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Continuous advance in the potential of fabrication and utilization of nanostructures for different applications
requires an adequate tool for such structures’ analysis and characterization. Investigation of light scattered by
nanostructures by means of computer simulation seems to be a reliable tool for investigation of the properties
and functional abilities of nanostructures. In particular, nano-features embedded in layered structures are of
growing interest for many practical applications. Mathematical modeling of light scattering allows us to predict
functional properties and behavior of nanostructures prior to their fabrication. This helps to reduce
manufacturing and experimental costs. In the present paper, the Discrete Sources Method (DSM) is used as a
tool of computational nano-optics. Mathematical models based on DSM are used for several practical
applications. We are going to demonstrate that the computer simulation analysis allows not only prediction and
investigation of the system properties, but can help in development and design of new setups.

Keywords: nanostructure; light scattering; mathematical modeling; discrete sources method; extreme
transmission effect; total internal reflection microscopy

1. Introduction

Nanoscience and nanotechnology are widely seen as
having huge potential to bring benefits to many areas
of human life. Nowadays nanotechnologies are already
implemented in areas as diverse as pharmaceutics
development, water decontamination, information and
communication technologies, production of com-
puters, and materials with new interesting properties.
With further development and miniaturization of
nanostructures, there is a need for a detailed analysis
of their structure and composition down to the
molecular level. The analysis of light scattering by
nanostructures is a convenient tool to investigate the
structures’ properties, such as size, shape, composition,
imperfection, etc. Because of the difficulties, limita-
tions, and high costs of nano-fabrication, it is of
advantage when nanostructures are modeled and
analyzed by means of computer simulation prior to
their fabrication. To reduce production costs, it is
highly important to perform an accurate and well-
validated simulation analysis.

Compared with measuring techniques, mathemat-
ical modeling and computer simulation are inexpensive
and flexible tools for investigation, analysis and
prediction of the scattering behavior of nanostuctures.
Once realized, computer models can be easily adjusted

to different features of a designed structure or special
schemes of an experimental setup. Employing the
computer model allows prediction of fundamental
scattering properties of an entire system, discovering
of new effects, suggestion of new schemes for exper-
imental setup and solving metrology problems.
Additionally, modeling of the nanostructures’ proper-
ties and analyzing their light scattering behavior can be
used for a correct interpretation of measured data.

For three-dimensional light scattering simulation,
accurate modeling requires an appropriate choice of
method. Since the most interesting nanoeffects are
based on resonances, the corresponding computer
model must be based on rigorous Maxwell theory.
There are multiple approaches, which have been
applied to light scattering analysis: Finite Difference
Time Domain (FDTD) [1], Finite Element Method
(FEM) [2], Coupled Dipole Approximation (CDA) [3],
Volume Integral Equation (VIE) [4], Multiple
MultiPole Technique (MMP) [5], T-matrix method
[6] and Discrete Sources Method (DSM) [7]. However,
most of these methods have different characteristics,
restrictions and advantages. The advantage of pure
numerical methods, such as the FDTD or the FEM, is
the ease of implementation. They are applied directly
to Maxwell equations.
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Because of this, there has been a strong trend

towards FDTD solvers in the last few decades.

FDTD is a simple technique, because it does not

require profound knowledge of Maxwell theory. It is

based on simple mathematical operations, which can

be handled even by very simple computers. Time

domain formulations have big advantages when non-

linear materials are present, but they are not really well

suited for dispersive materials with strong nonlinea-

rities in their frequency response. To overcome prob-

lems caused by dispersion, various simplified media

models (Debye, Drude, Lorentz, etc.) were incorpo-

rated in FDTD models. Unfortunately, these models

are not accurate enough in many cases [8].

Furthermore, they cause difficulties in the implemen-

tation and problems with stability of the computer

codes. Besides, they increase the required computer

memory and computation time. Additionally, a con-

ventional FDTD scheme does not account for infi-

nite plane interfaces and does not use special tricks to

approximate it [9].
The simplest way to get rid of problems connected

with materials dispersion is to work in the frequency

domain. This approach leads to direct methods, such

as the FEM [2]. The FEM implementation leads to

matrix equations with large sparse matrices. The

approach allows one to reach a very high accuracy,

which is valuable when one is exploring nanostructures

that have not yet been fabricated. But direct applica-

tion of the FEM to structures with plasmonic features

can cause problems related to a truncation of the

simulation domain [10].
Other approaches mentioned above are commonly

known as semi-analytical methods. This means that

one has already applied Green’s theorem to the system

of Maxwell equations [11] and reduced the scattering

problem formulated in the whole of 3D space to the

impurity domain. These methods can be divided into

two kinds: the volume-based methods, similar to CDA

and VIE, which are suitable for modeling of light

scattering by arbitrary impurities; and the surface

based methods, such as MMP, the T-matrix method

and DSM. While volume-based methods can handle

any kind of inhomogenities, they are pretty time-

consuming, especially for the evaluation of integrated

scattering characteristics. Surface-based methods seem

to be more appropriate for the examination of homo-

geneous features deposited near an interface. Among

others, the MMP and the DSM have several advan-

tages. First of all they are semi-analytical meshless

methods that do not require any integration procedure.

The MMP and the DSM also provide a unique

opportunity for a reliable validation of the results, as

the errors can be calculated explicitly [5,7].

As is known, diverse practical applications in nano-

optics, similar to optical antennas [12], photonic

crystals [13], biosensors [14] and many others, require

considering the simulation of scattering by features

embedded in a stratified interface [15,16]. This leads to

the necessity of accounting for multiple light reflections

between a feature and the interface. The easiest way to

handle this consists of incorporation of a green tensor

(GT) of the stratified interface [17]. This can be done in

the frame of both volume-based and surface-based

methods [18–24]. For more then 15 years now, a

Fresnel approximation of a GT (Image term) has been

successfully employed to model a feature near an

interface [25,26]. The MMP and the DSM have also

been adjusted to incorporate GT and to consider many

different kinds of nano-optical structures [19,20].
In the frame of the MMP or the DSM a scattered

electromagnetic field is constructed as a finite linear

combination of elementary sources: dipoles or multi-

poles, also called discrete sources (DS). Such repre-

sentation satisfies all conditions of the scattering

problem, except the transmission condition enforced

at an obstacle surface. By satisfying these conditions

one determines the amplitudes of the DS. Compared

with the MMP the DSM has some specific features [20].

. It is focused on (but not restricted to) axial

symmetric structures on or within a multilay-

ered interface.
. It enables one to account for an axial symme-

try by constructing a complete system of DS

with minimal requirements.
. It allows one to account for the polarization of

the external excitation (P or S).
. The positions of the DS can be adjusted to the

singularities of the scattered field inside an

obstacle by constructing the analytic continu-

ation of the DS’s coordinates into a complex

plane.
. For fitting the transmission conditions at the

obstacle surface, the Generalized Point-

Matching Technique is used.
. The DSM incorporates Tikhonov’s

Regularization Technique in the least-square

sense to obtain the DS amplitudes with a

minimal norm.
. The DSM enables one to realize a convergence

test by posterior error estimation.

