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Abstract
The discrete sources method has been extended to analyse P or S polarized
evanescent wave scattering by a dielectric particle located on a layered
interface. This was done to develop a light scattering simulation model for
total internal reflection microscopy. The influence of metallic layers on the
prism surface is investigated. Numerical results for the objective response
versus particle height and the scattering cross-section are presented.
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(Some figures in this article are in colour only in the electronic version)

1. Introduction

Since its invention in the mid-1980s [1] total internal reflection
microscopy (TIRM) has proven to be an extremely sensitive
technique for measuring weak interaction forces between
colloidal particles and plane surfaces with a resolution down
to a few femtonewtons [2]. Compared to other methods for
measuring colloidal interactions like using the surface force
apparatus [3] and atomic force microscopy [4], TIRM is the
more sensitive technique because it utilizes the Brownian
fluctuations of a free colloidal particle to deduce the interaction
potential. Reviews of the state of the TIRM technique can be
found in [5–7].

In TIRM-based experiments typically there is water
containing colloidal particles situated near a glass prism. A
laser beam propagating in the prism hits the prism–water
interface at an angle slightly above the angle of total internal
reflection. As a result an evanescent field appears close to
the surface. Particles dispersed in the water start to scatter
evanescent light and a detector registers its intensity. The
scattering intensity contains information about the particle and

its distance from the surface. For analysis of the measured
signals the TIRM method requires precise knowledge of the
particle–wall distance dependence of the scattering intensity.
For this purpose modern modelling methods can be used.
The discrete sources method (DSM) [8, 9] has already been
applied to model TIRM experiments. In [10] measurement
results have been compared to the DSM model for a prism.
To enlarge the spectrum of substrates suitable for TIRM,
gold (Au) coated substrates are of interest. They can easily
be functionalized with self-assembled monolayers via thiol
bonds [11]. The functionalization will enable measurements
with biologically functionalized surfaces. Films in particular
increase the scattering cross-section [12]. For technical reasons
an additional layer of titanium (Ti) or chrome (Cr) is required
in between glass and gold to modify the wetting properties
of the Au coating from non-wetting to wetting. In this paper
we present a modification of the DSM, which allows taking
into account multilayered structure deposited on the prism
surface.

In the following sections we will discuss the theoretical
foundations of the DSM. In the last section of the paper we
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Figure 1. Model geometry: a particle deposited on a layered glass
surface.

present numerical results; a short discussion is given in the last
section as well.

2. Discrete sources method

In this section the DSM model for evanescent wave scattering
analysis is considered. We start with the mathematical
statement of the polarized light scattering problem. Consider
a spherical penetrable particle with interior domain Di and
smooth boundary S that is deposited above the plane surface
�2 (z = d2) of a final layer (figure 1).

We denote the prism domain by D0 and the ambient
space exterior to the particle by D3. Let us introduce a
Cartesian coordinate system Oxyz by choosing its origin O at
the intersection point of the axis of symmetry of the particle
and the plane �0 (z = 0). The z-axis coincides with the axis
of symmetry of the particle and is directed into domain D3. A
titanium (Ti) film occupying domain D1 with upper boundary
�1 (z = d1) is located on planar surface �0 of a glass prism.
A gold (Au) film occupying domain D2 with upper boundary
�2 is located on the Ti film. We assume that the exciting field
{E0, H0} is a linear polarized plane wave propagating inside the
glass prism at angle β0 with respect to the z-axis. According to
the Snell’s law the wave {Ei

3, Hi
3} refracted into D3 propagates

at angle β3 to the z-axis. Then the mathematical statement of
the scattering problem can be formulated in the following form:

∇ × Hl = jkεlEl, ∇ × El = −jkμlHl,

in Dl, l = 0, 3, i,

n × (Ei − E3) = 0 n × (Hi − H3) = 0 at S

ez × (El+1 − El) = 0 ez × (Hl+1 − Hl) = 0

at �l where l = 0, 2, i

(1)

and radiation (attenuation) conditions at infinity in D3.
Here, n is the outward unit vector normal to S, k = ω/c

and {El, Hl} stands for the total field in the corresponding
domain Dl , ez is the unit vector along the z-axis. Note that
the total field in D3 is a superposition of the refracted exciting

field and the scattered one, that is E3 = Es
3 + Ei

3, H3 =
Hs

3+Hi
3. If Im εζ , μζ � 0 (the time dependence for the fields is

chosen as exp{jωt}) and the particle surface is smooth enough,
S ⊂ C(2,α), then the above boundary value problem is uniquely
solvable.

