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a b s t r a c t

An efficient method for the fast detection of properties of a single erythrocyte from its

scattering characteristics is needed in practice. To develop such a method a detailed

investigation of the light scattering properties of the erythrocyte and their dependence

on its shape and refractive index is of great interest. In this paper the influence of the

real erythrocyte’s shape with deep concavities and refractive index on the scattering

characteristics is analyzed based on an updated scheme of the discrete sources method.

Realistic shape models of an erythrocyte, calculated from minima of membrane

potential energy are considered. The numerical scheme of discrete sources method has

been adjusted for shape profiles given numerically. An improved algorithm allows

increasing of an accuracy of calculations.

& 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Light scattering by human blood cells is of great interest in different practical applications, due to the important role
they play in our body. In particular, the measurement of light scattering by blood cells is a suitable method for investigation
of blood cells properties: shape, size and refractive index, which can serve as markers for different human diseases [1]. The
investigation of properties of a red blood cell (erythrocyte) and their connection to the scattered light is in focus of interest
for years now, especially in modeling applications [2–4]. The reason is that change of erythrocyte’s physical properties, like
shape or hemoglobin contain can be used for detection of diseases. The problem of reconstruction of erythrocyte’s
properties from its light scattering characteristics is an inverse scattering problem [5]. In nature the shape of a human
erythrocyte can vary in from nearly spherical through biconcave to toroidal ones and the refractive index of the cell
depends on its hemoglobin concentration. These aspects complicate modeling and make the inverse problem hard to
solve [6].

On one hand, the modeling of light scattering by an erythrocyte should not be complicated as the particle demonstrates
no internal structure, on the other hand its large size (typically in the range of 6–10mm) and complicated shape of healthy
erythrocyte (biconcave discoid) causes problems which can not be overcame by many modeling methods.

During the recent years different simulation methods have been applied to model light scattering by erythrocyte: finite
difference time domain (FDTD) [7], discrete dipole approximation (DDA) [8], multipole multiple technique (MMP), T-matrix
method [9], null-field method with discrete sources (NFM-DS) [3], discrete sources method (DSM) [4,10] and some others.

Another problem for modeling is to find an appropriate shape model of an erythrocyte which reproduces a real shape. In
the last years different shape approaches have been suggested to model the erythrocyte: from simple spherical to more
ll rights reserved.
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complicated artificial models, trying to approach a real biconcave shape of an erythrocyte. The most realistic biconcave
models were suggested by Fung et al. [11] and Skalak [12]. Another attempt was based on Cassini ovals [3]. Recently there is
a new method to find the shape of biological particles from the condition of minima of membrane potential energy [13]. An
erythrocyte shape profiles are calculated for given volume and surface area by means of the surface evolver code.

In this paper the DSM [14] is adjusted to model the light scattering by several of such profiles. The main goal was an
estimation of the influence of erythrocyte shape and the refractive index on light scattering characteristics. By using of such
models like Fung, Skalak or Cassini-based model, which are given analytically, it was possible to deposit the discrete
sources (DS) inside the scatterer analytically as well. In contrast to analytical shapes, the shape profiles discussed in this
paper are given numerically. To adjust the DSM algorithm for numerically given shapes and to provide the stability of
calculation results, the DSM model has been improved. In particular, vector potentials based on spherical Hankel functions
have been chosen for the field’s representation inside the particle. This circumstance allowed accounting for deep
concavities of an erythrocyte shape.

The second part of the paper describes the theoretical basement of the DSM followed by the numerical algorithm and
modeling results.
2. Theory

Let us consider scattering in an isotropic homogeneous medium in R3 of an electromagnetic wave by a local
homogeneous penetrable obstacle Di with a smooth boundary @D. We use a cylindrical coordinate system (z,y,j), where z is
also the axis of symmetry of a particle. As an external excitation we will consider a plane wave with an incident angle p�y0

with respect to the z-axis. Then the mathematical statement of the scattering problem can be formulated as follows:

r �He;i ¼ jk�e;iEe;i; r � Ee;i ¼ �jkme;iHe;i in De;i; De :¼ R3=Di;

np � ðEiðPÞ � EeðPÞÞ ¼ np � E0
ðPÞ,

np � ðHiðPÞ �HeðPÞÞ ¼ np �H0
ðPÞ; P 2 @D (1)

and the Silver–Muller radiation condition at infinity.
Here fE0;H0

g is the exciting field, fEi;Hig is the total field inside the particle and fEe;Heg is the scattered field. np is the
unit outward normal to @D, index e belongs to the external domain De,i—to the domain inside the particle Di, Im ee, me ¼ 0
and Im ei, mip0. We assume the time dependence to be chosen as exp{jot}. Then the boundary value scattering problem (1)
has the unique solution [15].