In this paper we present two different applications

of the DSM to light scattering problems of nano-

optics. A detailed description of the problem itself as

well as the mathematical statement and details of the

numerical realization of the DSM-based models are

presented in the corresponding chapters.
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2. Light scattering by a nanoparticle in film

Enhanced optical transmission (EOT) through sub-

wavelength holes in noble metal screens has attracted
considerable interest since the discovery of this phe-
nomenon in 1998 [27]. Wannemacher [28] has

explained this effect by surface plasmon excitation.
It is now generally agreed that surface plasmon

resonances (SPR) play a key role in enhancement of
light transmission through sub-wavelength apertures in
thin noble metal screens [29–35]. This approach has

already found a number of practical applications in
nano-optics and biophotonics [36–37,14]. In most

publications relating to this topic normal incidence of
light onto the screen surface is considered. However,

there are various practical applications based on
evanescent wave scattering [38]. In particular, the use
of evanescent excitation allows avoiding the problem

of filtering the refracted wave behind the thin metal
screen from the field scattered by a hole.

Recently the optical transmission through a nano-

hole in the field of evanescent waves has been
investigated by using the discrete sources method
[38]. Extreme transmission effect (ETE) through a

nano-sized cylindrical hole in thin noble film deposited
by a glass prism has been detected by conducting

computer simulation [39]. In the follow-up papers it
was established that the ETE also occurs with other

types of the film inhomogeneities [40,41]. The main
ETE features consist of the following.

. The effect arises in the region of evanescent

waves beyond the angle of total internal
reflection for P-polarized external excitation.

. It demonstrates a sharp (by an order of
magnitude) increase in the total scattering

cross-section in the interval of 1.5� of the
incident angle variation.

. It is independent of nano-sized inhomogeneity

diameter, refractive index, film thickness or an
external half-space material.

. It strongly depends on the noble film material.

In this section, the discrete sources method [38] has

been adjusted to model polarized light scattering by a
nano-sized particle located inside a noble metal film

deposited on a glass prism. The scattering cross-
sections in the upper and lower half-spaces as well as
the signature of the differential scattering cross-section

in the peak of ETE have been analyzed. Computer
simulation shows a close correlation between ETE

and surface plasmon resonance of the noble film [42].
In particular, the maximum of the ETE always
just slightly varies from the maximum of the SPR

(at 0.03�). With a shift of the PSR peak, the ETE peak
also shifts to nearly the same position.

In the next section we describe the mathematical
problem and the scattering algorithm. Numerical
results and discussion are presented in the final section.

2.1. Mathematical statement of the scattering
problem

Let the whole space be divided into three domains: air
D0, film Df and a glass prism, which is modeled as a
half-space D1. Let the plane �1 separate a film and a
glass prism and the plane �f, air and the film.
An axial symmetric particle occupying a domain Di

with a smooth boundary @Di is located inside the film
of thickness d, bounded by the planes �1 and �f.
We assume that the symmetry axis of the particle
coincides with the normal to �1. Let us introduce a
Cartesian coordinate system Oxyz by choosing its
origin O at the prism-surface �1. Let the Oz axis
coincide with the symmetry axis of the particle and be
directed into D0. The plane z¼ 0 corresponds to the
�1 plane (Figure 1). We assume that the exciting field
{E0,H0} is a linear polarized plane wave propagating
from the prism domain D1 at an angle �1 with
respect to the Z-axis. Then the mathematical state-
ment of the scattering problem can be written in the
following form

r�H� ¼ jk"�E�; r�E� ¼�jk��H� inD�,

�¼ 0, f, 1, i, ni�
ðEiðpÞ�Ef ðpÞÞ ¼ 0

ðHiðpÞ�Hf ðpÞÞ ¼ 0
p2@Di

�
,

ez�
ðE0ðpÞ�Ef ðpÞ ¼ 0Þ

ðH0ðpÞ�Hf ðpÞ ¼ 0Þ

�
p2

X
f

ð1Þ

lim
r!1

ffiffiffiffi
"�
p

Es
��

r

r
�

ffiffiffiffiffi
��
p

Hs
�

� �
¼ 0, rjMj!1, �¼ 0,1:

ðjEf j, jHf jÞ ¼ 0ðexpf�jImkf j�gÞ �¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þ y2

p
!1:

Here, ni is the outward unit normal vector to the
surface @Di, k ¼ !=c, fE�,H�g stands for the total

1Σ

z

o

1D
1θ

fΣ

fD

x

0D

Glass

Air

d

Noble
metal D∂fθ

iD

Figure 1. Model geometry: particle deposited in a film on
surface. (The color version of this figure is included in the
online version of the journal.)
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and fEs
�,H

s
�g stands for the scattered fields in the

corresponding domain D�, ez is the unit vector along
the z-axis, "� is the media permittivity and �� is the
permeability, k� ¼ k

ffiffiffiffiffiffiffiffiffi
"���
p

. If Im "�,�� � 0 (time
dependence for the fields is chosen as exp{ j!t}) and
the particle surface is smooth enough, @Di � Cð2,�Þ,
then the boundary-value problem (1) is uniquely
solvable.

We start with the solution of the scattering
problem of the plane wave {E0,H0} on the layered
interface without the particle. The result yields the
field of the external excitation fE0

� ,H
0
�g, � ¼ 0, f, 1 in

all domains D0, f, 1, which satisfies the transmission
conditions at the planes �1, f [43]. While in D1, f the
exciting field consists of incident and reflected waves,
in D0 the field includes the transmitted wave, which is
transformed to the evanescent one behind a critical
angle. In particular, the exciting field inside the film
can be represented by a linear combination of
plane waves propagating up and down inside the
film, that is:

E0
f ¼ wP,S

i E
ðþÞP,S
f þ wP,S

r E
ð�ÞP,S
f ,

H0
f ¼ wP,S

i H
ðþÞP,S
f þ wP,S

r H
ð�ÞP,S
f

ð2Þ

where

E
ð�ÞP
f ¼ ð� cos �f ex þ sin �f ezÞ�

�; H
ð�ÞP
f ¼ �nf ey�

�

H
ð�ÞS
f ¼ nf ð� cos �f ex þ sin �f ezÞ�

�; E
ð�ÞS
f ¼ ey�

�

�� ¼ expf�jkf ðx sin �f � z cos �f Þg;

n� ¼
ffiffiffiffiffiffiffiffiffi
"���
p

, � ¼ 0, f, 1:

wP,S
i ¼

tP,S1f

1� rP,Sf 1 rP,Sf 0 e2f
, wP,S

r ¼ �r
P,S
f 0 e2f w

P,S
i ,

ef ¼ expf�jkf d cos �fg:

Here, rP,S�� , t
P,S
�� are the corresponding coefficients of

reflection and transmission at the interface between the
D� and D� domains, for P- and S-polarized plane
waves [43]

rP�� ¼
n� cos �� � n� cos ��
n� cos �� þ n� cos ��

tP�� ¼
2n� cos ��

n� cos �� þ n� cos ��
,

rS�� ¼
n� cos �� � n� cos ��
n� cos �� þ n� cos ��

tS�� ¼
2n� cos ��

n� cos �� þ n� cos ��
,

ð3Þ

�f is a transmission angle according to Snell’s law,
n� ¼

ffiffiffiffiffiffiffiffiffi
"���
p

is the corresponding refractive index, ex,y,z
is an orthogonal Cartesian basis.