The solution of the boundary value problem is constructed
following the DSM scheme [9]. First the diffraction problem of
the plane wave on the layered interface is solved. The resulting
field {Ei

l , Hi
l } satisfies all the boundary conditions at �0,1,2.

Then we construct an approximate solution to the scattering
problem (1) via the DSM by representing the electromagnetic
fields as a finite linear combination of the fields of dipoles
and multipoles which satisfy analytically the transmission
conditions enforced at the plane interfaces �0,1,2 [13]. The
approximate solution satisfies the Maxwell equations in the
domains Dl, l = 0, 3, infinity conditions and the transmission
conditions at the interfaces �0,1,2. Thus, the scattering problem
is reduced to the problem of approximating the exciting field
on the particle surface S. The amplitudes of discrete sources
are determined from the boundary conditions at the particle
surface, which can be rewritten as

n× (Ei −Es
3) = n×Ei

3, n× (Hi −Hs
3) = n×Hi

3 at S.

(2)
To construct the fields of dipoles and multipoles that

analytically satisfy the transmission conditions at the plane
interfaces �0,1,2 we apply the Green’s tensor for a stratified
interface [13].

An approximate solution of the scattering problem is
constructed fulfilling the transmission conditions on plane
interfaces �0,1,2, taking into account the rotational symmetry
of the scattering problem geometry (particle plus layered
interface) and polarization of the exciting field [9].

First, let us consider a P polarized exciting plane wave. In
this case, the refracted plane wave in D3 adopts the following
form:

Ei
3(r) = T P

3 (−ex cos β3 + ez sin β3) exp{−jk3(x sin β3

+ z cos β3)},
Hi

3(r) = T P
3Ln3ey exp{−jk3(x sin β3 + z cos β3)},

(3)

where (ex , ey, ez) are unit vectors of the Cartesian coordinate
system, n3 = √

ε3μ3 is the refractive index of the ambient
space and T P

3 is the transmission coefficient for P polarization
corresponding to the multilayered interface considering Snell’s
law: n0 sin β0 = n3 sin β3. If β0 > βc = arcsin(n3/n0)

the exciting wave is totally reflected from plane �2 and only
an evanescent wave expanding along surface �2 and damped
along the ez direction is present in D3. It follows from Snell’s
law that in this case cos β3 becomes purely imaginary. We must
choose its value as cos β3 = −j

√
sin2 β3 − 1, since otherwise

the amplitude of the refracted wave would tend to infinity with
increasing distance from the interface �2. So the plane wave
looks like exp{−jk3x sin β3} exp{−k3z

√
sin2 β3 − 1}.

As mentioned above, the approximate solution of
the scattering problem is constructed by taking into
account not only the rotational symmetry of the scattering
problem geometry, but also the polarization of the external
excitation [9].
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For P polarized excitation we will use the Fourier series
for the plane wave with respect to the angle ϕ:

exp{−jkeρ sin β3 cos ϕ}
=

∞∑

m=0

(2 − δ0m)(−j)m Jm(keρ sin β3) cos mϕ.

For the Fourier harmonics of the τ, ϕ field components we get

Ei
3 · τ = eP,τ

m+1(η) cos(m + 1)ϕ,

Ei
3 · eϕ = eP,ϕ

m+1(η) sin(m + 1)ϕ,

Hi
3 · τ = h P,τ

m+1(η) sin(m + 1)ϕ,

Hi
3 · eϕ = h P,ϕ

m+1(η) cos(m + 1)ϕ,

where τ is a vector tangential to the generatrix � and eϕ is a
unit vector of the cylindrical coordinate system.

