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Abstract

The paper is devoted to semi-analytical approaches for analyzing the evanescent wave scattering by penetrable scatterers on
a plane surface. On the basis of the discrete sources method and the T-matrix method numerical schemes were developed
and implemented in computer programs. Numerical results related to the influence of the plane surface on the scattering
characteristics are discuss€d2001 Elsevier Science B.V. All rights reserved.

1. Introduction

The recent development in scanning near-field optical microscopy [1] has yielded spatial resolution in the 1-nm
range [2], i.e. far beyond the diffraction limit of conventional optical microscopes. This limit was attend by using
evanescent waves originating from a dielectric surface by total internal reflection illumination. The wide field of
application of such a scattering microscopy, as for instance the Photon Scanning Tunneling Microscopy [3], gives
rise to renew interest in the numerical analysis of scattering of evanescent waves by small penetrable scatterers
near the surface of a dielectric prism [4—7]. As it was pointed out by several authors, the effect of the plane surface
on the differential scattering cross section is considerable. In fact the presence of the surface leads to a strong
redistribution of the scattered intensity of an isolated particle [7]. In this context, the elaboration of exact models
for evanescent wave scattering appears to be justified.

The paper is organized as follows. In Sections 1 and 2 we briefly present the theory of evanescent wave
scattering in the context of the discrete sources method and the T-matrix method. In Section 3 we investigate
from a computational point of view the elaborated methods. We also compare these models with an approximate
models, which does not take into account the scatterer-prism interaction. Finally, in Section 4 a summary of the
results is given.
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2. Discrete sources method

The geometry of the scattering problem is shown in Fig. 1. An axisymmetric particle with a smooth boSindary
and interiorD; is situated on a plane surfagg so that its symmetry axis coincides with the normal to the plane
surface The upper half-space corresponding to the ambient medium is denot@gl yhile the lower half-space
corresponding to the glass prism is denotedby Let us introduce a rectangular coordinate sys@emyz by
choosing the origirD at the tangent point between the particle and the substratez-&Ris coincides with the
symmetry axis of the particle and is directed into the donignThe wave number in the domalh, r =0, 1,4, is
denoted by, = k. /€ 1;. Similarly,n;, t =0, 1, i, stands for the index of refraction of the domdin The external
excitationEjnc, Hinc is a polarized plane wave propagating in the glass prism at the gngléth respect to the
z-axis. If B1 > arcsinnog/n1) the wave will be totally reflected and only a damped or an evanescent wave traveling
along the surface will be present in the upper half-space. The mathematical formulation of the scattering problem
consists in the Maxwell equations

V x E; = jkuH; V xH, =—jk¢E, inD;, t=0,1,i, (&N
the transmission conditions at the plane interface and the particle surface

e, x (E1 —Ep) =0, e, x(Hi—Hgp)=0 onXx, (2)
and

n x (E; —Ep) =0, nx(H; —Hg)=0 on§, 3)

respectively and the radiation (attenuation) condition at infinity. Heris, the outward unit normal vector t§
andE;, H, stands for the total field in the domaip,. Note that the total field irDg sums the contribution of the
refracted incident field and the scattered field, that is

Eo=Esca+ Eirr?(f: and Ho=Hgcat H'®f

Inc:

We will construct an approximate solution to the scattering problem by representing the electromagnetic fields
as a finite linear combination of fields of multipoles [8,9]. The approximate solutions satisfy the Maxwell equations
in the domainsD;, t =0, 1, i, the radiation condition in the domai, r = 0, 1, and the transmission condition
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Fig. 1. Geometry of the scattering system.
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at the plane interface. Essentially, the scattering problem simplifies to the approximation problem of the external
excitation on the particle surface. The amplitudes of discrete sources will be determined from the transmission
conditions (3).

For constructing the approximate solutions we consider the Green tensor for a stratified interface [8], that is

ge,h 0 0
Gr.ro=| 0 ¢ 0 @)
aof of .
— — 0
dx dy
where the tensor elements are given by
o
g ro) = eXIO(jkoR)/R+/Jo(kr)VE1h(Z,zo,)»))»dk, (5)
0
oM (r,ro) = g"4(r.ro), (6)
and
0
f(r,ro)=/Jo()»r)V31(Z,Zo,/\)/\d)». @)
0

Here, r = p2 + pg — 2ppocos¢ — ¢o), (p,,z) are the cylindrical coordinates of the observation paint
(po, 90, zo) are the cylindrical coordinates of the source paigit R = [r2 + (z — z0)2]%/2 and, forz > 0 and
zo0 > 0, the spectral functionsf’lh andvszz are given by

niK? — ok} 1

: 0

vi1(z,20,0) = —s———=—exf[— K (z + z0)], (8)
n1K?+ poKt K9 ‘
elKO — eoKl 1

W zo. 0y = e TR 1oy k0G4 20)]. ©)

elKZO + eoKZl KZO
2(pe1€1 — 10o€0)
(n1K2+ noKH (e1K9 + oK 1)

wherek! = (32 —k»)Y2, 1 =0, 1.

