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Abstract

A renewed algorithm of the discrete sources method (DSM) is applied to model light scattering from a human eryth-

rocyte. In contrast to traditional volume-based methods which are widely used for light scattering simulation DSM

allows calculation of scattering for all incident angles and polarizations at once. This leads to an essential reduction

of the computing time. The renewed DSM algorithm allows using a lower number of elementary sources which results

in an increased accuracy of approximation for every harmonic. In this paper, we investigate several erythrocyte shapes

such as flat spheroid and disk-sphere, which are usually used to represent the erythrocyte shape in light scattering mode-

ling. Besides conventional mathematical shapes the rigorous biconcave erythrocyte shape was investigated. This is the

first attempt to apply a semi-analytical method to model obstacle with concavities. Numerical results for light scattering

by different shape models are presented and compared with the rigorous erythrocyte shape. Some practical recommen-

dations in using appropriate models are given.
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1. Introduction

In recent years interest associated with polar-

ized light scattering by different biological objects
increased. Because biological structures are com-

plex, it is generally difficult to study light scattering

from a single object, however there are important

exceptions, the blood cells. For experimental
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studies of blood cells, the scanning flow cytometer

(SFC) can be used. SFC is designed to measure the

light-scattering pattern of individual particles [1,2].

The interaction of light and blood cells or tissue is

important for different applications, e.g., the deter-
mination of hemoglobin and volume of red blood

cells (erythrocytes), to improve differentiations of

blood cells by physical means, the determination

of oxygen concentration in tissue and the interpre-

tation of images in optical mammography. The

interested reader can obtain more information on

the interaction of light and tissue in the papers

by Tuchin [3] and Roggan [4]. Among other blood
cells the erythrocyte is very important because of

its hemoglobin content. In addition, human eryth-

rocytes do not show internal structure, providing

an opportunity to apply theoretical models of scat-

tering to these cells. However, theoretical mode-

ling of erythrocytes is still complicated, because

of it�s shape, size and optical properties. The

refractive index of an erythrocyte relative to blood
plasma belongs to the range 1.045 6 m 6 1.058,

that means that for a scattering problem, where

the incident light is a visible laser beam, an eryth-

rocyte is a low-contrast dielectric scatterer. The

size parameter band for blood cells is rather wide:

from 26 until 50, the erythrocyte itself has a size

parameter of 42, which makes modeling quite

time-consuming. Another feature we should take
into account is the complex shape of a real eryth-

rocyte [2], which can change from biconcave dis-

coid to a toroidal shape, due to the functions

which an erythrocyte has in human blood.

Recently, different methods have been applied to

model light scattering from a single erythrocyte:

Wentzel–Kramer–Brillouin approximation [5],

Mie theory, Fraunhofer and anomalous diffraction
[6], Rayleigh and Rayleigh–Gans–Debye approxi-

mation [7], Fredholm Integral Method, Boundary

Integral Equation Method [8], T-matrix [9], Dis-

crete Dipole Approximation (DDA) [10], Bound-

ary Element Method (BEM) [11] and others. To

model the erythrocyte shape, one usually uses the

model of an oblate spheroid with aspect ratio 1:4

or even an equivolume sphere. The first attempt
to solve scattering problem for real erythrocyte

shape numerically has been made by Tsinopoulos

and Polyzos [11].
In experimental studies SFC allows to measure

light scattering from a single particle in angular

range over 10–60�. The most interesting are two

directions of scattering: forward scattered and

side-scattered. The first one depends on particle
size and the second on internal particle structure.

Results obtained using SFC allow comparison of

the results of theoretical modeling with the exper-

imental results [2,10].