The advantage of the DSM is that it is a semi-
analytical meshless method and it does not require any
integration procedure. In the frame of DSM [7],

the approximate solution is constructed by represent-

ing the electromagnetic fields as a finite linear combi-

nation of the electric and magnetic fields of dipoles and

multipoles, which are distributed over the axis of

symmetry inside the particle or in an adjoined complex

plane. In addition, the fields of the dipoles and

multipoles analytically satisfy the transmission condi-

tions enforced at the plane interfaces �1,f. This

circumstance plays a key role for it analytically

provides an opportunity to account for all interactions

caused by multiple fields’ reflections between the

particle and the interfaces. Then the DSM approximate

solution satisfies Maxwell equations in the domains

D�, �¼ 0, 1, f, i, the required infinity conditions and the

transmission conditions enforced at the plane inter-

faces �1,f. Thus, the scattering problem (1) is reduced

to the problem of approximation of an exciting field

{E0
f ,H

0
f } at the particle’s surface @Di. Only the ampli-

tudes of the discrete sources (DS) are to be determined

from the boundary conditions at @Di, which accept the

following form:

ni � ðEið pÞ � Ef ð pÞÞ ¼ ni � E0
f ð pÞ,

ni � ðHið pÞ �Hf ð pÞÞ ¼ ni �H0
f ð pÞ,

p2 @Di: ð4Þ

2.2. Construction of an approximate solution

To construct the fields of electric and magnetic

dipoles and multipoles that analytically satisfy

the transmission conditions at the plane interfaces

�1,f we incorporate Green’s tensor for a layered

interface [43]:

G
$e,h

ðM,M0Þ ¼

Ge,h
11 0 0

0 Ge,h
11 0

@Fe,h=@xM @Fe,h=@yM Ge,h
33

2
664

3
775 ð5Þ

where the components of the Green tensor (5) can be

written as:

Ge,h
11 ðM,M0Þ ¼

ð1
0

J0ð	rÞ

e,h
11 ð	, z, z0Þ	 d	

Ge,h
33 ðM,M0Þ ¼

ð1
0

J0ð	rÞ

e,h
33 ð	, z, z0Þ	 d	

Fe,hðM,M0Þ ¼

ð1
0

J0ð	rÞ

e,h
31 ð	, z, z0Þ	 d	: ð6Þ

Here R2
M,M0

¼ r2 þ ðz� z0Þ
2, r2 ¼ �2 þ �20 � 2��0�

cosð’� ’0Þ, J0ð	Þ is a cylindrical Bessel function of

zero order, and ð�, ’, zÞ are cylindrical coordinates of

the M point. For the spectral functions 
e,h11 ðz, z0, 	Þ,

e,h33 ðz, z0, 	Þ, 


e,h
31 ðz, z0, 	Þ which satisfy the transmission
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conditions at z¼ 0, d the following representations

are valid


e,h11 ðz,z0,	Þ ¼

Ae,h
11 ð	,z0,d Þexpf��0jz� d jg, z4d

expf��f jz� z0jg

�f
þBe,h

11 expf��f jz� d jg

þCe,h
11 expf��fzg, d4z40

De,h
11 ð	,z0,d Þexpf��1zg, z50

8>>>>>>>>><
>>>>>>>>>:


e,h33 ðz,z0,	Þ ¼

Ae,h
31 ð	,z0,d Þexpf��0jz� d jg, z4d

expf��f jz� z0jg

�f
Be,h
33 expf��f jz� d jg

þCe,h
33 expf��fzg, d4z40

De,h
33 ð	,z0,d Þexpf��1zg, z50

8>>>>>>>>><
>>>>>>>>>:


e,h31 ðz,z0,	Þ ¼

Ae,h
31 ð	,z0,d Þexpf��0jz� d jg, z4d

Be,h
31 ð	,z0,d Þexpf��f jz� d jg

þCe,h
31 ð	,z0,d Þexpf��fzg, d4z40

De,h
31 ð	,z0,d Þexpf�1zg, z50:

8>>>>>>><
>>>>>>>:

ð7Þ

Here

�2� ¼ 	
2 � k2� , k2� ¼ k2"���, � ¼ 0, f, 1:

The associated spectral coefficients Ae,h
�� ,B

e,h
�� , C

e,h
�� ,D

e,h
��

are determined from the following conditions at

z¼ 0, d:

½
e11
 ¼
1

�

@
e11
@z

� �
¼ 0; ½
e11
 ¼

1

"

@
h11
@z

� �
¼ 0;

1

�

e31

� �
¼ 0;

1

"�

@
e31
@z

� �
¼ �

1

"�

� �

e11,

1

"

h31

� �
¼ 0;

1

"�

@
h31
@z

� �
¼ �

1

"�

� �

h11: ð8Þ

Here, square brackets [.] stay for change of values at

the interface.
In frame of the DSM, the approximate solution of

the scattering problem is constructed accounting for

rotational symmetry of the scattering problem geom-

etry (particle together with layered interface). In this

case, the DS are distributed over the axis of symmetry

and the Fourier harmonics of the Green tensor

components (Equation (6)) are used to build the

solution. The Fourier harmonics ge,hm , fm accept the

form of Weyl–Sommerfeld integrals:

ge,hm ðq,wnÞ ¼

ð1
0

Jmð	�Þ

e,h
11 ðz,wn, 	Þ	

1þm d	,

f e,hm ðq,wnÞ ¼

ð1
0

Jmð	�Þ

e,h
31 ðz,wn, 	Þ	

1þm d	: ð9Þ

Here, Jmð	Þ is the cylindrical Bessel function, and

the multipoles are distributed along the axis of

symmetry wn 2Oz inside Di or in an adjoined complex

plane by setting w ¼ z0 � jz00 as it was introduced

in [44].
In addition to the axial symmetry, the polarization

of the exciting field is also taken into account during

the approximate solution construction [7]. Let us now

consider a P-polarized excitation (Equation (2)).

To account for the axial symmetry and polarization

of the exciting field we implement a plane wave

resolution into a Fourier series with respect to the

azimuth angle ’:

expf�jkf � sin �f cos’g ¼
X1
m�0

ð2� �0mÞð�j Þ
m

� Jmðkf � sin �f Þ cosm’: ð10Þ

Here, �0m is a Kronecker symbol. Then for the

associated Fourier harmonics of the external excitation

in the cylindrical coordinate system the following

representations hold:

EP
f ðmÞ ¼

�
EP
m�ðqÞ cosðmþ 1Þ’; EP

m’ðqÞ sinðmþ 1Þ’;

EP
mzðqÞ cosðmþ 1Þ’

�
HP

f ðmÞ ¼
�
HP

m�ðqÞ sinðmþ 1Þ’; HP
m’ðqÞ cosðmþ 1Þ’;

HP
mzðqÞ sinðmþ 1Þ’

�
ð11Þ

where q ¼ ð�, zÞ stands for a point located in the half-

plane ’¼ const. To take the polarization of the

external excitation into account we use a linear

combination of electrical and magnetic multipoles

positioned along the axis of symmetry, which are

adjusted to the external excitation (Equation (11)) [7].

