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a b s t r a c t

The effect of enhanced optical transmission through subwavelength holes and their

arrays is used for multiple practical applications especially in optical antennas and local

biosensors design. This effect is usually considered under excitation of plane wave

propagating at the normal direction to the screen surface. In this work the effect of

extreme transmission through the hole in the evanescent wave’s area is in focus. The

discrete sources method has been applied to analyse the spectral characteristics of light

scattered by a cylindrical nanohole in a noble-metal film on a prism surface. The

influence of the wavelength, incident angle, film materials and hole’s filling on the

scattering characteristics has been investigated. A close correlation between the effect of

extreme transmission and the surface plasmon resonances has been detected.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Since the effect of enhanced optical transmission through arrays of subwavelength holes in metal screens was
discovered by Ebbesen et al. [1] it has attracted considerable interest by numerous researchers. The ability to localize light
in spots much smaller than the volume predicted by diffraction theory offers multiple practical applications in nanooptics
and biophotonics. The effect of extraordinary transmission (EOT) appears at a certain wavelength of the incident light,
which depends on the film’s material and has been detected for single holes as well as for arrays of holes [2]. In the paper of
Wannemacher [3] this effect has been explained by plasmon excitation. It is now generally agreed that surface plasmon
resonance (SPR) plays a key role in the enhancement of light transmission through sub-wavelength apertures in noble-
metal screens [2,4]. Recently, several teams of researchers worldwide have examined the transmission properties of
subwavelength apertures in connection with the development of optical antennas and bionsensors [5–8].

In the recent paper [9] the effect of extreme light transmission through a nanohole in a noble-metal film on the prism
surface has been described. The extreme transmission effect (ETE) differs from the EOT by several aspects. It appears in the
evanescent wave area only and it does not depend on film thickness, hole’s diameter and its filling. Extreme transmission
means that the transmission cross-section (TCS) under an ‘‘optimal angle’’ beyond the critical one (in the evanescent wave
area) exceeds an order of the TCS under normal excitation, which as a rule is used for the EOT demonstration.
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In this paper the discrete sources method (DSM) has been adjusted to calculate spectral characteristics of light scattered
by a nanohole in a metal film on a glass prism. It is shown that the ETE appears at different wavelengths, but is especially
pronounced at the wavelength where the TCS reaches its maximum value.

Moreover, it has been found that this maximum is achieved for a real part of the wavelength depending on the film
permittivity falls within the range [�11.5, �10.2]. This can be used to produce appropriate film materials enhancing the
effect of extreme light transmission. Also a close connection of the ETE to the SPR [10] has been detected.

As it is the second paper on this topic, the major part of DSM theory has been omitted and just the key features relating
to the solution to the scattering problem is provided. A reader can find the detailed theory in a recently published paper [9].
In the following chapter brief outlines of the DSM are given. In the third chapter numerical results are presented and
discussed.

2. Scattering problem statement and DSM outlines

Let the whole space be divided into three areas (see also Fig. 1): air D0, film Df and a glass prism D1. Let the plane S1

separate film and glass prism and the plane Sf air and film. An axially symmetric hole occupying a certain domain Di with a
smooth boundary qD is situated inside the film of thickness d and bounded by the planes S1 and Sf. We assume that the
symmetry axis of the hole coincides with the normal direction to S1.

A Cartesian coordinate system Oxyz is introduced by choosing its origin O at the prism-surface S1 in the centre of the
hole’s bottom. The Oz axis coincides with the symmetry axis of the hole and is directed into D0. The plane z ¼ 0 corresponds
to the S1 plane (Fig. 1).

Let us assume the exciting field {E0,H0} is a plane wave propagating from the prism domain D1 at the angle y1 with
respect to the z-axis. First, the plane wave {E0,H0} scattering problem on the layered media is solved. The result yields
external excitation fields fE0

x;H
0
xg, x ¼ 0,f,1 in the domains D0f,1, which satisfy the transmission conditions at the plane

interfaces S1f. While in D1,f the total field consists of incident and reflected waves, in D0 the total field includes the
transmitted wave which transforms to an evanescent one beyond the critical angle.

