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Abstract

In practical applications a precise and fast detection of the shape of a single erythrocyte from its scattering

characteristics is needed. For this reason detailed investigations of light scattering properties of erythrocyte and their

relation to shape is of great interest in recent years. In this paper we analyze light scattering behavior of different shape

models of erythrocyte using the discrete sources method. For this we compare scattering results for oblate spheroid, disk-

sphere, Cassini-based shape and a shape for a real strainless erythrocyte introduced by Skalak. Numerical results for the

scattering indicatrix and the differential cross section by different shape models and its orientations are presented.

r 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Light scattering by blood cells is recently of great interest both in mathematical modeling and in practical
applications. Between other blood cells, the red blood cell—erythrocyte—is the most studied in the last years,
because it plays an important role in blood due to its hemoglobin contain. Erythrocytes are the most
numerous cells in blood and light scattering by erythrocytes promise to be an appropriate method for
detection of some blood diseases. The erythrocyte has an advantage for modeling, as it has no internal
structure (like nucleon) and can be modeled as a homogeneous object with a certain refractive index. On the
other side light scattering simulation is difficult due to the fact that erythrocyte has a relatively large (with
respect to the exciting wavelength) size, which can vary from 4 to 9 mm in diameter and its main shape
characteristics: the natural shape of a strainless erythrocyte is a biconcave discoid. But the erythrocyte is
surrounded by a thin elastic membrane and can change its form from biconcave to toroidal or to spherical one
depending on outward conditions.

In experimental studies and medical diagnostics the precise and fast detection of the shape of erythrocytes
by its light scattering is of interest. That is why there is a need for univocal interpretation of experimental
e front matter r 2006 Elsevier Ltd. All rights reserved.
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results. To provide such accordance between measured scattering parameters of an erythrocyte with its shape a
detailed theoretical investigation is necessary. Unfortunately light scattering simulation for biconcave shapes
is not an easy task. To simplify this process often models of oblate disks and spheroids are used. In other
works the erythrocyte has been modeled based on Cassini ovals, which allow taking into account concavities
[1]. There also exist a variety of equations to approximate the real biconcave shape of a strainless erythrocyte
[2,3]. An overview can be found in [4].

Recently different methods have been applied to analyze light scattering by a single erythrocyte: finite
difference time domain (FDTD) [5,6], discrete dipole approximation (DDA) [4,6], multipole multiple
technique (MMP) [7], T-matrix [8]. Some of these methods are not applicable to the real biconcave shape of
erythrocyte and others are rather time consuming. Because of this the discrete sources method (DSM) [9] looks
very attractive, as it allows making use of the axial symmetry of the particle and polarization of the incident
excitation, which sufficiently reduces the time of computations. Besides, the DSM allows computation of
scattering for all the incident angles and polarizations at once [10], which is not possible for many other
methods.

This is a second paper where the DSM is applied to model erythrocyte. In the first paper [11] the
most common non-concave shape models, like disk-sphere and spheroid have been compared to the Skalak
model. In this paper we took a Cassini-based biconcave shape in addition to those, taken before. We also
calculated the scattering indicatrix, which can be directly measured by detecting devices like scanning flow
cytometer [12].

2. Theory outlines and numerical algorithm

Consider scattering in an isotropic homogeneous medium in R3 of an electromagnetic wave by a local
homogeneous penetrable obstacle Di with a smooth boundary. Let us introduce a cylindrical coordinate
system ðz; y;jÞ where z is the axis of symmetry of the particle and yi is an incident angle with respect to z. Then
the mathematical statement of the scattering problem can be formulated in the following form:

r �He;i ¼ ikee;iEe;i; r � Ee;i ¼ �ikme;iHe;i in De;i; De :¼ R3=Di, (1)

nP � ðEiðPÞ � EeðPÞÞ ¼ nP � E0ðPÞ; nP � ðHi �H0Þ ¼ nP �H0ðPÞ; P 2 @D (2)

and Silver–Muller radiation condition for the scattered field at infinity.
Here fE0;H0g is an exciting field, nP is the outward unit normal vector to @D, index e belongs to the external

domain De, k ¼ o=c, e;m are permittivity and permeability, Im ee;me � 0 (time dependence for the fields is
chosen as expfjotg) and the particle surface is smooth enough @D � Cð1;aÞ. Then the above boundary-value
problem is uniquely solvable [13].

The DSM is based on the conception of an approximate solution. The approximate solution is constructed
as a finite linear combination of discrete sources (DS): dipoles and multipoles deposited in a supplementary
domain inside the particle with certain amplitudes. Usually as such a domain the axis of symmetry of the
particle is used. In case of an oblate particle like erythrocyte, disk or oblate spheroid it is not always possible
to use the axis of symmetry [14]. For this purpose an analytical continuation to a complex plane is constructed.
More detailed information can be found in [11]. The deposition of DS in a complex plane allows reducing
calculation errors and time of computations.