According to this we use for a P polarized exciting plane
wave (3) the following electric and magnetic vector potentials
corresponding to the multipoles:

Ae,0
mn(r) = {ge

m(η, zn) cos(m + 1)ϕ;−ge
m(η, zn) sin(m + 1)ϕ;

− fm+1(η, zn) cos(m + 1)ϕ},
Ah,0

mn (r) = { gh
m(η, zn) sin(m + 1)ϕ; gh

m(η, zn) cos(m + 1)ϕ;
− fm+1(η, zn) sin(m + 1)ϕ},

Ae,h,0
0n (r) = {0; 0; gh,e

0 (η, zn)};
(4)

where ge,h
m , fm are the Fourier harmonics relating to the Green

tensor Fourier components, which adopt the form of Weyl–
Sommerfeld integrals:

ge,h
m (η, zn) =

∫ ∞

0
Jm(λρ)v

e,h
11 (z, zn, λ)λ1+m dλ,

fm(η, zn) =
∫ ∞

0
Jm(λρ)v31(z, zn, λ)λ1+m dλ.

(5)

Here Jm is the cylindrical Bessel function, (ρ, ϕ, z) are the
cylindrical coordinates, point η = (ρ, z) belongs to the semi-
plane ϕ = 0, R2

ηzn
= ρ2+(z−zn)

2, while {zn}∞n=1 is a dense set
of discrete source points distributed over a segment �0

z ∈ Di

of the axis of symmetry and v
e,h
11 (z, zn, λ), v31(z, zn, λ) are

the corresponding spectral functions. The spectral functions
provide the continuity of the field tangential components at the
interfaces �0,1,2 and can be represented as

v
e,h
11 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

exp {−η3 |z−zn |}
η3

+ Ae,h+
3 (λ, zn) exp {−η3 |z−d2|} ,

z � d2, zn > 0

Ae,h−
l (λ, zn) exp {−ηl |z − dl+1|}
+ Ae,h+

l (λ, zn) exp {−ηl |z − dl |} ,

dl+1 � z � dl ;
Ae,h−

0 (λ, zn) exp {η0z} ,

z � 0

v
e,h
31 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Be,h+
3 (λ, zn) exp {−η3 |z − d2|} ,

z � d2, zn > 0

Be,h−
l (λ, zn) exp {−ηl |z − dl+1|}
+ Be,h+

l (λ, zn) exp {−ηl |z − dl |} ,

dl+1 � z � dl ;
Be,h−

0 (λ, zn) exp {η0z} ,

z � 0

where η2
ζ = λ2 − k2

ζ . The spectral coefficients A and B can be
determined from the one-dimensional transmission conditions
at z = dl , l = 0, 2, which adopt the form [9]

[ve
11] =

[
1

μ

∂ve
11

∂z

]
= 0, [ve

11] =
[

1

ε

∂vh
11

∂z

]
= 0,

[
1

μ
ve

31

]
= 0,

[
1

εμ

∂ve
31

∂z

]
=

[
1

εμ

]
ve

11,

[
1

ε
vh

31

]
= 0,

[
1

εμ

∂vh
31

∂z

]
=

[
1

εμ

]
vh

11.

where [ ] is a jump of values. In particular, the equality
ve

31 = vh
31 holds at z � d2.

For the total field inside particle Di we determine the
following vector potentials [9]:

Ae,i
mn(r) = {J i

m(η, zn) cos(m + 1)ϕ;
−J i

m(η, zn) sin(m + 1)ϕ; 0},
Ah,i

mn(r) = {J i
m(η, zn) sin(m + 1)ϕ;

J i
m(η, zn) cos(m + 1)ϕ; 0},

Ae,h,i
0n (r) = {0; 0; J i

0(η, zn)};

(6)

where J i
m(η, zn) = jm(ki Rηzn )(ρ/Rηzn )

m , and jm are the
spherical Bessel functions. We now introduce the following
notation:

↔
R

ζ

1 =
(

j/kεζμζ ∇ × ∇×
−1/μζ ∇×

)
,

↔
R

ζ

2 =
(

1/εη ∇×
j/kεζμζ ∇ × ∇×

)
.

