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Abstract

The paper is devoted to semi-analytical approaches for analyzing the evanescent wave scattering by penetrable scatterers on
a plane surface. On the basis of the discrete sources method and the T-matrix method numerical schemes were developed
and implemented in computer programs. Numerical results related to the influence of the plane surface on the scattering
characteristics are discussed. 2001 Elsevier Science B.V. All rights reserved.

1. Introduction

The recent development in scanning near-field optical microscopy [1] has yielded spatial resolution in the 1-nm
range [2], i.e. far beyond the diffraction limit of conventional optical microscopes. This limit was attend by using
evanescent waves originating from a dielectric surface by total internal reflection illumination. The wide field of
application of such a scattering microscopy, as for instance the Photon Scanning Tunneling Microscopy [3], gives
rise to renew interest in the numerical analysis of scattering of evanescent waves by small penetrable scatterers
near the surface of a dielectric prism [4–7]. As it was pointed out by several authors, the effect of the plane surface
on the differential scattering cross section is considerable. In fact the presence of the surface leads to a strong
redistribution of the scattered intensity of an isolated particle [7]. In this context, the elaboration of exact models
for evanescent wave scattering appears to be justified.

The paper is organized as follows. In Sections 1 and 2 we briefly present the theory of evanescent wave
scattering in the context of the discrete sources method and the T-matrix method. In Section 3 we investigate
from a computational point of view the elaborated methods. We also compare these models with an approximate
models, which does not take into account the scatterer-prism interaction. Finally, in Section 4 a summary of the
results is given.
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2. Discrete sources method

The geometry of the scattering problem is shown in Fig. 1. An axisymmetric particle with a smooth boundaryS

and interiorDi is situated on a plane surfaceΣ, so that its symmetry axis coincides with the normal to the plane
surface. The upper half-space corresponding to the ambient medium is denoted byD0, while the lower half-space
corresponding to the glass prism is denoted byD1. Let us introduce a rectangular coordinate systemOxyz by
choosing the originO at the tangent point between the particle and the substrate. Thez-axis coincides with the
symmetry axis of the particle and is directed into the domainD0. The wave number in the domainDt , t = 0,1, i, is
denoted bykt = k√εtµt . Similarly,nt , t = 0,1, i, stands for the index of refraction of the domainDt. The external
excitationEinc,H inc is a polarized plane wave propagating in the glass prism at the angleβ1 with respect to the
z-axis. Ifβ1> arcsin(n0/n1) the wave will be totally reflected and only a damped or an evanescent wave traveling
along the surface will be present in the upper half-space. The mathematical formulation of the scattering problem
consists in the Maxwell equations

∇ × Et = jkµtHt ∇ ×Ht =−jkεtEt in Dt, t = 0,1, i, (1)

the transmission conditions at the plane interface and the particle surface

ez × (E1−E0)= 0, ez × (H1−H0)= 0 onΣ, (2)

and

n× (Ei −E0)= 0, n× (Hi −H0)= 0 onS, (3)

respectively and the radiation (attenuation) condition at infinity. Here,n is the outward unit normal vector toS
andEt , Ht stands for the total field in the domainDt . Note that the total field inD0 sums the contribution of the
refracted incident field and the scattered field, that is

E0= Esca+Eref
inc and H0=Hsca+Href

inc.

We will construct an approximate solution to the scattering problem by representing the electromagnetic fields
as a finite linear combination of fields of multipoles [8,9]. The approximate solutions satisfy the Maxwell equations
in the domainsDt , t = 0,1, i, the radiation condition in the domainsDt , t = 0,1, and the transmission condition

Fig. 1. Geometry of the scattering system.
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at the plane interface. Essentially, the scattering problem simplifies to the approximation problem of the external
excitation on the particle surface. The amplitudes of discrete sources will be determined from the transmission
conditions (3).

For constructing the approximate solutions we consider the Green tensor for a stratified interface [8], that is

G(r , r0)=


ge,h 0 0

0 ge,h 0
∂f

∂x

∂f

∂y
σ e,h

 (4)

where the tensor elements are given by

ge,h(r , r0) = exp(jk0R)/R +
∞∫

0

J0(λr)ν
e,h
11 (z, z0, λ)λdλ, (5)

σe,h(r , r0) = gh,e(r , r0), (6)

and

f (r , r0)=
∞∫

0

J0(λr)ν31(z, z0, λ)λdλ. (7)

Here, r = ρ2 + ρ2
0 − 2ρρ0 cos(ϕ − ϕ0), (ρ,ϕ, z) are the cylindrical coordinates of the observation pointr ,