In particular, the exciting field inside the film can be represented by a linear combination of the plane waves transmitted
through S1 and that reflected from Sf:

E0
f ¼WP;S

i EðþÞP;Sf þWP;S
r Eð�ÞP;Sf ; H0

f ¼WP;S
i HðþÞP;Sf þWP;S

r Hð�ÞP;Sf , (1)

where

Eð�ÞPf ¼ ð� cosyf ex þ sin yf ezÞg�; Hð�ÞPf ¼ �nf eyg�,

Hð�ÞSf ¼ nf ð� cos yf ex þ sin yf ezÞg�; Eð�ÞSf ¼ eyg�,

g� ¼ expf�jkf ðx sin yf � z cosyf Þg; k2
z ¼ k2�zmz; nz ¼

ffiffiffiffiffiffiffiffiffiffi
�zmz

p
; z ¼ 0; f ;1,

WP;S
i ¼

TP;S
1f

1� RP;S
f 1 RP;S

f 0 e2
f

; WP;S
r ¼ �RP;S

f 0 e2
f WP;S

i ; ef ¼ expf�jkf d cos yf g.

Here RP;S
ab , TP;S

ab are the corresponding reflection and transmission coefficients of the interface between Da and Db, for P- and
S-polarized plane waves [11], ez,mz the permittivity and permeability of the corresponding media, k ¼ o/c, yf is the
transmission angle according to Snell’s law, ex,y,z is an orthogonal basis function.
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Fig. 1. Illustration of the model’s geometry: a cylindrical nanohole in a metal film on a glass prism.
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Then the mathematical statement of the scattering problem for the scattered field outside Di and the total field inside Di

can be formulated as follows:

r �Hz ¼ jk�zEz; r � Ez ¼ �jkmzHz in Dz; z ¼ 0;1; f ; i,

np � ðEiðpÞ � Ef ðpÞÞ ¼ np � E0
f ðpÞ;

np � ðHiðpÞ �Hf ðpÞÞ ¼ np �H0
f ðpÞ;

p 2 qD, (2)

ez � ðEf ðpÞ � E1ðpÞÞ ¼ 0;

ez � ðHf ðpÞ �H1ðpÞÞ ¼ 0;
p 2 S1;

ez � ðE0ðpÞ � Ef ðpÞÞ ¼ 0;

ez � ðH0ðpÞ �Hf ðpÞÞ ¼ 0;
p 2

X
f

and radiation/attenuation conditions at infinity for the scattered field in D0,1 and in Df.
Here, ez is the unit normal vector to the planes S1;f , np is the outward unit normal vector to qD, k ¼ o/c. If Im ez, mzp0

(the time dependence for the fields is chosen as exp{jot}) and the particle surface is smooth enough (qDCC(2,a)), then the
above boundary value scattering problem is uniquely solvable [12].

After the plane wave {E0,H0} scattering problem at the interface has been solved, the approximate solution to the
boundary value problem (2) for the scattered field {Ez,Hz} in Dz, z ¼ 0,f,1 and the total field {Ei,Hi} in Di is constructed. Let us
remember that the boundary conditions of problem (2) are inhomogeneous at the hole’s surface only.

To construct an approximate solution the DSM [13] is employed. In the frame of DSM the approximate solution is
constructed by representing the electromagnetic fields as a finite linear combination of electric and magnetic fields of
multipoles distributed over the axis of symmetry inside the hole or in adjoint complex plane. Besides, the fields analytically
satisfy the transmission conditions enforced at the plane interfaces S1,f, which provides an opportunity to account for
whole interactions between hole and interfaces occurring due to multiple field reflections. Then the approximate solution
satisfies the Maxwell equations in the domains Dz, z ¼ 0,1,f,i, the infinity conditions and the transmission conditions at the
plane interfaces S1,f. Thus, the scattering problem is reduced to a problem of an approximation of the exciting field on the
holes surface qD. Finally, the amplitudes of the discrete sources (DS) are to be determined from the boundary conditions
enforced at qD (see (2)).

To construct the fields of dipoles and multipoles that analytically satisfy the transmission conditions at the plane
interfaces S1,f, Green’s tensor for a layered interface is used [14]. An approximate solution to the scattering problem is
constructed taking into account the rotational symmetry of the scattering problem geometry (a hole together with a
layered interface) as well as the polarization of the exciting field [13]. A detailed description of the method, including all
related representations can be found in [9]. The completeness of the system of multipoles guarantees the convergence of
the approximate solution to the exact one [15].

The approximate solution based on DSM satisfies all the conditions of the scattering problem (2) except the
transmission conditions at the hole’s surface qD. These conditions are used to determine the unknown amplitudes of DS.
Since the scattering problem geometry is axially symmetric with respect to the z-axis and the DS are distributed over the
axis of symmetry, fulfilling the transmission conditions (2) at the surface qD can be reduced to a sequential set of 1D
transmission problems for the Fourier harmonics of the fields. Hence, instead of matching the fields on the scattering
surface qD, their Fourier harmonics are matched separately by reducing the approximation problem on the surface qD to a
set of 1D problems enforced at the particle surface generatrix I. By solving these problems one can determine the DS
amplitudes.