In this paper, the Discrete Sources Method [12]

is applied to modeling light scattering from the hu-

man erythrocyte. In the frame of DSM, the

approximate solution is constructed as a finite lin-
ear combination of the fields of Discrete Sources

(DS): dipoles and multipoles deposited in some

supplementary domain (axis of the symmetry of

imaginary plane). The representation for the

approximate solution satisfies all the conditions

of the boundary value scattering problem, except

conditions at the obstacle boundary. The un-

known amplitudes of DS are to be determined
from the transmission conditions at the obstacle

boundary. So, the boundary value scattering prob-

lem under investigation is reduced to the solution

of an approximation problem enforced at an

obstacle surface [13]. Unlike volume-based meth-

ods like DDA and FDTD, the surface-based

methods like DSM or T-matrix allow to compute

scattering for all the incident angles and polariza-
tions at once. In DSM only the surface of the

scatterer has to be discretized. In addition taking

into account of the rotational symmetry of the

erythrocyte in DSM gives an essential reduction

of calculation time compared with volume discreti-

zation methods.

To our knowledge, the paper presents the first

attempt to apply a semi-analytical method to mod-
el obstacle with concavities. On the base of DSM a

rigorous biconcave erythrocyte shape in parallel

with such common mathematical shapes, like ob-

late spheroid and disk-sphere is modeled.

First we will present the mathematical theory of

DSM. Next we will give an overview of numerical

algorithm realization and present some numerical

results for different erythrocyte shapes with de-
tailed discussion. Conclusions and recommenda-

tions in using appropriate erythrocyte models are

given at the end of the paper.
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2. Mathematical model

Let us start with the mathematical statement of

the scattering problem. We will consider scattering

in an isotropic homogeneous medium in R3 of an
electromagnetic wave by a local homogeneous

penetrable obstacle Di with the smooth boundary

oD. We use a cylindrical coordinate system (z, h,
u), z is also an axis of symmetry of a particle, hi
is an incident angle with respect to z.

We assume the time dependence to be exp(jxt).
Scattering is described by the electromagnetic

fields {En, Hn} satisfying Maxwell equations:

r�He;i ¼ jkee;iEe;i;

r� Ee;i ¼ �jkle;iHe;i;
in De;i; De :¼ R3=�Di;

ð1Þ
the boundary condition enforced on the particle

surface:

np � ðEiðPÞ � EeðP ÞÞ ¼ np � E0ðP Þ;
np � ðHiðP Þ �HeðP ÞÞ ¼ np �H0ðPÞ;

P 2 oD

ð2Þ
and Silver–Muller radiation condition at infinity

lim
r!1

ffiffiffiffi
ee

p
Ee �

r

r
� ffiffiffiffiffi

le

p
He

� �
¼ 0; r ¼ jM j ! 1:

ð3Þ
Here {E0, H0} is an exciting field, np is the unit

outward normal to oD, index e belongs to the

external domain De, i to domain inside the particle
Di, Im ee,le = 0, Im ei,li 6 0. The boundary value

scattering problem is well-known to have the un-

ique solution [14].

One of the most attractive features of DSM

consists in flexible choice of DS fields that can be

used for approximate solution construction. Addi-

tionally, there are no limitations to a choice of sup-

port of DS, which should provide fulfilling
Maxwell equations, radiation conditions and yield

a complete system of DS fields at the obstacle sur-

face [13]. For the oblate obstacles sometimes, it is

necessary to find a special DS support. One of the

possibilities DSM gives is to deposit DS in a com-

plex plane. Such procedure allows us to limit the

DS sequence when N! 1. The limitation is very

important to provide the stability of the numerical
model based on DSM. Let us shortly describe the

procedure of constructing of analytic continuation

of DS support to the complex plane with respect to

the source�s coordinate zn.

Let us shortly describe the procedure of con-
structing of an analytic continuation of DS sup-

port to the complex plane with respect to the

sources coordinate zn. We will take a halfplane

u ¼ const : U ¼ fg ¼ ðq; zÞ jq P 0; z 2 R1g
and a complex plane

eU ¼ en ¼ Reen; Imen� �
jReen; Imen 2 R1

n o
:

Assume the complex plane eU match the real axis in

such a way that Reen coincides with z. Now we can

represent the system of DS functions using the
analytical continuation as follows:

Y mnðxÞ ¼ h2m ke;R
gen� �

Pm
m cos ehen� �

� 1; cosmu; sinmuf g; n;m 2 N; ð4Þ

where

R
gen ¼ q2 þ z� en� �2

; ReR P 0;

sin eh ¼ q
R
gen ; cos eh ¼ z� en

R
gen :

Here R
gen is a function of the complex variable en

and it is chosen so that it represents a branch cor-
responding to the arithmetical root at the positive

part of the real axis.