By this, we can represent the approximate solution of the
scattering problem for the P polarized excitation as [13]

(
Eζ

N

Hζ

N

)
=

M∑

m=0

N ζ
m∑

n=1

{
pζ

mn

↔
R

ζ

1Ae,ζ
mn + qζ

mn

↔
R

ζ

2Ah,ζ
mn

}

+
N ζ

m∑

n=1

r ζ
n

↔
R

ζ

1Ae,ζ
n ; ζ = 3, i. (7)

The last term in (7) is associated with vertical electric dipoles.
Here, N is a complex index incorporating M and N ζ

m . Let
us emphasize that in the frame of the DSM, the scattered
field {Eζ

N , Hζ

N } in domains D0,1,2,3 can be represented in
terms of the unitary set of amplitudes {p3

mn, q3
mn, r 3

n } after the
transmission conditions at the interfaces �0,1,2 are satisfied
using Green’s tensor components (5) [13].
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Let us consider next S polarization of the exciting plane
wave

Ei
3 (r) = T S

3 ey exp {−jk3 (x sin β3 + z cos β3)} ,

Hi
3 (r) = T S

3 n3 (−ex cos β3 + ez sin β3)

× exp {−jk3 (x sin β3 + z cos β3)} ,

(8)

where the T S
3 Fresnel coefficients associated with interfaces

�0,1,2.
The Fourier components are taking the form

E0 · τ = eS,τ
m+1(η) sin(m + 1)ϕ,

E0 · eϕ = eS,ϕ

m+1(η) cos(m + 1)ϕ

H0 · τ = hS E,τ
m+1 (η) cos(m + 1)ϕ,

H0 · eϕ = hS,ϕ

m+1(η) sin(m + 1)ϕ.

To take into account the polarization of the external excitation
in the S case (8) we use the following electric and magnetic
potentials:

Ae,0
mn(r) = {ge

m(η, zn) sin(m + 1)ϕ; ge
m(η, zn) cos(m + 1)ϕ;

− fm+1(η, zn) sin(m + 1)ϕ},
Ah,0

mn (r) = {gh
m(η, zn) cos(m + 1)ϕ;−gh

m(η, zn) sin(m + 1)ϕ;
− fm+1(η, zn) cos(m + 1)ϕ},

Ae,h,0
0n (r) = {0; 0; gh,e

0 (η, zn)}.
(9)

So, for S polarization the approximate solution adopts the
following form:

(
Eζ

N

Hζ

N

)
=

M∑

m=0

N ζ
m∑

n=1

{
pζ

mn

↔
R

ζ

1Ae,ζ
mn + qζ

mn

↔
R

ζ

2Ah,ζ
mn

}

+
N ζ

m∑

n=1

r ζ
n

↔
R

ζ

2Ah,ζ
n ; ζ = 3, i. (10)

The last term in (10) is associated with vertical magnetic
dipoles [14]. The difference between (7) and (10) is caused by
the fact that for S polarization vector Hi

3 belongs to the incident
plane.

The completeness of the system of lowest order distributed
multipoles used in (7), (10) guarantees the convergence of the
approximate solution to the exact one in any closed subset of
D3 [9].

As mentioned above, representations (7), (10) satisfy
all the conditions of the scattering problem (1) except the
transmission conditions at the particle surface (2). These
conditions are employed to determine the amplitudes of
discrete sources {p3,i

mn, q3,i
mn, r 3,i

n }. Since the scattering problem
geometry is axially symmetric with respect to the z-axis and
the discrete sources are distributed along the axis of symmetry,
fulfilling the transmission conditions (2) at surface S can
be reduced to the sequential solution of the transmission
problems for the Fourier harmonics of the fields. So, instead
of matching the fields on the scattering surface (see (2)),
we can match their Fourier harmonics, thus reducing the
approximation problem on the surface to a set of problems
enforced at the particle surface generatrix �. The unknown

vector of discrete source’s amplitudes {p3,i
mn, q3,i

mn, r 3,i
n } can be

determined as a pseudosolution of an overdetermined system
of linear equations

Bmpm = qm, m = 0, . . . , M.