For the evaluation of the amplitudes various numerical schemes have been suggested. It has been found that more
stable results can be obtained by using the generalized point-matching technique and a pseudo-solution to corresponding
over-determined system of linear equations [16]. DSM is a direct method and therefore it allows solving the scattering
problem for the entire set of incident angles y1 and for both polarizations (P and S) at once. Besides, the DSM numerical
scheme provides an opportunity to control the actual convergence of the approximate solution to the exact one by a
posterior error estimation [13].

After the amplitudes of the DS have been determined, one can calculate the far field pattern EN(y,j) of the scattered
field, which is determined at the upper semi-sphere O ¼ {01pyp901, 01pjp3601} and is given by

E0ðMÞ=jE
0
ðz ¼ 0Þj ¼

expf�jk0rg

r
E1ðy;jÞ þ oðr�1Þ; z4d; r ¼ jMj ! 1.

After asymptotical estimation of the Weyl–Sommerfeld integrals involved in the representation for the approximate
solution [16], the components of the far field patterns for P/S polarization can be represented as finite linear combinations of
elementary functions. This ensures low computational efforts for the analysis of the scattering characteristics in the far zone.

3. Numerical results and discussion

The differential scattering cross-section (DSC) is calculated as:

IP;S
ðy1;y;jÞ ¼ jEP;S

1;yðy1; y;jÞj2 þ jEP;S
1;jðy1; y;jÞj2, (3)
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where EP;S
1;y;jðy1; y;jÞ are the components of the far field pattern for a P and S polarized incident wave in a spherical

coordinate system y,j [10].
Here the TCS is considered, which represents the integrated intensity transmitted into the upper semi-sphere

O ¼ {01pyp901, 01pjp3601}:

sP;Sðy1Þ ¼

Z
O

IP;S
ðy1; y;jÞ do (4)

Next, some numerical results obtained using the DSM model are presented and discussed. In the recent paper [9] the
dependence of the transmitted intensity on the incident angle has been examined. In this paper spectral characteristics of
the transmitted light are in focus. The scattering properties of a hole with diameter D ¼ 35 nm in a film of thickness
d ¼ 50 nm excited by a light source with a wavelength in the range of l ¼ 400–700 nm are considered. For the film
materials mostly silver (Ag) and gold (Au) have been taken. In some results copper (Cu) and platinum (Pt) have been used
as well. Refractive indices of the film and prism materials have been taken from the paper of Lynch and Hunter [17].

In Fig. 2 the curves for TCS (4) versus wavelength for different incident angles y1 ¼ 01, 421, 441 are presented for a hole in
an Ag film. One can see, that while four of five curves for S-polarized external excitation monotonically decrease, the curve
for P-polarized light for y1 ¼ 441 has a maximum at about l ¼ 532 nm (Re ef(Ag)ffi�10.2). The incident angle y1 ¼ 441 is
beyond the critical angle yc ¼ 41.21, and therefore in the area where the evanescent wave appear in D0. In Fig. 3 the TCS
versus incident angle is presented for the same hole in Ag and Au films for both polarizations for a fixed wavelength
l ¼ 532 nm. Here we observe that while the S-polarized curves monotonically decrease the curves for P-polarization first
drop down and then rapidly jump up two orders in value in the vicinity of critical angle. This effect of extreme transmission
of the scattered light seems to be stronger for a silver film, than for a gold one.

In Fig. 4 results similar to those presented in Fig. 2 are given for the case of an Au film. Here we see, that the curves
demonstrate quite similar behaviour except the curve for P-polarized light under y1 ¼ 441 which has a distinct maximum at
l ¼ 670 nm (Re ef(Au)ffi�11.5). In Fig. 5 the TCS versus incident angle is presented for the hole in Ag and Au films for both
polarizations for l ¼ 670 nm. This time the effect of extreme transmission is stronger for the Au film. This result could be
expected because in this case the wavelength has been chosen corresponding to the maximum values for an Au film.