Let {z,}:° ; be a dense sequence of source points distributed on a sed@inefthe axis of symmetryz, i.e.
zn € I, , Wwherer, is located insideD; . For the field in the ambient medium we define the Hertz vectors of vector
multipoles by

v31(2, 20, A) = eXF{—KZO(z +20)], (20)

ALE (1) =gl (p.2.20) — € fut1(p. 2. 2n) COSP, w
A,‘;’Z},(I’) =eygf,;h(p,z,zn)—ezfn1+1(p,z,zn)sin<p,

and the Hertz vectors of vertical electric dipoles by
AG() =g (p. 2. zn)e:, (12)

Whereg;’jgh and f,, stands for the azimuthal harmonics of the tensor compongrtsand f. For the field inside
the particle we define entire functions with singularities located at infinity by

Afnnx(r)ZEXYI;;(p’ZvZn)’ qumy(r)ZGyY;il(paZaZn) (13)
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and Hertz vectors of vertical electric dipoles by
AGr (1) =Y§(p, 2, 2n)€;. (14)
Here,

i . P "
Ym(P,Z,ZO)=]m[ki\/ ,02+(Z—Z0)2](m) (15)

with j,, standing for the spherical Bessel function.

An approximate solution to the scattering problem will be constructed by taking into account not only the
rotational symmetry of the scatter, but simultaneously the polarization of the external excitation [8,9]. In this
context, for a P-polarized incident field we use some linear combinatioﬁsfb(f andAﬁ,;,ﬁ‘y, that is

AL(r) =AS, (1) cosmp — AL, (1) sinme, (16)
A0y =A"  (r)sinmg + A" (1) cosme.

mn mnx mny

In the same manner we construct the following linear combinations
A (1) = A}, (1) cosmg — A, (1) Sinmg, .
Ali(ry=Al  (r)sinmg + Al (r)cosmg

mnx mny

to represent the fields inside the particle.
Then, after defining the elementary fields of electric and magnetic multipoles

ESL(r) _ JlkeruV x V x ASL(r) 19)
Hpn (1) 1/ 1V > AL (1)
EnI(r) _ ~1/e/V x At (r) (19)
Hin (1) J/ ke x V x AR(r)
and the elementary fields of electric dipoles
ES!(r i/ ke V x V x ASH(r
n () _ ]/ bt By On() ’ (20)
He (1) 1/ V x AGH(r)
wherer =0, i, we can represent the approximate solution of the scattering problePgofarized field as
EVO Y & v [(En®O ) oy [ EmO
/\/ - Z Z emn,t et + fmn,t hit
Ht (I') n=1m=0 Hn;n (r) Hn{n (r)
N e,t
ES'(r)
+yml o (21)
n=1 Hn’ (r)

Here, N is a complex index incorporatingy and N. The completeness of the system of distributed multipoles
guarantee the convergence of the approximate solution to the exact solution in closed subBgt$8hf

As mentioned before the above representations fulfilled the conditions of the scattering problem except the
transmission condition at the particle surface. In fact this condition will be used to determine the amplitudes of
discrete sources. Various schemes for amplitude determination are at our disposal. As it has been found stable
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results can be obtained by using pseudoinversion of an over-determined system of linear equations. After the
amplitudes of discrete sources have been determined one can calculate the far-field5attefrihe scattered
field E; by using the asymptotic representation for the Sommerfeld integrals [9].

2.1. T-matrix method

For modeling the scattering problem in the framework of the T-matrix method we use the same notations as
before but we choose the origi at the distanceg above the plane interface. Since, the basic formulae for Mie
scattering of evanescent waves result from from analytic continuation of the standard case of plane wave excitation,
we represent the external excitation as a series of regular spherical vector wave functions Mﬂz)/,\([%r) and

1 .
N- . (kor), i.e.

) n
Ene =D > Duwr[ag My, (kor) + by N (kor) . (22)
n'=1lm=—n’
Here,D,,,» is a normalization constant and is given by
2n'+1 (0 —|ml])!
dn'(n’ +1) (0 + |mD!