(ρ0, ϕ0, z0) are the cylindrical coordinates of the source pointr0, R = [r2 + (z − z0)
2]1/2 and, forz > 0 and

z0> 0, the spectral functionsνe,h11 andν31 are given by

νe11(z, z0, λ)= µ1K
0
z −µ0K

1
z

µ1K0
z +µ0K1

z

1

K0
z

exp
[−K0

z (z+ z0)
]
, (8)

νh11(z, z0, λ)= ε1K
0
z − ε0K1

z

ε1K0
z + ε0K1

z

1

K0
z

exp
[−K0

z (z+ z0)
]
, (9)

ν31(z, z0, λ)= 2(µ1ε1−µ0ε0)

(µ1K0
z +µ0K1

z )(ε1K
0
z + ε0K1

z )
exp

[−K0
z (z+ z0)

]
, (10)

whereKt
z = (λ2− k2

t )
1/2, t = 0,1.

Let {zn}∞n=1 be a dense sequence of source points distributed on a segmentΓz of the axis of symmetryOz, i.e.
zn ∈ Γz , whereΓz is located insideDi . For the field in the ambient medium we define the Hertz vectors of vector
multipoles by

Ae,hmnx(r ) = exge,hm (ρ, z, zn)− ezfm+1(ρ, z, zn)cosϕ,

Ae,hmny(r ) = eyge,hm (ρ, z, zn)− ezfm+1(ρ, z, zn)sinϕ,
(11)

and the Hertz vectors of vertical electric dipoles by

Ae,00n (r )= gh0(ρ, z, zn)ez, (12)

wherege,hm andfm stands for the azimuthal harmonics of the tensor componentsge,h andf . For the field inside
the particle we define entire functions with singularities located at infinity by

Aimnx(r )= exY im(ρ, z, zn), Aimny(r )= eyY im(ρ, z, zn) (13)
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and Hertz vectors of vertical electric dipoles by

Ae,i0n (r )= Y i0(ρ, z, zn)ez. (14)

Here,

Y im(ρ, z, z0)= jm
[
ki

√
ρ2+ (z− z0)2

]( ρ√
ρ2+ (z− z0)2

)m
(15)

with jm standing for the spherical Bessel function.
An approximate solution to the scattering problem will be constructed by taking into account not only the

rotational symmetry of the scatter, but simultaneously the polarization of the external excitation [8,9]. In this
context, for a P-polarized incident field we use some linear combinations ofAe,hmnx andAe,hmny , that is

Ae,0mn(r )= Aemnx(r )cosmϕ −Aemny(r )sinmϕ,

Ah,0mn(r )= Ahmnx(r )sinmϕ +Ahmny(r )cosmϕ.
(16)

In the same manner we construct the following linear combinations

Ae,imn(r )= Aimnx(r )cosmϕ −Aimny(r )sinmϕ,

Ah,imn(r )= Aimnx(r )sinmϕ +Aimny(r )cosmϕ
(17)

to represent the fields inside the particle.
Then, after defining the elementary fields of electric and magnetic multipoles Ee,tmn(r )

He,t
mn(r )

=
 j/kεtµt∇ ×∇ ×Ae,tmn(r )

1/µt∇ ×Ae,tmn(r )

 , (18)

 Eh,tmn(r )

Hh,t
mn(r )

=
 −1/εt∇ ×Ah,tmn(r )

j/kεtµt∇ ×∇ ×Ah,tmn(r )

 (19)

and the elementary fields of electric dipoles Ee,tn (r )

He,t
n (r )

=
 j/kεtµt∇ ×∇ ×Ae,t0n (r )

1/µt∇ ×Ae,t0n (r )

 , (20)

wheret = 0, i, we can represent the approximate solution of the scattering problem forP polarized field as ENt (r )

HNt (r )

 = N∑
n=1

M∑
m=0

eNmn,t
 Ee,tmn(r )

He,t
mn(r )

+ fNmn,t
 Eh,tmn(r )

Hh,t
mn(r )


+

N∑
n=1

rNn,t

 Ee,tn (r )

He,t
n (r )

 . (21)

Here,N is a complex index incorporatingM andN. The completeness of the system of distributed multipoles
guarantee the convergence of the approximate solution to the exact solution in closed subsets ofD0 [8].
As mentioned before the above representations fulfilled the conditions of the scattering problem except the
transmission condition at the particle surface. In fact this condition will be used to determine the amplitudes of
discrete sources. Various schemes for amplitude determination are at our disposal. As it has been found stable
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results can be obtained by using pseudoinversion of an over-determined system of linear equations. After the
amplitudes of discrete sources have been determined one can calculate the far-field patternEs∞ of the scattered
field Es by using the asymptotic representation for the Sommerfeld integrals [9].