One of the most attractive features of the DSM consists in a flexible choice of the fields of the DS which can be used to
construct an approximate solution. Additionally, there are no limitations to a choice of support of the DS. The last ones
should provide fulfilling Maxwell equations, radiation conditions and present a complete system of fields at the obstacle
surface [14].

We will consider an axial symmetric particle. In this case the system of the lowest order multipoles distributed over the
axis of symmetry can be applied to construct an approximate solution [16]. We will construct the approximate solution by
taking into account not only the rotational symmetry of the obstacle, but the polarization of an external excitation as well.
In case of a P-polarized exciting plane wave the exciting field accepts the following form:

E0
¼ ðex cos y0 þ ez sin y0Þ expf�jkeðx sin y0 � z cos y0Þg,

H0
¼ �ey cos y0n0 expf�jkeðx sin y0 � z cos y0Þg, (2)

where ke ¼ k
ffiffiffiffiffiffiffiffiffiffi
�eme
p

.
Implementing plane wave resolution, one gets

expf�jn cos jg ¼
X1
m¼0

ð2� d0mÞð�jÞmJmðnÞ cos mj,

where Jm is the cylindrical Bessel function and d0m is the Kronecker symbol.
The Fourier harmonics for the external excitation in a cylindrical coordinate system can be written as

E0
m ¼ fE

0;P
mrðZÞ cosðmþ 1Þj;E0;P

mrðZÞ sinðmþ 1Þj;E0;P
mz ðZÞ cosðmþ 1Þjg,

H0
m ¼ fH

0;P
mrðZÞ sinðmþ 1Þj;H0;P

mrðZÞ cosðmþ 1Þj;H0;P
mz ðZÞ sinðmþ 1Þjg.

To take the polarization of the external excitation into account, we use some linear combination of electrical and
magnetic multipoles. For this we need special vector potentials. In case of P-polarization of the plane wave the vector
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potentials in a cylindrical coordinate system can be represented as

A1;e;i
mn ¼ fY

e;i
m ðZ;w

e;i
n Þ cosðmþ 1Þj;�Ye;i

m ðZ;w
e;i
n Þ sinðmþ 1Þj; 0g,

A2;e;i
mn ¼ fY

e;i
m ðZ;w

e;i
n Þ sinðmþ 1Þj;Ye;i

m ðZ;w
e;i
n Þ cosðmþ 1Þj; 0g,

A3;e;i
n ¼ f0; 0; Ye;i

0 ðZ;w
e;i
n Þg. (3)

Here Ye
mðZ;we

nÞ ¼ hð2Þm ðkeRZwe
n
Þðr=RZwe

n
Þ
m, Yi

mðZ;wi
nÞ ¼ hð2Þm ðkiRZwi

n
Þðr=RZwi

n
Þ
m, R2

Zwe;i
n
¼ r2 þ ðz�we;i

n Þ
2, Z ¼ ðr; zÞ, hð2Þm are spherical

Hankel functions and we;i
n are complex coordinates of the DS in an adjoined complex plane so, that Reðwe

nÞ 2 Di and

Reðwi
nÞ 2 De. Such presentation based on just spherical Hankel functions in contrast to those used in [10] provides an

improved stability of numerical scheme and increases an accuracy of calculations, especially in the side-scattering
direction. This fact seems to be especially import for calculation of real erythrocyte’s shape with deep concavities.

According to the details mentioned above the approximate solution for P-polarization of the plane wave accepts the
following form:

EN
e;i ¼

XM
m¼0

XNm
e;i

n¼1

pe;i
mn

j

k�e;ime;i

r �r � A1;e;i
mn þ qe;i

mn

j

�e;i
r � A2;e;i

mn

( )
þ
XN0

e;i

n¼1

re;i
n

j

k�e;ime;i

r �r � A3;e;i
n ;

HN
e;i ¼

j

kme

r � EN
e;i (4)

For S-polarization of the exciting plane wave the exciting field accepts the following form:

E0
¼ ey cos y0 expf�jkeðx sin y0 � z cos y0Þg,

H0
¼ ðex cos y0 þ ez sin y0Þn0 expf�jkeðx sin y0 � z cos y0Þg.