For the representation of the scattered field outside the

particle the following vector potentials are used:

Ae, f
nm ¼

�
gemðq,wnÞcosðmþ 1Þ’; �gemðq,wnÞ sinðmþ 1Þ’;

� fmþ1ðq,wnÞcosðmþ 1Þ’
�
,

Ah, f
mn ¼

�
ghmðq,wnÞ sinðmþ 1Þ’; ghmðq,wnÞcosðmþ 1Þ’;

� fmþ1ðq,wnÞ sinðmþ 1Þ’
�
,

A
e, f
0n ¼ 0; 0; gh0ðq,wnÞ

� �
:

ð12Þ
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The total field inside the particle is constructed based

on vector potentials, which have the form [7]:

Ae,i
mn ¼ fYmðq,w

i
nÞ cosðmþ 1Þ’;

� Ymðq,w
i
nÞ sinðmþ 1Þ’; 0g

Ah,i
mn ¼ fYmðq,w

i
nÞ sinðmþ 1Þ’;

Ymðq,w
i
nÞ cosðmþ 1Þ’; 0g

A
e,i
0n ¼ f0; 0; Y0ðq,w

i
nÞg: ð13Þ

Here, Ymða,w
i
nÞ ¼ hð2Þm ðkiRqwi

n
Þ 	 ðki�=Rqwi

n
Þ
m, Rqwi

n
¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 þ ðz� wi
nÞ

2
q

and hð2Þm ð	Þ are spherical Hankel func-

tions. Let us emphasize that the sets fwi
ng and {wn} are

different because wi
n must be placed outside of Di.

Thus, for the scattered fields inD0, f, 1, which satisfy

the transmission conditions at �1, f and the total

field inside Di, the following representation is valid:

E
�
�,N¼

XM
m¼0

XN�
m

n�1

p�mn

j

k"���
r�r�Ae,�

mnþq�mn

1

"�
r�Ah,�

mn

	 


þ
XN�

0

n¼1

r�n
j

k"���
r�r�A

e,�
0n ;

H
�
�,N¼

j

k��
r�E�,NðMÞ, �¼ 0, f,1, i; �¼ f, i: ð14Þ

Let us emphasize that the representations for the

scattered fields in three domains D0, f, 1 are provided

by the unique set of amplitudes f p f
mn, q

f
mn, r

f
ng.

The approximate solution for S-polarized excita-

tion can be constructed in a similar way. Accounting

for the Fourier harmonics of an exciting wave, the

formulation (2) can be written as follows:

ES
f ðmÞ ¼ fE

S
m�ðqÞ sinðmþ 1Þ’; ES

m’ðqÞ cosðmþ 1Þ’;

ES
mzðqÞ sinðmþ 1Þ’g

HS
f ðmÞ ¼ fH

S
m�ðqÞ cosðmþ 1Þ’; HS

m’ðqÞ sinðmþ 1Þ’;

HS
mzðqÞ cosðmþ 1Þ’g: ð15Þ

Here, the following electric and magnetic vector

potentials corresponding to the dipoles and multipoles

are employed:

Ae, f
mn ¼

�
gemðq,wnÞ sinðmþ 1Þ’; gemðq,wnÞ cosðmþ 1Þ’;

� fmþ1ðq,wnÞ sinðmþ 1Þ’
�
,

Ah, f
mn ¼

�
ghmðq,wnÞ cosðmþ 1Þ’; �ghmðq,wnÞ sinðmþ 1Þ’;

� fmþ1ðq,wnÞ cosðmþ 1Þ’
�
,

A
h, f
0n ¼ f0; 0; ge0ðq,wnÞg: ð16Þ

The vector potentials for the total field inside the
particle accept the form

Ae, i
mn ¼ fYmðq,w

i
nÞ sinðmþ 1Þ’;

� Ymðq,w
i
nÞ cosðmþ 1Þ’; 0g

Ah,i
mn ¼ fYmðq,w

i
nÞ cosðmþ 1Þ’;

Ymðq,w
i
nÞ sinðmþ 1Þ’; 0g;

A
h,i
0n ¼ f0; 0; Y0ðq,w

i
nÞg: ð17Þ

Then, for the scattered fields in D0, 1, f, which satisfy
the transmission conditions at both interfaces �1, f and
the total field inside the particle Di, the following
representation is valid:

E
�
�,N¼

XM
m¼0

XN�
m

n�1

p�mn

j

k"���
r�r�Ae,�

mnþq�mn

1

"�
r�Ah,�

mn

	 


þ
XN�

0

n¼1

r�n
j

k"���
r�Ah,�

mn;

H
�
�,N¼

j

k��
r�E�,NðMÞ, �¼ 0, f,1, i; �¼ f, i: ð18Þ

The following result holds: let each set fwng
1
n¼1, fw

i
ng
1
n¼1

have at least one limit point. Then the systems of
dipoles and multipoles are complete in the least square
sense on @Di and the constructed approximate solu-
tions (14) and (18) of the scattering problem (1)
converge to the exact one [38].

The system of multipoles that has been used for
representation of the fields is called the lowest order
multipoles [6].

2.3. Numerical scheme of the DSM

In this section, a short description of the numerical
scheme of the DSM is presented. As mentioned above,
the representations (14) and (18) satisfy all the condi-
tions of the scattering problem (1) except for the
transmission conditions at the particle’s surface (4).
These transmission conditions are used to determine
the unknown amplitudes of the DS f p�mn, q

�
mn, r

�
ng;

m ¼ 0,M; n ¼ 1,N; � ¼ f, i. Note that for each Fourier
harmonic m we have to compute the coefficients
f p f

mn, q
f
mn, r

f
ng

Nf
m

n¼1 and f p
i
mn, q

i
mn, r

i
ng

Ni
m

n¼1 only, because by
using Green’s tensor we constructed a unitary repre-
sentation of the fields outside Di with the same
amplitudes.

Let us remind ourselves that the geometry of our
scattering problem is axially symmetric with respect to
the Z-axis and the DS are distributed over its axis of
symmetry. To account for the singularities of the
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continuation of the scattered field inside the particle we

construct an analytic continuation of the DS’s coordi-

nates to the adjoined complex plane fwng
Nf

m

n¼1 [7]. The

DS used for the internal field representation fwi
ng

Ni
m

n¼1

are placed in the complex plane in such a way that their

projections to the real axis (Oz) do not touch the
internal domain Di. In this case the representation for
internal fields accepts the form of a finite Fourier series

with respect to the azimuth variable ’. By resolving the
fields of the exciting plane waves (Equation (2)) in the
Fourier series we transform the surface approximation

problem (Equation (4)) to a set of one-dimensional
approximating problems for the fields (see Equations

(11)–(14) for P-polarization or Equations (15)–(18) for
S-polarization) enforced at the particle meridian [7].
Thus, instead of matching the fields over the whole

scattering surface, their Fourier harmonics are
matched separately. By resolving this problem the

corresponding DS amplitudes f p�mn, q
�
mn, r

�
ng; � ¼ f, i

are determined. Additionally, the DSM allows employ-
ment of different numbers of DS for representations

of the scattered and the internal fields, which
enables examination of particles with high refractive
indices.

There are various numerical schemes for the

evaluation of the DS’s amplitudes. It has been
found that the most stable results can be obtained

by using the Generalized Point-Matching (GPM)
Technique. The GPM requires distribution of the
matching points f�l, zlg

L
l¼1 over the generatrix covering

its whole length. GPM provides a considerable
reduction of sizes of linear systems involved and
leads to reduction of the computational time and

memory storage, due to the possibility of using a
lower DS number compared with the number of

matching points. To provide the fullness of rank
of the rectangular matrices for each Fourier harmonic
in the over-determined systems, the Tikhonov’s reg-

ularization procedure in least square form is applied
[38] with a spectral shift in a complex plane.