In case of P-polarized plane wave the exciting field accepts the following form:

E0 ¼ ðex cos y0 þ eziny0Þ expf�jkeðx sin y0 � z cos y0Þg,

H0 ¼ �ey cos y0 expf�jkeðx sin y0 � z cos y0Þg,

where ke ¼ k
ffiffiffiffiffiffiffiffi
eeme

p
.

To take into account the polarization of the external excitation we use linear combinations of electrical and
magnetic multipoles. For this special vector potentials are used. For the P-polarized wave in a cylindrical
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coordinate system they can be represented as:

A1;e;i
mn ¼ fY

e;i
m ðZ;w

e;i
n Þ cosðmþ 1Þj;�Y e;i

m ðZ;w
e;i
n Þ sinðmþ 1Þj; 0g,

A1;e;i
mn ¼ fY

e;i
m ðZ;w

e;i
n Þ sinðmþ 1Þj;Y e;i

m ðZ;w
e;i
n Þ cosðmþ 1Þj; 0g,

A3;e;i
n ¼ f0; 0;Y e;i

0 ðZ;w
e;i
n Þg. ð3Þ

Here
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R2
Zwe

n
¼ r2 þ ðz� we

nÞ
2; Z ¼ ðr; zÞ; h 2ð Þ

m is a spherical Hankel function and jm is a spherical Bessel function.
Hence, the approximate solution for the P-polarized wave accepts the form:
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The approximation solution for the case of a S-polarized excitation is constructed in a similar way and has
the form:

EN
e;i

HN
e;i

 !
¼
XM
m¼0

XNz
m

n¼1

pe;i
mnD1A

1;e;i
mn þ qe;i

mn
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ez
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2;e;i
mn

� �
þ
XNz

0

n¼1

re;i
n D2A

3;e;i
n (5)

More details can be found in [11].
The constructed approximate solutions (4) and (5) satisfy Maxwell equations (1) and radiation conditions

for the scattered fields at infinity. The unknown vector of amplitudes of DS

pm ¼ pe;i
mn; q

e;i
mn; r

e;i
n

� 	Nm
e;i

n¼1

is to be determined from the transmission conditions (2). As it was mentioned above, DS are situated in a
complex plane adjoined to the symmetry axis of the particle. The approximate solutions (4) and (5) are finite
linear combinations of Fourier harmonics with respect to the j angle variable. Therefore, after resolving the
plane wave excitation into Fourier series with respect to the j angle we reduce the two-dimensional
approximation problem enforced at the particle surface to a set of one-dimensional problems at the particle
generatrix. For solving these problems the general matching-point technique is applied, more details can be
found in [15].

The exactness of the result is provided by stabilization of the scattering diagram and a posterior residual
calculation.

After DS amplitudes have been determined the far-field pattern F y;jð Þ can be computed as

EðrÞ

E0ðrÞ


 

 ¼ expð�jkerÞ

r
Fðy;jÞ þ o

1

r

� �
; r!1.

The components of the vector F y;jð Þ on the unit sphere can be determined as

Fðy;jÞ ¼ hF yðy;jÞ þ uFjðy;jÞ.
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Using an asymptotic representation for a P-polarized excitation the components of the far-field pattern
accept the following forms:

FP
y y;jð Þ ¼ F PP ¼

XM
m¼0

Am yð Þ cos mþ 1ð Þ j� A0 yð Þ,

FP
j y;jð Þ ¼ F PS ¼

XM
m¼0

Bm yð Þ sin mþ 1ð Þ j,

FS
y y;jð Þ ¼ F SP ¼

XM
m¼0

Cm yð Þ sin mþ 1ð Þ j,

FS
j y;jð Þ ¼ F SS ¼

XM
m¼0

Dm yð Þ cos mþ 1ð Þ jþ A0 yð Þ. ð6Þ

where

AmðyÞ ¼ j
XM
m¼0

ðj cosðyÞÞm
XNm

e

n¼1

fpe
mn cos yþ qe

mng expf�jkezn cos yg,

A0 yð Þ ¼ j sin y
XN0

e
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re
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e
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m¼0
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e

n¼1

ðpe
mn � qe

mn cos yÞ expf�jkezncosyg. ð7Þ

For experimental studies of blood cells scanning flow cytometers (SCF) are used. The SFC permits
measurements of the angular dependency of light scattering intensity in an angle range from 51 to 1001. The
design and basic principles of the SFC are described in [12]. The output signal of the SCF is proportional to
the following combination of Mueller matrix elements [16]:

IsðyÞ ¼
Z 2p

0

ðS11ðy;jÞ þ S14ðy;jÞÞ dj. (8)

The Mueller matrix elements are connected with far-field pattern elements (6) in the following way [17]:

S14 ¼ Im ðFPPF PSn � FSSF SPnÞ; S11 ¼
1
2
ðIPP þ IPS þ ISS þ ISPÞ, (9)

where

IPP ¼
R 2p
0 FPPFPPn df ¼ p

PM
m¼0

AmðyÞ


 

2 þ 2p A0ðyÞ



 

2; IPS ¼ p
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m¼0

BmðyÞ


 

2;

ISS ¼ p
PM

m¼0

DmðyÞ


 

2 þ 2p A0ðyÞ



 

2; ISP ¼ p
PM

m¼0

CmðyÞ


 

2: (10)

Due to the axial symmetry of erythrocyte
R 2p
0 S14 dj ¼ 0. Taking into account representations (9) and (10)

one can write (8) as

IsðyÞ ¼
p
2

XM
m¼0

AmðyÞ


 

2 þ BmðyÞ



 

2 þ CmðyÞ


 

2 þ DmðyÞ



 

2� �( )
þ p A0ðyÞ


 

2. (11)

Hence, the scattering indicatrix (11) can be easily computed as a combination of elementary functions.
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Another important light scattering characteristic we consider in our paper is the differential scattering cross
section (DSC), which can be calculated on the base of far-field pattern components (6) as follow:

DSCP;S
¼ F P;S

y ðy;jÞ


 

2 þ FP;S

j ðy;jÞ



 


2. (12)
3. Numerical results

In this paper the DSM is applied to investigate the influence of different erythrocyte shape models (Fig. 1)
on light scattering results. For this we choose two simple erythrocyte shape models: oblate spheroid and disk-
sphere and compare them to the specific equation of erythrocyte by Skalak [2]:

z2 ¼ 0:86
d

2

� �2

1�
2x

d

� �2
 !

0:01384083þ 0:2842917
2x

d

� �2

þ 0:01306932
2x

d

� �4
" #

.

Additionally we investigate a Cassini oval based shape [18]:

z ¼ �cð�a2 � x2 � ð4x2a2 þ b4
Þ
1=2
Þ
1=2,

here c is an additional factor to manipulate the thickness of the two-dimensional shape directly. We set:
a ¼ 2.2, b ¼ 2.25 and c ¼ 0.66, the result is a biconcave shape with a diameter of 6.3 mm and aspect ratio of
approximately 4:1 (Fig. 1), which is similar to the Skalak shape. The Cassini-based shape is a first analytical
non-convex shape model of erythrocyte. In contrast to the Skalak and other experimental shapes, the Cassini
model allows to represent DS in an explicit form, which gives an essential advantage in computing time.

For numerical modeling we choose the incident wavelength l ¼ 476 nm, which corresponds the wavelength
of 633 nm in water and in this wavelength we allows to ignore the absorption inside an erythrocyte. The
refractive index of erythrocyte then is n ¼ 1.06. In all the presented results the DSC and indicatrices are shown
in the direction opposite to the incident direction (y ¼ 01). All the particles have the same diameter D ¼ 6.3 mm
and aspect ratio of 4:1. In Fig. 2 numerical results for DSC (12) versus scattering angle are presented for an
incident angle y ¼ 1351. To give a better impression in Fig. 3 the same results are shown in a smaller range of
scattered angles, which are of more interest for practical applications. From comparison one can see, that the
scattering results for the disk-sphere and Cassini-based shapes demonstrate closer fitting to the results
obtained for the Skalak shape. But while the disk shape fits better for smaller scattering angles, the Cassini
shape fits better with increasing scattered angle. The spheroid seems to be the worst approximation for
erythrocyte.

In Fig. 4 results for scattering indicatrices versus scattered angle are presented for the disk-sphere for
different incidences. With increasing deviation from the axis of particles symmetry the amplitude of
oscillations gets smaller, but the oscillations do not disappear at all. In Fig. 5 scattering indicatrices are
presented for disk-sphere and oblate spheroid for side incidence (y ¼ 901). One can see that for the spheroid
oscillations are also present. We conclude that for other shapes the indicatrix behaves similar, but because of
small amplitude of oscillations it could be difficult to measure them [6].
Fig. 1. Different erythrocyte shape models.
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Fig. 2. DSC (12) versus scattering angle for different erythrocyte shapes are presented. Particles diameter D ¼ 6.3 mm, P-polarized light,

incident angle 1351.
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Fig. 3. For better overview the results of Fig. 2 are presented for the scattering angles range 10–501. Particles diameter D ¼ 6.3mm,

P-polarized light, incident angle 1351.
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Fig. 4. Scattering indicatrices versus scattered angle are presented for disk-sphere shape for different incident angles, P-polarization.
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4. Conclusion

In the paper the DSM has been applied to compare light scattering from different shapes of erythrocyte.
The differential scattering cross sections and scattering indicatrices from different shape models of the
erythrocyte have been presented. Further investigations of different erythrocyte shapes might be needed to
find the optimal mathematical model when direct modeling of light scattering by real erythrocyte shape seems
to be complicated.
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