The Fourier harmonics for the external excitation can be written as

E0
m ¼ fE

0;S
mrðZÞ sinðmþ 1Þj;E0;S

mrðZÞ cosðmþ 1Þj;E0;S
mzðZÞ sinðmþ 1Þjg,

H0
m ¼ fH

0;S
mrðZÞ cosðmþ 1Þj;H0;S

mrðZÞ sinðmþ 1Þj;H0;S
mzðZÞ cosðmþ 1Þjg.

Then the approximate solution for the S-polarized exciting plane wave takes a form:

EN
e;i ¼

XM
m¼0

XNm
e;i

n¼1

pe;i
mn

j

k�e;ime;i

r �r � A1;e;i
mn þ qe;i

mn

j

�e;i
r � A2;e;i

mn

( )
þ
XN0

e;i

n¼1

re;i
n

j

�e;i
r � A3;e;i

n ;

HN
e;i ¼

j

kme

r � EN
e;i, (5)

where the vector potentials accept following expressions:

A1;e;i
mn ¼ fY

e;i
m ðZ;w

e;i
n Þ sinðmþ 1Þj;Ye;i

m ðZ;w
e;i
n Þ cosðmþ 1Þj; 0g,

A2;e;i
mn ¼ fY

e;i
m ðZ;w

e;i
n Þ cosðmþ 1Þj;�Ye;i

m ðZ;w
e;i
n Þ sinðmþ 1Þj; 0g,

A3;e;i
n ¼ f0;0;Ye;i

0 ðZ;w
e;i
n Þg. (6)

The completeness of the system of lowest-order distributed multipoles used in (3) and (6) guarantees the convergence of
the approximate solution (4) and (5) to the exact one in any closed subset of De [16].

3. Numerical scheme of DSM

Let us now describe the computational algorithm in details. As we outlined above the representations (4, 5) satisfy all
the conditions of the scattering problem (1) except the transmission conditions at the particle surface. These last conditions
are used to determine the unknown amplitudes of DS fpe;i

mn; q
e;i
mn; r

e;i
n g. Since the scattering problem geometry is axially

symmetric with respect to the z-axis representations for the scattered and total fields (4, 5) accept the form of a finite sum
of a Fourier series with respect to j. Besides, the exciting field can also be resolved into Fourier series. This means that
fulfilling the transmission conditions at the surface @D can be reduced to a sequential solution of the 1D transmission
problems for the Fourier harmonics of the fields. So, instead of matching the fields on the scattering surface, we can match
their Fourier harmonics separately thus reducing the approximation problem on the surface @D to a set of 1D problems
enforced at the particle generatrix. By solving these problems one can determine the required DS amplitudes fpe;i

mn; q
e;i
mn; r

e;i
n g.

Various numerical schemes for the amplitudes evaluation have been suggested. It has been found that the most stable
results can be obtained by using the generalized point-matching technique and a pseudo-solution of the associated over-
determined system of linear equations [17]. As DSM is a direct method, it allows solving the scattering problem for the
entire set of incident angles (p�y0) and for both polarizations (P and S) at once. This is an advantage compared to methods
which incorporate an iterative scheme for the linear system solution. Besides, the DSM numerical scheme provides an
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opportunity to control the actual convergence of the approximate solution to the exact one by a-posterior evaluating of
surface residual [16].

We use an extended version of the DSM algorithm described by Eremin [14]. For oblate obstacles it can be necessary to
deposit the DS in a complex plane [4]. Such a procedure allows to limit the DS sequence, when N-N. The limitation is very
important to provide the stability of the numerical model based on DSM.

Therefore the different numbers of DS for the representation of the scattered field outside and total field inside the
particle are used. The numbers of DS are chosen proportionally to the value of refractive index of the corresponding media.

For the estimation of the real accuracy of the computational results, the convergence test is done in two steps:
1.
 Controlling of the internal convergence of the results by increasing the number of matching points and DS.