The amplitudes of multipoles are then determined
as a pseudo-solution of the corresponding over-
determined system of linear equations [7].

Usually, the number of DS we use ðNf
m þNi

mÞ

depends on the number of Fourier harmonics m and
takes on a value up to half the number of the
matching points distributed over J. Additionally, we

make a separation between the number of DS for the
scattered field Nf

m and for the internal one Ni
m

depending on the values of the refractive indices of

the particle and the film. The higher the value of the
refractive index the higher the number of DS

required. The latter circumstance allows examining

a particle with a high refractive index. Thus, the

matrix dimension for a Fourier harmonic is 4L�

ð2Nf
m þ 2Ni

mÞ.
Because the DSM is a direct method, it does not

require any iterative solver. Regardless, we use

different representations for P- (Equation (14)) and

S- (Equation (18)) polarized excitation, and it has

been shown that the DS amplitudes can be deter-

mined by solving a linear system with an identical

matrix for both P- and S- cases [7]. The last fact

allows solving the scattering problem for the complete

set of incident angles �1 and both polarizations

(P and S) at once. In addition, the DSM numerical

scheme provides an opportunity to control the actual

convergence of the approximate solution to the exact

one by posterior error estimation. For this purpose,

we calculate a surface residual of the transmission

conditions (Equation (3)) in least square norm at

@Di [7].
After the Fourier harmonics of the DS amplitudes

are determined, one can compute the far field patterns

F0,1ð�, ’Þ in D0,1 domains:

Es
0,1ðM Þ=jE

0ðz ¼ 0Þj ¼
expf�jk0,1rg

r
F0,1ð�, ’Þ þ 0ðr�1Þ,

r ¼ jMj ! 1: ð19Þ

Here F0,1ð�, ’Þ are determined at a unit sphere and

have two components corresponding to P/S polarized

excitation F
P,S
0,1 ð�, ’Þ ¼ F

P,S
0,1ð�Þe� þ F

P,S
0,1ð’Þe’:

By asymptotical evaluation of the Weyl–

Sommerfeld integrals involved in the representation

of the scattered fields, the far field pattern components

for P-polarization accept the following form [45]:

FP
0,1ð�Þð�,’Þ ¼ jk

XM
m¼0

ð jk0,1 sin �Þ
m cosðmþ 1Þ’

�
XNf

m

n¼1

	
pf,P
nm �geð0,1Þnm cos �þ jk0,1 sin

2 � �f eð0,1Þnm

� �

þ

ffiffiffiffiffiffiffiffi
�0,1

"0,1

r
q f,P
nm g�hð0,1Þnm



� jk sin �

XNf
0

n¼1

r f,Pn �g
hð0,1Þ
n0 ,

FP
0,1ð’Þð�,’Þ ¼ �jk

XM
m¼0

ð jk0,1 sin �Þ
m sinðmþ 1Þ’

�
XNf

m

n¼1

	
p f,P
nm g�eð0,1Þnm þ

ffiffiffiffiffiffiffiffi
�0,1

"0,1

r
q f,P
nm

�
�ghð0,1Þnm cos �

þ jk0,1 sin
2 � �f hð0,1Þnm

�

: ð20Þ
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For S-polarized external excitation the components of

the far field pattern are

FS
0,1ð�Þð�, ’Þ ¼ jk

XM
m¼0

ð jk0,1 sin �Þ
m sinðmþ 1Þ’

�
XN
n¼1

	
p f,S
nm

h
�geð0,1Þnm cos � þ jk0,1 sin

2 � �f eð0,1Þnm

i

�

ffiffiffiffiffiffiffiffi
�0,1

"0,1

r
q f,S
nm �ghð0,1Þnm



,

FS
0,1ð’Þð�, ’Þ ¼ jk

XM
m¼0

ð jk0,1 sin �Þ
m cosðmþ 1Þ’

�
XN
n¼1

	
p f,S
nm �geð0,1Þnm �

ffiffiffiffiffiffiffiffi
�0,1

"0,1

r
q f,S
nm

h
�ghð0,1Þnm cos �

þ jk0,1 sin
2 � �f hð0,1Þnm

i


þ jk

ffiffiffiffiffiffiffiffi
�0,1

"0,1

r
sin �

XN
n¼1

r f,S
n �ghð0,1Þnm , ð21Þ

here, f p f,ðP,S Þ
nm , q f,ðP,S Þ

nm , r f,ðP,S Þn g are Fourier harmonics of

DS amplitudes corresponding to P/S polarizations and

the associating spectral functions �ge,hnm
�fnm are

�ge,hð0Þnm ð�Þ ¼ jk0 cos � expf jk0d cos �gA
e,h
11 ðk0 sin �,wn, d Þ,

�f e,hð0Þnm ð�Þ ¼ jk0 cos � expf jk0d cos �gA
e,h
31 ðk0 sin �,wn, d Þ:

�ge,hð1Þnm ¼ jk1 cos �D
e,h
11 ðk1 sin �,wn, d Þ

�f e,hð1Þnm ¼ jk1 cos �D
e,h
31 ðk1 sin �,wn, d Þ ð22Þ

where wn denotes complex coordinates of the DS.
Hence, after the unknown amplitudes of DS are

determined, the far field patterns for P/S polarization

(Equations (20) and (21)) are represented as finite

linear combinations of elementary functions. This

circumstance ensures a low costs computer analysis

of the scattering characteristics in the far zone.

2.4. Numerical results and discussion

In this section we consider several scattering charac-

teristics. First, the differential scattering cross-section

(DSC), in D0,1, which is calculated as:

DSCP,S
0,1 ð�1, �, ’Þ ¼ FP,S

0,1ð�Þð�1, �, ’Þ



 


2þ FP,S

0,1ð’Þð�1, �, ’Þ



 


2,

ð23Þ

where FP,S
0,1ð’Þð�1, �, ’Þ are the components of the far field

pattern for a P- and S-polarized incident wave, in a

spherical coordinate system �, ’ (see Equations (16)

and (17)).

We also consider the scattering cross-section (SCS),
which represents the total integrated intensity scattered
into the upper �0 ¼ f0

� � � � 90�, 0� � ’ � 360�g and
lower �1 ¼ f90

� � � � 180�, 0� � ’ � 360�g hemi-
spheres


P,S0,1 ð�1Þ ¼

ð
�0,1

IP,S0,1 ð�1, �, ’Þd!: ð24Þ

Let �0 be a transmission angle of the exciting plane
wave in D0. Snell’s law in this case yields: sin �0 ¼
n1
n0
sin �1 As jn1j4 jn0j with an increase of the incident

angle �1 from 0 to �/2 one can get jsin �0j4 1. This
circumstance requires using a corresponding branch

for cos �0 ¼ �j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 �0 � 1

p
, which provides the choice

of an outgoing wave. Hence, beyond the critical angle
�c ¼ arcsinðn0=n1Þ in the upper half-space an evanes-
cent wave appears, which propagates along the inter-
face and decays in the normal (z4 d) direction to the
interface �f :

�þ ¼ expf�jk0x sin �0g exp �k0z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 �0 � 1

q	 

:

Next, we will present some numerical results obtained
by using the DSM model and discuss them. We
consider P- or S-polarized plane waves with a wave-
length of 	¼ 633 nm. The prism is made of glass. The
spherical silicon particle with diameter D¼ 49 nm and
a refractive index of ni¼ 4.37 – 0.08j is embedded into a
gold film of thickness d¼ 50 nm with a refractive index
for this wavelength nf¼ 0.18 – 3.26j.

