratio is //D. In case of elongated particles
[> D, and in case of flat particles /<D. We mostly concentrate on calculation of P-polarized
excitation, as it is commonly used in particle characterization.

10*

S I spheroid
2 i —— cylinder

DSC, um

2N
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T
b
I

10° ‘

-180 -90 0 90 180
Scattering angle, deg

Bavvupgpggirit?

Fig. 1. DSC versus scattering angle for elongated particles with aspect ratio 1:50, / = 25 um, D = 0.5 pm, under incidence = 90°.
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In Figs. 1 and 2 results for elongated particles of different shapes are presented. The results for
DSC versus scattering angle for a cylinder and a spheroid of the same parameters are presented in
Fig. 1. From comparison, one can see that graphs look different and strongly depend on the shape
of particle despite of the same aspect ratio and size. Very interesting is the fact that for the

10*

DSC, pm

-10 L L L L L L L
-180 -120 -60 0 60 120 180
Scattering angle, deg

10

Fig. 2. DSC versus scattering angle for elongated spheroid, with / = 25 pm, D = 0.5 um, for different incident angles.

10 ‘
! — 1=100nm
/':: .... [=200nm
10 53 — =250nm
c 10-2 3 |
E e
G =
8 E
0%} ]
107} ]
10-5 | ‘ ) Il Il
L - : % 180

Scattering angle, deg

Fig. 3. DSC versus scattering angle for disk-sphere with aspect ratio of 20:1 of different lengths, incidence 90°.
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spheroid the back-scattering peak is much smoother and lower then for the cylinder. Fig. 2
presents results for DSC versus scattering angle for a spheroid for different angles of incidence.
The results show that the position of main and back-scattering peaks strongly depends on the
incident angle while the shape and height of peaks are kept nearly the same.

10° : :
— obl. spheroid

““““ disk-sphere

5 L L L L L
-180 -90 0 920 180
Scattering angle, deg

10

Fig. 4. DSC versus scattering angle for oblate particles with aspect ratio of 20:1, D = 0.1 pm, / = 2 pm, incidence 90°.

DSC, pm

10°h —— obl. spheroid E
nnnn disk-sphere
10° ‘ ‘ ‘
180 290 0 90 180

Scattering angle, deg

Fig. 5. DSC versus scattering angle for oblate particles of aspect ratio 20:1, D = 5 pm, / = 0.25 pm, incidence 90°.
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In Figs. 3-5 results for flat particles are presented. In Fig. 3 results for DSC versus scattering
angle for disk-spheres with aspect ratio of 20:1, but different sizes are given. One can see that
despite the main features of graphs—positions of main peaks, presence of lower secondary
peaks—preserves, the number of peaks and their height are different and that the number of
secondary peaks increases together with the dimension of particle. In Figs. 4 and 5 a comparison
for different particle shapes is presented. Like in the case of elongated particles the shape also
plays the key role for flat particles. Thus, we conclude that both for elongated and for flat particles
it is hardly possible to approximate some given shape by some more simple shapes.

4. Conclusion

A renewed effective concept based on DSM is presented in paper. The program code realized
using this concept allows to calculate light scattering by particles of extreme shapes. A high aspect
ratio of 1:50 for elongated particles and 20:1 for flat particles was achieved. Numerical results
presented in this paper show that scattering characteristics essentially depend from particles size
and shape. This means that for investigations the choice of a right model used for mathematical
modelling plays a key role.
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