2.
 Evaluating the surface residual in least square norm.
The achieved residual provides stabilization of the scattering diagram at the second digit after decimal point. The
required number of matching points is reached by increasing the number until the necessary accuracy of the results is
achieved. The DS number usually is 2–4 times less than the number of the matching points. The order of multipoles (M) is a
priori defined from the condition that the plane wave approximation by corresponding Fourier series should be less then
0.2%.

After the amplitudes of the DS are determined, one can calculate the far field pattern Fðy;jÞ of the scattered field, which
is determined at the upper part of the unite semi-sphere O ¼ {01pyp901, 01pfp3601} and is given by

EeðrÞ=jE
0
ðrÞj ¼

expf�jkerg

r
Fðy;jÞ þ Oð1=r2Þ; r!1; z40.

Using an asymptotic representation for Ye;i
m for a P-polarized exciting plane wave, the following representation for the

y,j-components of the far field pattern corresponding to representation (4) accepts the form:

FP
yðy;jÞ ¼ j

XM
m¼0

ðj sin yÞm cosðmþ 1Þj
XNm

e

n¼1

fpe
mn cos yþ qe

nmg expf�jkezn cos yg

� j sin y
XN0

e

n¼1

re
n expf�jkezn cos yg;

FP
jðy;jÞ ¼ �j

XM
m¼0

ðj sin yÞm sinðmþ 1Þj
XNm

e

n¼1

fpe
mn þ qe

nm cos yg expf�jkezn cos yg. (7)

For S-polarized excitation following representations are valid for components of the far field pattern involved into (5):

FS
yðy;jÞ ¼ j

XM
m¼0

ðj sin yÞm sinðmþ 1Þj
XNm

e

n¼1

fpe
mn cos y� qe

nmg expf�jkezn cos yg,

FP
jðy;jÞ ¼ j

XM
m¼0

ðj sin yÞm cosðmþ 1Þj
XNm

e

n¼1

fpe
mn � qe

nm cos yg expf�jkezn cos yg

þ j sin y
XN0

e

n¼1

re
n expf�jkezn cos yg: (8)

After the unknown amplitudes of the DS are determined, the far field patterns for P and S polarizations are represented as
finite linear combinations of elementary functions. This fact ensures low computational efforts for the analysis of the
scattering characteristics in the far zone.

The intensity of scattered light can be calculated as follows

IP;S
ðy0; y;jÞ ¼ jFP;S

y ðy0; y;jÞj2 þ jFP;S
j ðy0;y;jÞj2,

where FP;S
y;jðy0; y;jÞ are the components of the far field pattern for P (4) and S (5) polarized incident waves, in a spherical

coordinate system y,j. In this paper the intensity of unpolarized scattered light is discussed:

Iðy0; y;jÞ ¼ 1
2ðI

P
ðy0; y;jÞ þ IS

ðy0; y;jÞÞ. (9)

4. Numerical results and discussion

In this part selected numerical results will be presented. In flow cytometry model suggested by Maltsev [6,18] for
erythrocyte studies a red laser with a wavelength of l ¼ 0.632mm is used. Blood cells are usually investigated in water with
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refractive index n ¼ 1.33, so the relative incident wavelength used for modeling was taken: l ¼ 0.494mm. Typical human
erythrocyte has a size of 6–9mm and a relative refractive index in the range of 1.0355–1.0596. For modeling three different
shapes obtained by the surface evolver code have been taken. The surface evolver code enables to obtain the shape of
erythrocyte for certain surface area and volume from the condition of minima of the membrane potential energy. The code
is free for use and can be downloaded from the internet [19]. In contrast to analytical erythrocyte shapes the shape profiles
calculated with surface evolver are given numerically. For convenience of comparison three shapes with different volume
and surface area, but the same diameter D ¼ 6.32mm have been used. Detailed parameters are presented in Table 1 and the
shape forms are depicted in Fig. 1.

In the model used in the paper the incident plane wave falls in zx-plane and the wave vector k belongs to the plane
j ¼ 0. Because of this the maximum of the diagram’s values (forward scattering) belongs to the plane j ¼ 180, which
formally corresponds to the negative values of y angle. Due to this fact in the diagrams presented below values of scattering
angle y are negative.
Table 1
Parameters of erythrocyte’s profiles.