We will investigate the SCS both above the film in
the area D0 and in the prism area D1.

In Figure 2 the numerical results for the 
P,S0 ð�1Þ of
the particle versus scattered angle are presented in
logarithmic scale. The glass prism refractive index is
n¼ 1.904 and the critical angle is equal to �c ¼ 31:68�.

Figure 2. Si particle of D¼ 49 nm in gold film d¼ 50 nm on
the prism n¼ 1.904, intensity above the film. (The color
version of this figure is included in the online version of the
journal.)

Journal of Modern Optics 391

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
F
r
i
e
d
r
i
c
h
 
A
l
t
h
o
f
f
 
K
o
n
s
o
r
t
i
u
m
]
 
A
t
:
 
0
7
:
1
3
 
2
3
 
M
a
r
c
h
 
2
0
1
1



One can observe that while the SCS for S-polarized
excitation monotonically decreases, the curve for
P-polarized light has some special feature. Near the
critical angle it has a sharp minimum and behind the
critical angle it sharply rises in value up to two orders
in magnitude. This effect occurs in the evanescent wave
area. It was first time detected in [39] for a hole inside a
film and we called it the extreme transmission effect
(ETE).

In Figure 3 results for the same particle but for the
SCS observed in D0 and in D1 separately are presented
in linear scale. A closer look shows that the behavior of
the SCS curves for both above and beneath the film are
similar: curves for S-polarization demonstrate just a
monotonic decrease of values, while both curves for
P-polarized excitation first drop down and then
sharply jump up in the area of evanescent waves. The
curves demonstrate an increase of values at the angle
variation of 1.5�.

Similar results are presented in Figure 4 for another
prism material: glass with a refractive index of n¼ 1.52.
Due to the shift of the critical angle of the system, the
effect is also shifted to the critical angle �c¼ 41.14�, but
the behavior of curves looks similar to the results
presented in Figure 3. For a better illustration of this
shift, the results for P-polarized excitation both above
and beneath the film for the two different prism
materials mentioned above are presented in Figure 5.

Let us consider a correlation between ETE and
surface plasmon resonance (SPR) [42]. As is known,
the SPR corresponds to a minimum value of the
reflection RP

01 from the prism-film interface for a
P-polarized plane wave. SPR appears behind the angle
of total internal reflection �14 �c

RP
01ð�1Þ ¼

rP1f r
P
f 0 expf�2jkf cos �fd g

1þ rP1f r
P
f 0 expf�2jkf cos �fd g

: ð25Þ

Here, r1f, rf 0 are the reflection coefficients

(Equations (3)) from boundaries �1, �f and �f is the

angle of refraction into the film.
In Figure 6, results similar to those from Figure 5

can be observed for the case, when the upper half-space

D0 is filled with water having a refractive index of

n¼ 1.33. A variation of the refractive index leads to the

shift of the critical angle �c ¼ 61:04� and yields the shift

of the maximal position for both curves. The maxima

for the case of water becomes smoother and their values

are lower. Besides, one can see a close correlation

between SPR and ETE for both cases (air and water).
Similar results can be observed in Figure 7, where

the results for SCS are shown for the glass with

n¼ 1.52 for both cases of air and water above the film.
Now we would like to examine the behavior of

DSC in the incidence plane. For these investigations we

Figure 3. Particle in gold film on the prism n¼ 1.904,
P- and S-polarized excitations, intensities above and beneath
the film. (The color version of this figure is included in the
online version of the journal.)

Figure 5. Particle in gold film, different prism materials,
P-polarized excitation, intensities above and beneath the
film. (The color version of this figure is included in the online
version of the journal.)

Figure 4. Particle in gold film on the prism n¼ 1.52, P- and
S-polarized excitation, intensities above and beneath the
film. (The color version of this figure is included in the online
version of the journal.)
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choose two incident angles, where the SCS demon-
strates maximum and minimum values. The results for
DSC distribution for the particle on glass with
n¼ 1.904 are depicted in Figure 8 for both cases.
Here the range of observation angles 90�5 �5 270�

belongs to the upper semi-plane D0 and the range of
270�5 �5 360� belongs to the lower semi-plane D1.
Similar results are presented for another glass n¼ 1.52
in the case of air (Figure 9) above the film and in the
case of water in D0 (Figure 10).

2.5. Conclusion

The extreme transmission effect arises in the region
of evanescent waves behind the angle of total

Figure 10. Particle in gold film on the prism n¼ 1.52,
P-polarization, water above. (The color version of this figure
is included in the online version of the journal.)

Figure 6. Particle in gold film, different prism materials,
P-polarized excitation, water above. (The color version of
this figure is included in the online version of the journal.)

Figure 7. Particle in gold film on prism n¼ 1.52,
P-polarization. (The color version of this figure is included
in the online version of the journal.)

Figure 8. Particle in gold film on the prism n¼ 1.904,
P-polarization. (The color version of this figure is included in
the online version of the journal.)

Figure 9. Particle in gold film on the prism n¼ 1.52,
P-polarization. (The color version of this figure is included
in the online version of the journal.)
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internal reflection. It demonstrates a sharp (by an
order of magnitude) increase in the scattering cross-
section compared with the normal incidence of the
wave on the film. The spatial distribution of the
scattered intensity in the peak of ETE has been
analyzed. It was shown that SCS increases not only
in the upper half-space D0 but also in the lower half-
space D1. The specific feature of this effect is that it is
independent of the inhomogeneity shape, diameter and
material, the film thickness, and the filling of the
external half-space. Numerical results demonstrate
close correlation of ETE with the surface plasmon
resonance; in particular, the peaks of ETE correspond
the peaks of SPR and always shift together with the
shift of SPR peaks. In addition, the deviation of the
ETE peak from SPR is about 0.03�.

3. Light scattering by particle on a filmed substrate

for total internal reflection microscopy

Total internal reflection microscopy (TIRM) is a
relatively new non-invasive technique to measure
weak interaction forces between a single scattering
colloidal particle and a plane surface with high resolu-
tion [46–50]. TIRM is an optical technique for moni-
toring the instantaneous separation distance between a
microscopic particle and a flat surface. Variations of
distance down to 1 nm can be detected. To determine
the instantaneous separation distance, the intensity of
light scattered by the sphere when it is illuminated by an
evanescent wave is measured. Due to the use of the
Brownian fluctuations of a free colloidal particle for
obtaining the interaction potential, TIRM has a high
sensitivity and is suitable for measurement close to a
surface. In the last few years, TIRM has been applied
to measure van der Waals [50], Casimir [51], magnetic
[52], depletion [53,54], and electrostatic [55] forces.

The first TIRM measurements have been based on
the assumption that the intensity of the scattered field
out of the plane surface was proportional to the
intensity of an evanescent field in the particle area.
This assumption has been used for the reconstruction
of the interaction potential. However, later experi-
ments found a disagreement in behavior of measured
interaction potentials for P- and S-polarized light with
the original assumption [56]. The difference is caused
by the particle–surface light scattering interaction,
which has not been taken into consideration by the
original simple model. To account for this scattering
interaction, an exact scattering model, based on the
discrete sources method has been suggested [57,58].
It has been shown that the use of the rigorous DSM
model allows reconstruction of the interaction force
potential with high precision [56–58].