Next, just P-polarized light is considered, as S-polarization does not show the distinct behaviour that can be observed
for P polarization. To investigate the influence of the film parameters on the spectral behaviour of the TCS, Fig. 6 shows the
results for TCS versus wavelength for P-polarized excitation for the same hole in films of different materials. Together with
gold and silver, copper (Cu) and platinum (Pt) are taken as film materials. From Fig. 6 one can see that three materials
demonstrate at least one maximum in the considered wavelength range, only Pt demonstrates simple monotonic
behaviour. For a Cu film the maximum value is achieved at l ¼ 630 nm (Re ef(Cu)ffi�11.5). Compared to the other materials
Ag demonstrates the highest peak. In Fig. 7 the TCS versus incident angle for the same film materials is presented for a
wavelength l ¼ 532 nm. One sees that all materials demonstrate a jump in the vicinity of the critical angle but the
magnitude of the maximum is distributed in accordance with the value of the maximum values from Fig. 6. For example Pt
together with other materials shows a sharp minimum at about y1 ¼ 441 but then unlike other materials its TCS-curve
leaps up to a value just a bit higher then values it had before the minimum. The most obvious effect of extreme
transmission appears for Ag and Au.
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Fig. 2. Transmission cross-section (TCS) (4) for a cylindrical hole D ¼ 35 nm, in Ag film d ¼ 50 nm, on a glass prism.
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Fig. 5. TCS for holes in Ag and Au films on a glass prism, l ¼ 670 nm.
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Let us now analyse the influence of evanescent waves on the transmission effect. Evanescent waves appear in the media
with lower refractive index when the incident angle exceeds the critical one: yc ¼ arcsin(n0/n1). To check if evanescent
waves are really important for the ETE, now different prism D1 materials be considered: glass with a refractive index
n1 ¼1.52 (ycffi41.21), SiN with n1 ¼ 2.034 (yc ¼ 29.41) and air with n1 ¼1.0. In the cases of glass and SiN the area of
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Fig. 6. TCS for holes in films of different materials under y1 ¼ 441, P-polarization.
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evanescent waves appears beyond the according critical angles. In case of air in D1 there are no evanescent waves as D1 and
D0 will have the same refractive index.

In Fig. 8 the TCS versus incident angle for the same hole in an Ag film is presented for different prism materials at
l ¼ 532 nm. From the computed results one can see that in the case of air (no evanescent waves appear) the curve has a
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strict monotone behaviour. In the cases of glass and SiN the curve’s behaviour is similar to those in Figs. 3, 5 and 7. At the
same time while the magnitude of the TCS changes with varying film materials and wavelengths, the position of the peaks
stays the same. This happens because varying the film material does not affect the position of the critical angle, which
depends on the refractive indices D1 and D0 only. A similar behaviour can be observed for a gold film as well (not shown in
this paper).

In Fig. 9 the TCS is shown together with the amplitudes jwP
i j

2 of the plane wave propagating from the interface S1 up
and jwP

r j
2 of the plane wave propagating from the interface Sf down introduced in (1). Besides, the coefficient of the total

reflection the exciting P-polarized plane wave from the layered structure prism–film–air:

RP
01ðy1Þ ¼

rP
1f þ rP

f 0 expf�2ikf cos yf dg

1þ rP
1f rP

f 0 expf�2ikf cos yf dg

is presented.
From the results presented in Fig. 9 we can observe that the curves for jRP

01j
2 and jwP

i j
2 demonstrate minima at an

incidence nearby 441. At the same time the curve for jwP
r j

2 demonstrates strong correlation with TCS curve. They indicate
an increase in values beyond the critical angle and reach their maxima at the same angle nearby 441. Similar results are
valid for Au film (not shown in this paper).

From the last results one can conclude that the effect of extreme transmission is supported by the fact that more energy
penetrates into a film in the vicinity of y1 ¼ 441. At the same time the increase in the amplitude of the field propagating
down from the air–film border at y1 ¼ 441 consequently leads to a stronger excitation of the hole.

To summarize the presented results, we conclude that the excitation of evanescent waves plays the key role in the effect
of extreme transmission of light through a nanohole in a noble-metal film. As it has been shown before, the incident angle
where the TCS maximum is achieved does not depend on the hole’s diameter and filling [9]. It has been found out that the
film material plays an essential role for the effect appearance. Also the effect is more distinct at those wavelengths for
which the corresponding spectral maximum of TCS (4) is achieved. These wavelengths depend on the film material only.
4. Conclusion

In this paper the spectral characteristics of light scattering by a nanohole in a metal film on a glass prism have been
analysed. It has been shown that the ETE is more distinct at those wavelengths where the corresponding spectral maximum
of TCS (4) is achieved. Moreover it was found out that this maximum is reached when the real part of the wavelength
depending film permittivity belongs to the range [�11.5, �10.2]. This can help to produce an appropriate film material (e.g.
noble-metals alloy) enhancing the effect of extreme light transmission. Close correlation between SPR and ETE has been
detected. Besides, it has been shown that the excitation of the evanescent waves plays the key role in the ETE. We believe
that employing evanescent waves and using the ETE could allow improvement of modern schemes of optical antennas and
local biosensors. The main advantage of the use of evanescent waves is absence of transmitted plane wave, which must be
accounted for in the case when the propagating waves are used.
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