By definition, the point en 2 eU is called image of

the point g 2 U if R
gen ¼ 0.

Lemma 1. For every point g = (q,z) 2 U there are 2

images en1;2:
Reen1;2

¼ z and Imen1;2
¼ �q: ð5Þ

Proof. The condition R
gen ¼ 0 means that

R
gen ¼ q� Imen� �

qþ Imen� �
� 2jmImen z�Reen� �

þ z�Reen� �2
¼ 0;

from the last follows (5). h



18 E. Eremina et al. / Optics Communications 244 (2005) 15–23
Lemma 2. Let g = (q,z) be localized outside or on

the surface oDi. Then the area of corresponding ana-

lytical continuation is a coherent area Den � eU,

whose boundary coincides with the generatrix of rev-

olution � eU.

Proof. The boundary of Den is defined by position

of g at the object surface. That means that the sin-

gularities are distributed in accordance to (5).

Those singularities bound the coherent area at

the complex plane eU, whose boundaries coincides
with the image of the generatrix Ł. It can be shown

that ReR
gen P 0 for every g localized outside or on

the objects surface and en 2 Den [13]. h

Notation 1. The area where R
gen is an analytical

function is symmetric corresponding to the sym-

metry axis of the scatterer in according to a

Schwarz principle.

Lemma 3. Every point en in the complex plane eU gen-

erates the circle of singularities in the real space R3.

Proof. Let us put en 2 eU then (5) provides us a sin-
gularity point g = (q,z), in accordance with (5)

q ¼ Imen��� ��� and z ¼ Reen: ð6Þ

(6) means that we have sigularities distributed on a

circle of radius q in R3. h

Lemma 4. Functions (6) with DS situated in Den
satisfy Maxwell�s equations outside the obstacle

and radiation conditions at infinity (3).

Proof. The proof is a result of Lemma 1 and

asymptotic of spherical Hankel function. h

Theorem. Let complex coordinates of DS ampli-

tudes feng1n¼1 2 Den be distributed in accordance with

Notation1 and have at least one condensing point

inside Den , then system (4) is complete and closed

in L2(oDi).

We will consider an axial symmetrical particle,

then the system of lowest order multipoles distrib-

uted over the axis of symmetry can be applied to

construct an approximation solution. As a conse-

quence the surface approximating problem can
be reduced to a number of one-dimensional prob-

lems enforced at the particle generatrix.
Let the axis of symmetry be the z-axis, DS

fzng1n¼1 distributed over a segment x0 of the

z-axis, situated inside the particle, which is cho-

sen as a closed multitude with at least one

condensing point. Then the follow results are
valid [12]:

We will construct the approximate solution by

taking into account not only the rotational sym-

metry of the obstacle, but also the polarization

of an external excitation as well.

In case of a P-polarized exciting plane wave the

exciting field accepts the following form:

E0 ¼ ðex cos h0 þ ez sin h0Þc;

H0 ¼ �eyc cos h0;

c ¼ expf�jkeðx sin h0 � z cos h0Þg;
where ke ¼ k

ffiffiffiffiffiffiffiffi
eele

p
.

To take the polarization of the external excita-

tion into account, we use some linear combination
of electrical and magnetic multipoles. For this we

need special vector potentials. In case of P-polari-

zation of the plane wave the representation for

vector potentials in a cylindrical coordinate system

can be represented as:

A1;e;i
mn ¼ fY e;i

m ðg;we;i
n Þ cosðmþ 1Þ/;

� Y e;i
m ðg;we;i

n Þ sinðmþ 1Þ/; 0g;

A2;e;i
mn ¼ fY e;i

m ðg;we;i
n Þ sinðmþ 1Þ/;

Y e;i
m ðg;we;i

n Þ cosðmþ 1Þ/; 0g:

ð7Þ

Vector potentials for vertical dipoles, which are re-

quired to provide completeness of the multipoles�s
system are

A3;e;i
n ¼ 0; 0; Y e;i

0 g;we;i
n

� �� �
:

So, the approximate solution taking into account

P-polarization of the plane wave, axial symmetry

of the particle, can be represented in the form

EN
e;i

HN
e;i

 !
¼
XM
m¼0

XNm
e;i

n¼1

pe;imnD1A
1;e;i
mn þ qe;imnD2A

2;e;i
mn

� �

þ
XN0

e;i

n¼1

re;in D1A
1;e;i
n ð8Þ
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here

D1 ¼
j

kee;ile;i
r�r

� 1
le;i

r

 !
; D2 ¼

1
ee;i
r

j

kee;ile;i
r�r

0@ 1A:

Then the following result holds:

The approximate solution (8) converges to the

exact one under fM ;Nm
e;ig tend to infinity.

In the case of an S-polarized plane wave the

exciting field has the form:

E0 ¼ eyc cos h0;

H0 ¼ ðex cos h0 þ ez sin h0Þc:
ð9Þ

The vector potentials corresponding to this case

are

A1;e;i
mn ¼ fY e;i

m ðg;we;i
n Þ sinðmþ 1Þ/;

Y e;i
m ðg;we;i

n Þ cosðmþ 1Þ/; 0g;
A2;e;i

mn ¼ fY e;i
m ðg;we;i

n Þ cosðmþ 1Þ/;
� Y e;i

m ðg;we;i
n Þ cosðmþ 1Þ/; 0g:

ð10Þ

Hence the approximate solution can be repre-

sented as

EN
e;i

HN
e;i

 !
¼
XM
m¼0

XNm
e;i

n¼1

pe;imnD1A
1;e;i
mn þ qe;imnD2A

2;e;i
mn

� �
þ
XN0

e;i

n¼1

re;in D2A
1;e;i
0n : ð11Þ

The approximate solution (11) corresponding to

S-case converges to the exact one under fM ;Nm
e;ig

tend to infinity.
3. Numerical algorithm

Let us remind that the approximate solutions

for cases of P- (8) and S-polarization (11) satisfy

Maxwell�s equation (1) and radiating conditions
at infinity (3). As the DS are situated on the sym-

metry axis of the particle, the approximate solu-

tion is a finite linear combination of Fourier

harmonics with respect to / angle variable. So,

at first we resolve the plane wave excitation into

a Fourier series with respect to / variable, using

the following resolution for the plane wave:
expf�jkeq sin h0 cos/g

¼
X1
m¼0

ð2� d0mÞð�jÞmJmðkeq sin h0Þ cosm/; ð12Þ

hi is the the incident angle of plane wave.

The approximate solution satisfies all the condi-

tions of the original scattering problem, except the

transmission conditions. Therefore, the unknown

vector of amplitudes of DS

pm ¼ fpe;imn; qe;imn; re;in g
Nm

e;i

n¼1; ð13Þ
where pe;imn are amplitudes of electric, qe;imn are the

magnetic and re;in are the vector dipoles in repre-

sentations (8) and (11), is to be determined from

the transmission conditions (3). Taking into ac-

count, the dependence of the plane wave on

the u angle, we can reduce the surface approxi-
mation problem enforced at the particle surface

to a sequence of one-dimensional problems at

the particle generatrix Ł. For solving this prob-

lem, we will use the General Matching-Point

Technique [15]. At first we choose matching

points fglg
L
l¼1 distributed homogeneously over

Ł. Then by matching the representation for the

approximate solution and external excitation at
the set of matching points and using the axial

symmetry we pass from the surface approxima-

tion to the approximation for each Fourier har-

monic. As a consequence the unknown vectors

of amplitudes pm can be found as a pseudosolu-

tion of a over-determined system of linear equa-

tions [16].

The main feature of the extended DSM algo-
rithm described above to the conventional DSM

one [13] consist in deposition of DS in a complex

plane.