Here Bm is a rectangular matrix Bm = [Bm
ji ], j = 1, . . . , 4L ,

i = 1, . . . , 2(Nm
i + Nm

3 ). The reasonable ratio of matching
points and number of DS was established as 2 < L/(Nm

i +
Nm

3 ) < 4. The vector of unknown amplitudes pm has the
length 2(Nm

i + Nm
3 ) and the vector in the right-hand side can

be represented as 4L vector in the following form:

qm =
(

e0τ
m+1,l , e0ϕ

m+1,l , h0τ
m+1,l , h0ϕ

m+1,l

)T
,

where

e0τ
m+1,l = e0τ

m+1,l (ηl) , h0τ
m+1,l = h0τ

m+1,l (ηl) .

The components of the vector for the P polarized excitation
can be written as

e0τ
m+1,l(η) = α cos β3(−j)m T P

3 [Jm(k3ρ sin β3)

− Jm+2(k3ρ sin β3) + 2jγ sin β3 Jm+1(k3ρ sin β3)]
× n3 exp{−jk3z cos β3},

e0ϕ

m+1,l(η) = − cos β3(−j)m T P
3 [Jm(k3ρ sin β3)

+ Jm+2(k3ρ sin β3)]n3 exp{−jk3z cos β3},
h0τ

m+1,l(η) = −α(−j)m T P
3 [Jm(k3ρ sin β3)

+ Jm+2(k3ρ sin β3)]n3 exp{−jk3z cos β3},
h0ϕ

m+1,l(η) = (−j)m T P
3 [−Jm(k3ρ sin β3)

+ Jm+2(k3ρ sin β3)]n3 exp{−jk3z cos β3}
where T P

3 is calculated using the following recursion [15]:

ri = ni−1 cos βi − ni cos βi−1

ni−1 cos βi + ni cos βi−1
,

ti = 2ni−1 cos βi−1

ni−1 cos βi + ni cos βi−1
,

RL = 0,

RL−1 = rL , Ri = ri+1 + Ri+1 exp {−2δi+1}
1 + ri+1 Ri+1 exp {−2δi+1} ,

i = L − 2, 0.

T1 = t1, Ti+1 = Ti ti+1 exp {−δi}
1 + ri Ri exp {−2δi} ,

i = 1, L − 1.

T P
3 = TL .

Here ri and ti are the coefficients of reflection and refraction on
the boundary �i respectively and Ri and Ti are the coefficients
of reflection and refraction in media Di+1, taking into account
the layered interface δi = di+1 − di .

In the case of S polarized excitation the components are
presented in the form

e0τ
m+1,l(η) = α(−j)m T S

3 [Jm(k3ρ sin β3)

+ Jm+2(k3ρ sin β3)]n3 exp{−jk3z cos β3},
e0ϕ

m+1,l(η) = (−j)m T S
3 [Jm(k3ρ sin β3)

− Jm+2(k3ρ sin β3)]n3 exp{−jk3z cos β3},
h0τ

m+1,l(η) = α cos β0(−j)m T S
3 [Jm(k3ρ sin β3)
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− Jm+2(k3ρ sin β3) + 2jγ sin β3 Jm+1(k3ρ sin β3)]
× n3 exp{−jk3z cos β3},

h0ϕ

m+1,l(η) = − cos β3(−j)m T S
3 [Jm(k3ρ sin β3)

+ Jm+2(k3ρ sin β3)]n3 exp{jk3z cos β3},

where

ri = ni−1 cos θi−1 − ni cos θi

ni−1 cos θi−1 + ni cos θi
,

ti = 2ni−1 cos θi−1

ni−1 cos θi−1 + ni cos θi
.