2.1. T-matrix method

For modeling the scattering problem in the framework of the T-matrix method we use the same notations as
before but we choose the originO at the distancez0 above the plane interface. Since, the basic formulae for Mie
scattering of evanescent waves result from from analytic continuation of the standard case of plane wave excitation,
we represent the external excitation as a series of regular spherical vector wave functions (SVWF)M1

mn′ (k0r ) and
N1
mn′(k0r ), i.e.

Eref
inc(r )=

∞∑
n′=1

n′∑
m=−n′

Dmn′
[
aref
mn′M

1
mn′ (k0r )+ bref

mn′N
1
mn′(k0r )

]
. (22)

Here,Dmn′ is a normalization constant and is given by

Dmn′ = 2n′ + 1

4n′(n′ + 1)
· (n
′ − |m|)!

(n′ + |m|)! .

The expansion coefficientsaref
mn′ andbref

mn′ are the coefficients of the refracted plane wave traveling in the(0, β0)

direction and are given by

aref
mn′ = −4jn

′[
jmπ

|m|
n′ (β0)t‖(β1)Eβ1 + τ |m|n′ (β0)t⊥(β1)Eα1

]
,

bref
mn′ = −4jn

′+1[τ |m|
n′ (β0) t‖(β1)Eβ1 − jmπ |m|n′ (β0) t⊥(β1)Eα1

]
.

(23)

In the above equationEβ1 and Eα1 are the parallel and perpendicular component of the electric field,

respectively,π |m|n (θ) = P |m|n (cosθ)/sinθ and τ |m|n (θ) = dP |m|n (cosθ)/dθ , whereP |m|n (cosθ) are the associated
Legendre polynomials, andt‖ andt⊥ denotes the Fresnel transmission coefficients for parallel and perpendicular
polarizations, respectively. Forβ1> βc = arcsin(n0/n1), it follows from Snell’s law that sinβ0> 1, hence cosβ0

becomes purely imaginary. We choose cosβ0= j
√

sin2β0− 1, since otherwise the amplitude of the refracted wave
would tend to infinity with increasing distance. Note, that the expansion (22) is also valid for complex propagation
angles if the analytic continuation of the Legendre polynomials to complex values of the argument is considered.

The scattered field contains the contribution of the direct scattered field

E0
sca(r )=

∞∑
n=1

n∑
m=−n

Dmn
[
emnM3

mn(k0r )+ fmnN3
mn(k0r )

]
(24)

and the reflected or the interacted field

ERsca(r )=
∞∑
n=1

n∑
m=−n

Dmn
[
emnM3,R

mn (k0r )+ fmnN3,R
mn (k0r )

]
, (25)

whereM3,R
mn (k0r ) andN3,R

mn (k0r ) denote the radiating SVWF reflected by the surface. Forr inside a sphere enclosed
in the particle and a given azimuthal modem the reflected SVWF are given byM3,R

mn (k0r )

N3,R
mn (k0r )

= ∞∑
n′=1

Dmn′

[(
αmnn′
γmnn′

)
M1
mn′ (k0r )+

(
βmnn′
δmnn′

)
N1
mn′(k0r )

]
. (26)
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Substituting (26) in (25) we get a representation of the interacting field in terms of regular SVWF, i.e.

ERsca(r )=
∞∑
n′=1

n′∑
m=−n′

Dmn′
[
eRmn′M

1
mn′(k0r )+ f Rmn′N1

mn′ (k0r )
]
, (27)

where eRmn′
f Rmn′

= ∞∑
n=1

Dmn

[(
αmnn′

γmnn′

)
emn +

(
βmnn′

δmnn′

)
fmn

]
. (28)

In the extended boundary condition method the scattered field coefficients are related to the expansion
coefficients of the fields striking the particle by the transition matrix. For an axisymmetric particle the equations
become uncoupled, permitting a separate solution for each azimuthal mode. For a fixed azimuthal modem we
truncate the expansions given in (22), (24) and (27) and get the following matrix equation for the scattering
problem emn

fmn

= [Tmnn′ ] ·
 aref

mn′

bref
mn′

+
 eRmn′
f Rmn′

 . (29)

Here,m=−M,M andn,n′ = 1,N , whereM is the number of azimuthal modes andN is the truncation index. The
expansion coefficients of the interacting field are related to the scattered field coefficients by a so called reflection
matrix [Amn′n], that is eRmn′

f Rmn′

= [Amn′n] ·
 emn
fmn

 . (30)

The scattered field coefficientsemn andfmn are obtained by combining matrix equations (29) and (30). The explicit
form of the reflection matrix can be found in [10,11].