In a conventional TIRM setup, the colloidal particle
is situated above the glass prism in a water-based
medium. The laser beam propagating in the glass prism
with an angle slightly higher than the angle of total
internal reflection generates an evanescent field in the
area above the prism. The light scattered by a colloidal
particle is collected by a detector positioned in the
liquid medium above the particle. Alternatively, it is
possible to place the light collector in the area beneath
the glass prism with the objective directed toward the
specular beam. To reduce the intensity of the reflected
beam the effect of surface plasmon resonance in a thin
gold film, deposited on the prism surface is used.

In the present paper, the DSM is applied to model
both setup schemes for TIRM. Numerical analysis
based on the DSM model allows one to choose the
most effective setup for determination of the particle-
film distance. It has been found that placement of the
collector beneath the prism is of advantage compared
with its placement above the particle.

3.1. Mathematical statement and solution
construction

In this section we proceed with the mathematical
statement of the scattering problem for the TIRM
setup. Consider a glass prism occupying a half space
D1, z5 0 with a metal film domain Df, d4 z4 0 of
thickness d and a spherical penetrable particle with
interior domain Di and smooth boundary @Di that is
deposited above the film in the domain D0, z4 d
(Figure 11). Let the plane �1 separate a film and a glass
prism and the plane �f air and the film. Let us now
introduce a Cartesian coordinate system Oxyz by
choosing its origin O at the prism surface �f such that
the z-axis coincides with the axis of symmetry of the

iD∂

d

0θ

fD

Z

1θ
X

iD

O

0D

h fΣ

1

1
D

Σ

B

A

Figure 11. Model geometry: particle deposited on a filmed
prism surface. (The color version of this figure is included in
the online version of the journal.)
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particle and is directed into the domain D0. We assume
that the exciting field {E0,H0} is a linear polarized
plane wave propagating inside the glass prism at angle
�1 with respect to the z-axis. Placements of the
objective lenses for two different setup schemes are
marked in Figure 11 by letters A (for the conventional
scheme) and B (for the alternative one).

The mathematical statement of the scattering
problem is similar to Equation (1) but with different
boundary conditions at the particle’s surface:

ni � ðEið pÞ � E0ð pÞÞ ¼ 0,

ni � ðHið pÞ �H0ð pÞÞ ¼ 0,
p2 @Di: ð26Þ

The solution of the boundary value problem is con-
structed following the DSM scheme [38]. First of all, the
diffraction problem of the plane wave {E0,H0} on the
layered interface is solved. The resulting exciting field
fE0

� ,H
0
�g, � ¼ 0, f, 1 satisfies the transmission conditions

at �1 and �f. Then we construct an approximate
solution of the problem (26) for the scattered field
fES

� ,H
S
� g in domains D�, � ¼ 0, f, 1 and the total field

inside particle Di. Following the DSM scheme, the
electromagnetic fields are represented as a finite linear
combination of fields of dipoles and multipoles, which
analytically satisfy the transmission conditions enforced
at the plane interfaces �1 and �f [7]. The approximate
solution satisfies Maxwell equations in domains D0,1,f,i

the infinity conditions and the transmission conditions
at the plane interfaces. Thus, the scattering problem is
reduced to the problem of approximating of the exciting
field on the particle surface @Di. The amplitudes of the
DS are determined from the boundary conditions at
the particle surface, which can be rewritten as follows:

ni � ðEið pÞ � E0ð pÞÞ ¼ ni � E0
0ð pÞ,

ni � ðHið pÞ �H0ð pÞÞ ¼ ni �H0
0ð pÞ,

p2 @Di ð27Þ

where fE0
0,H

0
0g is a plane wave refracted into the upper

semi-space D0.
To construct the fields of dipoles and multipoles

that analytically satisfy the transmission conditions at
the plane interfaces �1 and �f we apply the Green’s
tensor for a stratified interface (Equation (4)).
Associated spectral functions 
e,h11 , 


e,h
33 , 


e,h
31 providing

transmission conditions enforced at z ¼ 0, d accept the
following forms


e,h11 ð	,z,z0Þ

¼

expf��0jz� z0jg
�0

þAe,h
11 ð	,z0Þexpf��0jz� d jg,

z� d, z040,

Be,h
11 ð	,z0Þexpf��f jz� d jgþCe,h

11 ð	,z0Þexpf��fzg,

d� z� 0

De,h
11 ð	,z0Þexpf�1zg, z� 0

8>>>>>>><
>>>>>>>:


e,h33 ð	,z,z0Þ

¼

expf��0jz� z0jg

�0
þAe,h

33 ð	,z0Þ

expf��0jz� d jg, z� d, z040

Be,h
33 ð	,z0Þexpf��f jz� d jg, þCe,h

33 ð	,z0Þ

expf��fzg, d� z� 0

De,h
33 ð	,z0,d Þexpf��1zg, z� 0

8>>>>>>>>>>><
>>>>>>>>>>>:


e,h31 ð	,z,z0Þ

¼

Ae,h
31 ð	,z0Þexpf��0jz� d jg, z� d,z040,

Be,h
31 ð	,z0Þexpf��f jz� d jgþCe,h

31 ð	,z0Þexpf��fzg,

d� z� 0

De,h
31 ð	,z0Þexpf�1zg, z� 0: ð28Þ

8>>>>><
>>>>>:

The corresponding coefficients Ae,h
�� ,B

e,h
�� ,C

e,h
�� ,D

e,h
�� are

determined from the conditions (8).
Following the scheme described in Section 2, we

will construct an approximate solution that accounts

both for the axial symmetry of the scattering problem

and the polarization of the exciting field. Let us

consider a P-polarized exciting plane wave first. In this

case, the refracted plane wave in D0 has the following

representation:

E0
0 ¼ TP

01ð�ex cos �0 þ ez sin �0Þ

� expf�jk0ðx sin �0 þ z cos �0Þg,

H0
0 ¼ �T

P
01n0ey expf�jk0ðx sin �0 þ z cos �0Þg, ð29Þ

where (ex, ey, ez) is basis of the Cartesian coordinate

system, and TP
01 is the transmission coefficient for

P-polarization associated with the multi-layered

interface

TP
01 ¼

tP1f t
P
f 0 expð�jkf cos �fd Þ

1þ rP1f r
P
f 0 expð�2jkf cos �fd Þ

:

Here, �� is the angle of refraction in D�, � ¼ 0, f , and

rP��, t
P
�� are reflection and transmission coefficients

introduced in Equation (3).
Now we consider S-polarized excitation. In this

case, the field of the plane wave refracted in D0 is:

E0
0 ¼ TS

01ey expf�jk0ðx sin �0 þ z cos �0Þg,

H0
0 ¼ TS

01n0ð�ey cos �0 þ ez sin �0Þ

� expf�jk0ðx sin �0 þ z cos �0Þg, ð30Þ

where

TS
01 ¼

tS1ft
S
f 0 expð�jkf cos �fd Þ

1þ rS1f r
S
f 0 expð�2jkf cos �fd Þ

:

Journal of Modern Optics 395

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
F
r
i
e
d
r
i
c
h
 
A
l
t
h
o
f
f
 
K
o
n
s
o
r
t
i
u
m
]
 
A
t
:
 