Here (α, 0, γ ) is a vector, tangential to the generatrix at the η-
point, (ρ, z) are the coordinates of the matching point. Because
the Fourier harmonics do not depend on the ϕ-angle, the linear
system corresponding to vertical electric or magnetic dipoles
for both polarizations can be written as

B−1p−1 = q−1

where B−1 has the dimension of 2L × (Nm
i + Nm

3 ), the right-
hand side vector has the length 2L and the unknown vector of
amplitudes has length (Nm

i + Nm
3 ).

Then for P polarization we have

e0ϕ

0 (η) = −jT P
3 [α cos θ3 J1(k3ρ sin θ3)

+ β sin θ3 J0(k3ρ sin θ3)] exp{−jk3z cos θ3},
h0τ

0 (η) = jT P
3 J1(k3ρ sin θ3) exp{−jk3z cos θ3}n3.

And for S polarization

e0τ
0 (η) = jT S

3 J1(k3ρ sin θ3) exp{−jk3z cos θ3},
h0ϕ

0 (η) = −jT S
3 [α cos θ3 J1(k3ρ sin θ3)

+ β sin θ3 J0(k3ρ sin θ3)] exp{−jk3z cos θ3}n3.

As DSM is a direct method it allows one to solve the
scattering problem for the entire set of incident angles β0 and
both polarizations (P and S) at once. Besides, the numerical
scheme provides an opportunity to control the convergence of
the approximate solution by posterior error estimation [9].

After the amplitudes of the discrete sources are
determined, one can compute the far field pattern F(θ, φ) of
the scattered field, which is determined at the upper part of the
unit semi-sphere � = {0◦ � θ < 90◦, 0◦ � ϕ � 360◦} and is
given by

Es
3(r)/E0(0) = exp{jk0r}

r
F(θ, ϕ) + O(r−2) z > 0,

r → ∞.

Here FP,S(θ, ϕ) = F P,S
θ eθ + F P,S

ϕ eϕ .

By asymptotical estimation of the Weyl–Sommerfeld
integrals involved in (5) the representation of the elements of
the far field pattern takes the form of a finite linear combination

of elementary functions [9]:

F P
θ (θ, ϕ) = jk3

M∑

m=0

cos[(m + 1)ϕ] (jk3 sin θ)m

×
N m

0∑

n=1

{
p0

nm cos θ
[
γ ′

n + (
νe

n − νn sin2 θ
)
γn

]

+ q0
nm

(
γ ′ + νh

n γn

)} − jk3 sin θ

N 0
0∑

n=1

r 0
n

(
γ ′ + νhγn

)
,

F P
ϕ (θ, ϕ) = −jk3

M∑

m=0

sin[(m + 1)ϕ] ( j sin θ)m

×
N m

0∑

n=1

{
p0

nm

(
γ ′ + νh

n γn
)

+ q0
nm cos θ

[
γ ′

n + (
νe

n − ν sin2 θ
)
γn

]}
,

(11)

and for S polarized excitation following representation (10)
one gets

F S
θ (θ, ϕ) = jk3

M∑

m=0

sin[(m + 1)ϕ] (j sin θ)m

×
N m

0∑

n=1

{
p0

nm cos θ
[
γ ′

n + (
νe − ν sin2 θ

)
γn

]

− q0
nm

(
γ ′ + νhγn

)}
,

F S
ϕ (θ, ϕ) = jk3

M∑

m=0

cos[(m + 1)ϕ] (j sin θ)m

×
N m

0∑

n=1

{
p0

nm cos θ
[
γ ′

n + (
νe

n − ν sin2 θ
)
γn

]

− q0
nm

(
γ ′ + νh

n γn

)} + jk3 sin θ

N 0
0∑

n=1

r 0
n

(
γ ′ + νe

nγn

)
,

(12)

where the corresponding spectral functions adopt the form

νe
n (θ, zn) = jk3 cos θ exp{jk3d2 cos θ}Ae,h

11 (k3 sin θ, zn) ,

νh
n (θ, zn) = jk3 cos θ exp{jk3d2 cos θ}Ae,h

31 (k3 sin θ, zn) ,

γn = exp{−jk3zn cos θ}, γ ′
n = exp{jk3zn cos θ}.