After DS amplitudes fpmg
M
m¼�1 have been deter-

mined, the far field pattern can be computed [14]:

EðrÞ
jE0ðrÞj

¼ expð�jkerÞ
r

Fðh;/Þ þ o
1

r

	 

; r ! 1:

ð14Þ
The vector F(h,/) has two components in the far

zone / and h, so that its components are deter-
mined at the unit sphere as

Fðh;/Þ ¼ h � F hðh;/Þ þ / � F /ðh;/Þ: ð15Þ



20 E. Eremina et al. / Optics Communications 244 (2005) 15–23
Using asymptotic representation for Ymn for a P-

polarized exciting plane wave the far field pattern

accepts the form:

F P
h ðh;uÞ ¼ j

XM
m¼0

cosðmþ 1Þuðj sin hÞm

�
XNm

e

n¼1

fpemn cos hþ qemngGn

� j sin h
XN0

e

n¼1

renGn;

F P
uðh;uÞ ¼ �j

XM
m¼0

sinðmþ 1Þuðj sin hÞm

�
XNm

e

n¼1

fpemn þ qemn cos hgGn;

where Gn ¼ expf�jkezn cos hg:

ð16Þ

Last term in FP corresponds to vertical dipoles.

For S-polarized excitation the far field compo-

nents can be written as follows:

F S
hðh;uÞ¼ j

XM
m¼0

sinðmþ1Þuðj sinhÞm

�
XNm

e

n¼1
fpemn cosh�qemngGn;

F S
uðh;uÞ¼ j

XM
m¼0

cosðmþ1Þuðj sinhÞm

�
XNm

e

n¼1

fpemn�qemn coshgGnþ j sinh
XN0

e

n¼1

renGn:

ð17Þ
4. Results and discussion

In this section, we will discuss some numerical

results. The aim of the investigation was to find

out if the commonly used shape models for

erythrocyte modeling, like oblate spheroid and

disk-sphere, give acceptable results in compari-

son with the rigorous shape. We investigated dif-
ferential scattering cross-section, which can be

calculated analytically via the components of

the far field pattern given in (16) and (17)

respectively:

DSCP;S ¼ jF P;S
h ðh;/Þj2 þ jF P;S

/ ðh;/Þj2: ð18Þ
As external media for our erythrocyte we have

chosen water, as its refractive index is very close

to plasma and is often used for modeling. As inci-

dent wavelength we took k = 476 nm, that corre-

sponds k = 632.8 nm in water. The refractive
index of erythrocyte with respect to the water:

n = 1.058, diameter D = 6.3 lm. For oblate sphe-

roid and disk-sphere, we took the same diameter

and aspect ratio of 1:4 which is widely used in

investigations. At first we would like to present

some results for the rigorous shape [2] which can

be described by:

z2 ¼ 0:86d
2

	 
2

1� 2x
d

	 
2
" #

0:01384083

þ0:2842917
2x
d

	 
2

þ0:01306932
2x
d

	 
4

: ð19Þ

In Fig. 1, the real human erythrocyte shape,

disk-sphere model and oblate spheroid model are

shown in 3D-view and as 2D cut. In Fig. 2, the

computational results for the real erythrocyte

shape with the incident angle hi = 150� for P and

S polarized excitation are presented. In Fig. 3, re-
sults are shown for incident angles hi = 120� and

hi = 180�. From Figs. 2 and 3, one can see that var-

ying of the incident angle does not only change the

position of the main peaks, but also the shape of

graphs for both polarizations.

In Fig. 4, results of comparison of three different

shapes are shown for hi = 135� and P-polarized

light. In Fig. 5 similar results are shown for
hi = 180�. From Figs. 4 and 5, it seems that the

model of disk-sphere is more acceptable to approx-

imate real erythrocyte shape. So we will investigate

in more details the scattering angle band 10–50�
which includes the band of most interest in cytom-

etry: 15–40�. Problems can appear due to a shift

of the position of themain peak under different inci-

dent angles, because one can see from Figs. 4 and 5
that under different incident angles different part of

scattering diagram appears in angle band 10–50�.
In Figs. 6–9, results of comparing different