0
7
:
1
3
 
2
3
 
M
a
r
c
h
 
2
0
1
1



Corresponding to Snell’s law: n0 sin �0 ¼ n1 sin �1.
When the incident angle exceeds the critical one

�1 4 �c ¼ arcsinðn0=n1Þ, n1 4 n0 the exciting wave is

totally reflected from the upper interface �f. In this

case, only an evanescent wave, which propagates along

the plane surface �f and decays along the z direction

remains in the upper half-space D0.
The approximate solution of the scattering problem

based on the DSM fulfils the transmission conditions

on plane interfaces �1 and �f, and accounts for the

rotational symmetry of the scattering problem geom-

etry and polarization of the exciting field [7]. It accepts

the form of Equations (14) and (18) with the obvious

changes of the spectral functions (28). DS amplitudes

are determined from the transmission conditions (27)
enforced at the particle surface @Di. By resolving the

exciting field (Equations (29) and (30)) in Fourier series

similar to Equation (10) we proceed from surface

approximation to a set of 1D approximating problems

on the surface meridian, as described in Section 1. The

latter problems are solved by using a GPM approach

as described above.
Once the Fourier harmonics of the DS amplitudes

f p f
nm, q

f
nm, r

f
ng are determined, one can compute the far

field patterns F0,1ð�, ’Þ (Equations (20) and (21)) in D0,1

domains. But in contrast with the previous section,

spectral functions (22) corresponding to D0 domain

have the form [38]

�ge,hð0Þnm ¼ expf jk0zn cos �g þ jk0 cos � expf jk0d cos �g

� Ae,h
11 ðk0 sin �,wn, d Þ

�f e,hð0Þnm ¼ jk0 cos � expf jk0d cos �gA
e,h
31 ðk0 sin �,wn, d Þ

where wn are the complex coordinates of the DS

associated with the scattered field.
Once the unknown amplitudes of DS are deter-

mined, the far field patterns for P- and S-polarization

are represented as finite linear combinations of ele-

mentary functions (see Equations (20) and (21)).

This circumstance ensures fast and effective com-

puter analysis of the scattering characteristics in the

far zone.

3.2. Numerical results and discussion

In this section we present computer simulation for

two alternative schemes of TIRM. We consider

following light scattering characteristics: the differen-

tial scattering cross-section (DSC), which is given by

Equation (23) with the dimension of mm2.
We will also consider an objective response as a

function of height of the particle. It represents the
integrated intensity scattered into the prescribed solid

angle �, which corresponds to the numerical aperture
of the objective lens:


P,S0,1 ð�1Þ ¼

ð
�

DSCP,S
0,1 ð�1, �, ’Þd!: ð31Þ

The integral response is used to evaluate the scattered
intensity captured by an objective lens [55].

We will consider a P- or S-polarized plane wave
with a wavelength of 	¼ 633 nm. The prism is made of
glass with refractive index of n1¼ 1.52 for this wave-
length. The particles we consider are made of SiO2 with
a refractive index ni¼ 1.46 and have diameters of
D¼ 300 nm, 600 nm and 1.2 mm. The particles are
situated in water with n0¼ 1.33 on a gold film with
nf¼ 0.18 – 3.26j and thickness of d¼ 50 nm. The critical
angle for this system, where evanescent waves appear, is
61.04�. The incident angle is 66.75�. Scattered fields are
captured by objectives with collecting angles of 32�. For
technical reasons, the collector situated beneath the
prism has a central hole of 5� to avoid detection of the
specular beam. To reduce the intensity of the reflected
plane wave we adjusted the film thickness and incident
angle to reach the surface plasmon resonance regime.

In the following figures, the results of computa-
tional experiments are presented. In Figure 12 the
objective response 
P,S0,1 versus particle–film distance
h is presented for particles of different diameters and
both polarization of the incident light. The capturing
objective is situated above the prism. We can see that
all the curves have pronounced oscillating behavior.
For some of them (e.g. for particle of D¼ 1.2mm) the
fluctuation of the values is so extreme, that it is
possible to choose three values of height where the
value of 
P0 seems to be the same. Such behavior of the
objective response complicates the problem of determi-
nation of the particle height from the measured data.

Figure 12. Particles of different diameters, P and S-polari-
zations, intensity above the prism. (The color version of this
figure is included in the online version of the journal.)
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To compare to these results we present similar com-

putations for the case when the collecting objective is

positioned beneath the prism (Figure 13). Now we

observe a completely different behavior: all curves

demonstrate monotonic almost exponential decay. In

Figure 14 the results are presented for the particle of

D¼ 300 nm for positions of the collector both above

and beneath the prism for P-polarized excitation.

These results demonstrate that the intensity of

P-polarized light is several orders higher then for the

S-polarized one. Similar to the results presented above,

both curves for the upper collector show oscillations,

while both curves for the collector’s deposition

beneath the prism have monotonic exponential decay.

Similar results for larger particles of D¼ 600 nm

(Figure 15) and D¼ 1.2mm (Figure 16) are presented

as well.
Now we turn to analyze the behavior of the DSC in

the incidence plane. Let us look at two particle heights

where 
P0 reaches almost the same values. The results

for DSC distribution for the particle of D¼ 300 nm are

depicted in Figure 17. Here the range of observation

angles 90�5 �5 270� belongs to the upper semi-plane

and the range of 270��5 360� belongs to the lower

semi-plane. From the results presented above, one can

see that in spite of the upper semi-plane the intensity

values are nearly the same; at the lower semi-plane

both values differ essentially. Additionally, it is clear

that the maximum of intensity is directed towards the

specular direction at � � 110�. From comparison it is

Figure 16. Particle of D¼ 1200 nm, P- and S-polarizations,
different heights. (The color version of this figure is included
in the online version of the journal.)

Figure 13. Particles of different diameters, P- and S-polar-
izations, intensity beneath the prism. (The color version of
this figure is included in the online version of the journal.)

Figure 14. Particle of D¼ 300 nm, P- and S-polarizations,
different heights. (The color version of this figure is included
in the online version of the journal.)

Figure 15. Particle of D¼ 600 nm, P- and S-polarizations,
different heights. (The color version of this figure is included
in the online version of the journal.)
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also obvious that the difference of the intensity
scattered to the upper semi-plane is much lower then
the intensity at � � 110�, despite the central 5� of the
objective lens being cut to omit the influence of the
specular beam.

Similar results are presented for the particle of
D¼ 1.2mm (Figure 18). The results support the con-
clusions we made for the particle of smaller diameter.
Due to these circumstances, the determination of the
particle–film distance from observations of the intensity
beneath the prism should be much easier, in contrast
to the conventional observations in the upper domain.

4. Conclusions

In this paper we presented a DSM-based model of two
different measuring schemes of a TIRM setup.
Computer simulation results of light scattered by a

particle above the filmed prism are presented. The
results have demonstrated that the P-polarized
response exceeds the S-polarized by several orders
and that the TIRM scheme with the collector placed
beneath the prism provides considerable advantages
compared with the conventional scheme. In addition,
computer simulation results show that the intensity
scattered into the lower semi-space is higher then the
intensity scattered into the upper semi-space.
Additionally, the behavior of the 
P1 curve beneath
the prism demonstrates monotonic exponential decay
that enables easier determination of the particle–film
distance. Based on these analysis, we conclude that the
alternative TIRM scheme is advantageous compared
with the conventional one.
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