Hence, after the unknown amplitudes of discrete sources
are determined, far field patterns for P /S polarization (11)
and (12) are represented as finite linear combinations of
elementary functions. This circumstance ensures fast and
effective computer analysis of the scattering characteristics in
the wave zone.

3. Results and discussion

In this section we present computer simulation results for
the conversion of evanescent waves into scattered ones by a
particle deposited on a metal-filmed glass prism. We consider
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Figure 2. Objective response (14) versus particle height (h) for
different particle diameters in the presence of layers and without;
P polarization.

the differential scattering cross-section (DSC), which is given
by

DSCP,S (β0, θ, ϕ) =
∣∣
∣F P,S

θ (β0, θ, ϕ)

∣∣
∣
2 + ∣∣F P,S

ϕ (β0, θ, ϕ)
∣∣2

.

(13)
Here F P,S

θ,ϕ (θ, ϕ) are the components of the far field
pattern (11), (12) corresponding to the P /S polarized excitation
measured in μm2. In this paper we will also examine the
objective response function, which is plotted as a function of
height. It represents the integrated intensity scattered into the
prescribed solid angle

σS(β0) =
∫

�

DSCP,S (β0, θ, ϕ) dω, (14)

where � = {0◦ � θ < 90◦, 0◦ � φ � 22.08◦}, which
corresponds to the numerical aperture of the objective lens
NA = 0.5. The integral response is used to evaluate scattered
intensity captured by the objective lens [10].

We use an exciting plane wave with a free space
wavelength of λ = 658 nm and a glass prism having a
refractive index of n0 = 1.46. We assume that a PSL
particle with a refractive index ni = 1.59 is located in water
characterized by a refractive index n3 = 1.33. The glass prism
is coated by films of Ti of thickness d1 = 3 nm and refractive
index n1 = 2.24 − 3.01i and Au of thickness d2 − d1 = 10 nm
and n2 = 0.164 − 3.22i. So, an evanescent wave appears at
incident angles β0 > βc. The critical angle corresponding to
arcsin(n3/n0), in this particular case, is βc ≈ 61.05◦. We will
mostly use an incident angle β0 = 63◦. Recall that β0 = 0◦
corresponds to a plane wave propagating normally to the prism
surface.

We start with comparison of computational results for
different particle diameters. Figures 2 and 3 demonstrate
the objective response (14) versus particle height (h) for
different particle diameters between 1 and 0.1 μm in the
presence of films. For comparison one curve calculated for
the plain substrate (without film) is included in each figure.
Without layers the decay is almost exponential as expected
from previous studies [10]. Smaller deviations from a simple
exponential decay increase with decreasing particle diameter.
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Figure 3. Objective response versus particle height for different
particle diameters in the presence of layers and without;
P polarization.
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Figure 4. Objective response versus particle height for different
particle diameters in the presence of layers and without;
S polarization.

In the presence of a Ti/Au bilayer oscillatory deviations from
an exponential decay become significant. The amplitude of
oscillations also increases with decreasing particle size. In
contrast to results for substrates without layers the phase of the
superimposed oscillations in figures 2 and 3 strongly depends
on the size of the particle. In view of possible TIRM scattering
experiments on substrates with strongly reflecting layers, it
is noteworthy that for most particle diameters simulated, the
intensity distance relation is no longer monotonic. This results
in an unambiguous relation between particle–wall distance and
scattering intensity. Under these conditions the interpretation
of TIRM scattering data will become very challenging if not
impossible.