shapes for different incident angles are shown. In

Figs. 6 and 7, results for incidence hi = 180� are

presented P and S-polarized light, respectively,

for the chosen band of scattering angles. From

comparison one can see that for both P and



Fig. 1. Shape models 3D-view (above) and 2D-cut (below): real human erythrocyte (left), disc-sphere (middle), oblate spheroid (right).
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Fig. 2. Dependence of DSC from scattering angle h in the plane

of incidence u = 0, from rigorous erythrocyte shape for the

incident angle of plane wave hi = 150�, P and S polarized light.
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Fig. 3. Dependence of DSC from scattering angle h in the plane

of incidence u = 0, from rigorous erythrocyte shape for

hi = 120� and hi = 180�, P and S polarized light.
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Fig. 4. DSC versus scattering angle for P-polarization from

different shape models for hi = 135�.

-180 -120 -60        0 60 120 180
1E-6
1E-5
1E-4
1E-3
0,01
0, 1

1
10

100
1000

10000
Erythrocyte
Oblate 4:1
Disc-sphere

Scattering angle (deg.)
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different shape models for hi = 180�.
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S-polarized light the model of disk-sphere shows

reasonable agreement with the rigorous shape. In

Fig. 8, similar results are shown for incidence
hi = 150�, P polarization, here the model of disk-

sphere also fits good with rigorous one. And in

Fig. 9 similar results for P polarization are shown

for incidence hi = 135�. Here the difference
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Fig. 9. DSC versus scattering angle for P-polarization from

different shape models for hi = 135� in scattering angle band 10–

50�.
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Fig. 8. DSC versus scattering angle for P-polarization from

different shape models for hi = 150� in scattering angle band 10–
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Fig. 6. DSC versus scattering angle for P-polarization from

different shape models for hi = 180� in scattering angle band 10–
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Fig. 7. DSC versus scattering angle for S-polarization from

different shape models for hi = 180� in scattering angle band 10–
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between disk-sphere is more obvious, but still bet-

ter then between rigorous shape and oblate sphe-

roid. With decreasing incident angle the

difference between the models becomes more obvi-

ous, but the shape of disk-sphere shows better

agreement to the real shape. This fact allows us

to conclude that in theoretical investigations it is

better to use the rigorous erythrocyte shape, but
in cases where some approximations are necessary,

for example to reduce time of calculations or use

more powerful methods such as T-matrix method

which are not able to deal with concavities, it

seems to be more reasonable to use the model of

disk-sphere instead of widely used spheroid model.
In conclusion we would like to mention that the

most time-consuming calculation for rigorous

erythrocyte shape (for all the incident angles and

polarizations at once) took less then a minute for

Pentium IV 1600 Hz with 512 Mb RAM. The most

advanced DDA algorithms need at least several

minutes for every incident angle. The important

feature of DSM consist in possibility to calculate
an a-posterior residual of the obtained results

[13]. It is also possible to reduce the residual by

choosing number of discrete sources N and match-

ing points L. In presented results the residual does

not exceed 0.1% further decreasing of the residual
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is useless, because the results does not change with

residual reduction.
5. Conclusions

A renewed algorithm of the DSM was applied

to model light scattering by the human red blood

cell. The main differences of the extended DSM

scheme to the conventional DSM one [13] are: dif-

ferent numbers of DS are used for the representa-

tion of the scattered field outside and total field

inside the particle, and the number of DS depends
on the rank of Fourier harmonics. This means that

for higher harmonics the lower numbers of multi-

poles are used. Such novations allow using a lower

number of DS and increasing the accuracy of har-

monics approximation. Additionally we should

mention that the modeling of exact erythrocyte

shape requires 45 Fourier harmonics, which has

never been achieved before. Such approach ena-
bles to acquire a more accurate simulation results,

provides a monotone decrease of the surface resid-

ual and to reduce the demand on computer

resources for a large particles, like erythrocyte,

compared to the conventional DSM model. Appli-

cability of the renewed algorithm is checked by

calculation of the surface residual.

The results obtained on the base of the new
scheme allows us to recommend using the less pop-

ular model of disk-sphere instead of the spheroid

model in cases where such approximation is still

needed.
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