Shape Volume (mm3) Area (mm2) Sphericity index

V3 50 90 0.622777

V2 64.63 93.15 0.764515

V1 81.87 99.61 0.875783
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Fig. 1. Profiles of different erythrocyte shapes used for light scattering simulations. Diameter D ¼ 6.32mm.
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Fig. 2. Intensity of unpolarized scattered light (9) (scattering diagram) for different erythrocyte shapes: V1–V3. Incident angle y0 ¼ 01.
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Let us now discuss some exemplary numerical results. In Fig. 2 the scattering diagram of unpolarized light (9) is
presented for the different erythrocyte shapes V1–V3, under the incident angle y0 ¼ 01 (parallel to the symmetry axis of the
erythrocyte). The refractive index was fixed at n ¼ 1.047 and the residual of calculation results did not exceed 0.6%.
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Fig. 3. Scattering diagram for different erythrocyte shapes. y0 ¼ 301.
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Fig. 4. Scattering diagram for different erythrocyte shapes. y0 ¼ 601.
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Fig. 5. Scattering diagrams for erythrocyte shape V1 for difference refractive indices. y0 ¼ 01.
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In Figs. 3 and 4 corresponding results are presented for incident angles y0 ¼ 301 and 601, respectively (max. residual for
both incident angles 0.2%). Note that in all presented figures the x-axis is adjusted starting with the forward scattering
direction for the convenience of comparison. From the results one can see, that the difference in the curves is more
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Fig. 6. Scattering diagrams for erythrocyte shape V1 for difference refractive indices. y0 ¼ 301.
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Fig. 7. Scattering diagrams for erythrocyte shape V1 for difference refractive indices. y0 ¼ 601.
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Fig. 8. Scattering diagrams for erythrocyte shape V1 for difference refractive indices. y0 ¼ 901.
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Fig. 9. Scattering diagrams for erythrocyte shape V2 for difference refractive indices. y0 ¼ 01.
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Fig. 10. Scattering diagrams for erythrocyte shape V2 for difference refractive indices. y0 ¼ 901.
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pronounced in side- and backscattering directions and gets more obvious with the increasing values for the incident angle.
While for the y0 ¼ 01 the difference between the curves is more pronounced in the back scattering direction, for the
incidence of 301 and 601 this area shifts closer to the main scattering direction.

Now let us investigate the dependence of the scattered intensity on the refractive index. For this purpose three different
values of refractive index are taken: n ¼ 1.035, n ¼ 1.047 and n ¼ 1.059. In Fig. 5 the scattered diagram for y0 ¼ 01 is shown
for an erythrocyte shape V1 (max. residual 0.7%). In contrast to the shape influence, the influence of the refractive index on
the curves is visible even in the vicinity of the main peak. This influence gets even stronger with increasing values of the
incident angle in Figs. 6–8 (max. residual 0.3%). Corresponding results are presented for shape V2 in Figs. 9 and 10 (max.
residual 0.7% and 0.4% correspondingly).

In cytometry the exact determination of the volume, shape and refractive index of erythrocyte is of importance. In
connection with the results presented above one can conclude that it is useful to measure light scattering over an angle
range as wide as possible. Therefore a scanning flow cytometer (SFC) described in [12,14] which allows measuring a wider
range of scattering angles seems to be an advantageous tool for the investigations of light scattering by an erythrocyte.
5. Conclusions

In this paper the DSM has been applied to compare light scattering by realistic biconcave shapes of a human
erythrocyte. The DSM algorithm has been extended to calculation of shape profiles given numerically and having deep
concavities. The new representation for the internal fields providing an increased stability of numerical results has been
used. The influences of different shape profiles and the refractive indices of the erythrocyte on light scattering have been
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presented. It was found that their influence on the scattered intensity can be observed over a wide angle range. Moreover, a
higher refractive index causes a higher level of the scattered intensity in almost whole range of the observation angles.
Because of this it seems reasonable for experimental investigations to measure in an as wide scattering angle range as
possible to be able to distinguish between erythrocyte parameters. It seems that higher incident angles are more preferable
for observations are, as the intensity gives more information about the shape and refractive index. Further investigations in
this area are needed to find univocal correspondence between erythrocyte parameters and the measured scattered
intensity and help in the future for solving the inverse scattering problem.
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