Fig. 2. Differential scatering cross section for a spherical particle with a diameter ofd = 0.2µm and a refractive index ofni = 1.5. Two incident
anglesβ1 = 40◦ andβ1 = 41.8◦ are considered.
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The main steps of the T-matrix approach are summarized as follows: calculation of the transition matrix which
relates the expansion coefficients of the fields striking the particle to the scattered field coefficients; calculation of
the reflection matrix characterizing the reflection of SVWF by the surface; computation of an approximate solution
of the governing matrix equation, and extrapolation of the scattered field to the far field.

3. Numerical simulations

In this section we will investigate from a computational point of view the scattering of evanescent waves by
particles deposited on a glass prism. The wavelength of the external excitation in free space is assumed to be
λ0 = 0.488µm. The scatterer is deposited on a glass prism with a refractive index ofn1 = 1.5. The evanescent
wave appears for incident anglesβ1 > βc, whereβc = 41.8◦. In Fig. 2 we plot the differential scatering cross

(a) (b)

(c) (d)

Fig. 3. Differential scatering cross section for spherical particles with a diameter ofd = 0.2µm. The curves correspond to (a) glass spheres
(ni = 1.5), (b) diamond spheres (ni = 2.43), (c) metallic Ag-spheres (ni = 0.25+3.14j ), and (d) Si-spheres (ni = 4.37+0.08j). The incident
angle isβ1 = 60◦.



8 A.Doicu et al. / Computer Physics Communications 134 (2001) 1–10

section for a spherical particle with a diameter ofd = 0.2µm and a refractive index ofni = 1.5 when the incident
angle approaches to the critical value. It is readily seen that the changes in the scattering diagrams are pronounced
in this domain. Note, that the curves are computed with the discrete sources method and the T-matrix method and
no significant difference appears between the scattering characteristics.

As next we will investigate the accuracy of an approximate model for evanescent wave scattering. This
model ignores the presence of the plane interface and has been used by Liu et al. [4] for analyzing the
structural resonances in dielectric spheres illuminated by evanscent waves. In Fig. 3 we plot the differential
scattering cross section for spherical particles of different materials with a diameter ofd = 0.2µm. The incident
wave is a P-polarized plane wave and the scattering plane coincides with the incident plane. The angle of
incidence isβ1 = 60◦. We examine the scattering by glass spheres (ni = 1.5), diamond spheres (ni = 2.43),
metallic Ag-spheres (ni = 0.25+ 3.14j ) and Si-spheres (ni = 4.37+ 0.08j). The plotted data show a good
agreement between the exact models constructed on the basis of the discrete sources method and the T-matrix

(a) (b)

(c) (d)

Fig. 4. Differential scatering cross section for spherical particles with a diameter ofd = 0.04µm. The curves correspond to (a) glass spheres
(ni = 1.5), (b) diamond spheres (ni = 2.43), (c) metallic Ag-spheres (ni = 0.25+ 3.14j ) and (d) Si-spheres (ni = 4.37+ 0.08j ). The incident
angle isβ1 = 60◦.
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Fig. 5. Differential scattering cross section for a Si-sphere situated at different distances above the surface. The particle diameter isd = 0.2µm
and the incident angle isβ1 = 60◦ .

method. In contrast, the approximate model leads to eroneous results. The main disagreement between the
approximate and the exact models corresponds to the Si-sphere. This may be a consequence of the complex
structure of the scattering diagram for Si-material. The same disagreement betweent the scattering curves
can be observed for small spheres. In Fig. 4 we plot the differential scattering cross sections for spheres of
different materials with a diameter ofd = 0.04µm. In this case the discrepancy is more pronounced for Ag-
spheres.

In Fig. 5 we present computer results for a Si-sphere situated at different distances above the surface. The
particle diameter isd = 0.2µm. As expected, the errors between the scattering curves are significant when the
distance between the particle and the plane surface decreases.

4. Conclusion

Exact models for evanescent wave scattering has been constructed on the basis of the discrete sources method and
the T-matrix method. In addition, the accuracy of an approximate model has been analyzed from a computational
point of view. The computer results have shown a visible disagreement between the scattering curves, especially
for particles with high index of refraction. Thus, we may conclude that only exact models describe adequately the
scattering of evanescent waves by small particles.
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