Figure 4 shows a selection of curves calculated for S
polarized illumination and otherwise identical parameters as
in figures 2 and 3. Qualitatively the features are similar but the
oscillations have larger amplitude for S polarized illumination.
This can also be seen in the direct comparison between results
for S and P polarized illumination and an 0.7 μm diameter
particle in figure 5. Here a 180◦ phase shift between the
superimposed oscillations for S and P polarized illumination
becomes obvious. The fixed phase shift of 180◦ seems to be
independent of the particle diameter, but was not observed for
substrates without layers [10].
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Figure 5. Objective response versus particle height for a particle of
diameter D = 0.7 μm in the presence of layers and without; P and S
polarizations.
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Figure 6. DSC (13) versus scattering angle for a particle of diameter
D = 0.7 μm, height h = 0.12 μm, in the presence of layers and
without; P and S polarizations.

To further investigate the scattering process figure 6 shows
results for DSC (13) versus scattering angle in the plane of
incidence for a particle of diameter D = 0.7 μm in the
presence of layers and without for both polarizations. In
general the behaviour of the curves appears similar (decay
towards negative scattering angles, pronounced minimum or
maximum around −40◦); however in the case of layers the
DSC has more salient features. This is also the case comparing
results for P and S illumination and might account for the
stronger oscillations in these cases (compare figures 2–5).

In figure 7 DSC results for the same particle as in figure 6
but different heights above the layers are shown for P polarized
excitation, illustrating how the scattering characteristic is
significantly altered for different particle—wall distances.

In figures 8–10 similar investigations for a PSL particle
of diameter D = 0.25 μm are presented. By comparison
with results for a particle of larger diameter D = 0.7 μm as
presented in figures 5–7, the oscillating behaviour of the curves
in the presence of layers becomes even more obvious if we
take wider range of heights (figure 8). Scattering interaction
between particle and plane surfaces influences the shape of the
scattering patterns.

In figure 11 the dependence of the objective response from
the Au layer thickness is presented. One can observe that in
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Figure 7. DSC versus scattering angle for a particle of diameter
D = 0.7 μm for different heights in the presence of layers;
P polarization.
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Figure 8. Objective response versus particle height for a particle of
diameter D = 0.25 μm in the presence of layers and without; P and
S polarizations.

-90 -60 -30 0 30 60 90
1E-7

1E-6

1E-5

1E-4

1E-3

0,01
PSL sphere D=0.25μm, h=0.12μm, inc=63o, incident plane.

 P    P, no layers
 S    S, no layers

D
S

C
, μ

m
2 /s

r 

Scattering angle (deg.)

Figure 9. DSC versus scattering angle for a particle of diameter
D = 0.25 μm, height h = 0.12 μm in the presence of layers and
without; P and S polarizations.

spite of the slight decrease of the response with increasing layer
thickness, the character of the curves stays the same.

Here we would like to mention that if we omit the
absorption of the layers, the amplitude of oscillations becomes
much lower. Hence, this effect can be caused by absorption.
Another reason for such behaviour could be the particle
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Figure 10. DSC versus scattering angle for a particle of diameter
D = 0.25 μm for different heights in the presence of layers;
P polarization.
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Figure 11. Objective response versus particle height for a particle of
diameter D = 0.7 μm for different thicknesses of Au film;
P polarization.

interaction with its image with respect to the upper layer. We
will investigate this effect in our future research.

From the results presented one can see that layers cause
essential changes in scattering properties of the particles. In
particular they provide field enhancement in the vicinity of
the surface. The presence of layers causes oscillations due to
multiple interactions between particles and layered surfaces.
With the presence of layers the intensity of P polarization
mostly exceeds the intensity of S polarization in contrast to
the case for a bare surface.

4. Conclusion

Based on the discrete sources method, a computer model
for the analysis of evanescent wave scattering by a
spherical particle located near a multilayered glass prism

has been developed. Scattering behaviour of particles and
its dependence on height and layer presence have been
investigated to demonstrate the capability of the method. From
the calculation results one can see that objective response
of the particles situated near the multilayered prism surface
demonstrates pronounced oscillating character. This effect
can be caused by different factors, such as interaction of a
particle with its image or layer absorption. We hope that
further investigations may help to understand this effect better
and to work out recommendations for optimal design of TIRM
experiments.
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