Dy =

The expansion coefficientéf,:, andb;‘f;, are the coefficients of the refracted plane wave traveling i@hgo)
direction and are given by

al®f, = —4j" [jmx" (Bo)y (BD Ep, + 7" (o)L (B1) Eas .
bl = —4j" < (Bo) 1y (B1) Ep, — jmnM (Bo) 11.(BL) Eay]-

In the above equatiorEg, and E,, are the parallel and perpendicular component of the electric field,
respectivelyz)"! (0) = P\ (cos)/sing and 7" (@) = dP"!(cosp)/do, where P\ (cos) are the associated
Legendre polynomials, angl andz; denotes the Fresnel transmission coefficients for parallel and perpendicular
polarizations, respectively. F@q > B. = arcsin(ng/n1), it follows from Snell’s law that sif8g > 1, hence cogg

(23)

becomes purely imaginary. We choose ggs- j+/sin’ Bo — 1, since otherwise the amplitude of the refracted wave

would tend to infinity with increasing distance. Note, that the expansion (22) is also valid for complex propagation

angles if the analytic continuation of the Legendre polynomials to complex values of the argument is considered.
The scattered field contains the contribution of the direct scattered field

E(s)ca(r) = Z Z Dy [emnM,:?m (kOr) + fmn N,:?m (kOr)] (24)

n=1 m=-—n

and the reflected or the interacted field
o0 n
ESAN =D Y Dun[emnMSRkor) + funN3K (kor)]. (25)
n=1 m=—n

whereM ,?wf (kor) andN,3,;,§ (kor) denote the radiating SVWEF reflected by the surfacerkaside a sphere enclosed
in the particle and a given azimuthal modethe reflected SVWF are given by

M3,R k o]
n'=1

3,R
Nmn (kor) Ymnn' mnn’
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Substituting (26) in (25) we get a representation of the interacting field in terms of regular SVWF, i.e.

oo n'
EEN=>" " Duwlef ML, (kor) + £RNL (kor)], 27

n’'=1 m=—n'
where
é‘R °°
- = Z Dmn amnn/ emn + ﬂl/nnn, fmn . (28)
frfn/ n=1 Ymnn' Smnn’
In the extended boundary condition method the scattered field coefficients are related to the expansion
coefficients of the fields striking the particle by the transition matrix. For an axisymmetric particle the equations
become uncoupled, permitting a separate solution for each azimuthal mode. For a fixed azimuthal wede

truncate the expansions given in (22), (24) and (27) and get the following matrix equation for the scattering
problem

ref R

e ! e !
" = [Tnuw] - :_’:: + n;n . (29)
fmn bmn’ fmn/

Here,n = —M, M andn, n’ =1, N, whereM is the number of azimuthal modes aNds the truncation index. The
expansion coefficients of the interacting field are related to the scattered field coefficients by a so called reflection
matrix [A,,,/, 1, that is

R

[ e
";" =[Apwnl- " . (30)
mn’ mn

The scattered field coefficiends, and f,,,, are obtained by combining matrix equations (29) and (30). The explicit
form of the reflection matrix can be found in [10,11].

10°

i —— DSM: incident angle=40°

1 —@— T-matrix: incident angle=40°
1074 - DSM: incident angle=41.8°

] --@- T-matrix: incident angle=41.8°

2| -

PELEE Sy
N

DSCS

9 60 30 0 30 60 90
scattering angle [deg]

Fig. 2. Differential scatering cross section for a spherical particle with a diamefes@ 2 pum and a refractive index of; = 1.5. Two incident
anglesp; = 40° andB1 = 41.8° are considered.
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The main steps of the T-matrix approach are summarized as follows: calculation of the transition matrix which
relates the expansion coefficients of the fields striking the particle to the scattered field coefficients; calculation of
the reflection matrix characterizing the reflection of SVWF by the surface; computation of an approximate solution
of the governing matrix equation, and extrapolation of the scattered field to the far field.

3. Numerical simulations

In this section we will investigate from a computational point of view the scattering of evanescent waves by
particles deposited on a glass prism. The wavelength of the external excitation in free space is assumed to be
Ao = 0.488um. The scatterer is deposited on a glass prism with a refractive index-ef1.5. The evanescent
wave appears for incident anglgs > 8., where, = 41.8°. In Fig. 2 we plot the differential scatering cross

107, 10"

E Ere .
1 Glass-particle, d=0.2um ] Diamond-particle, d=0.2um

n 1%}
O O
19} 1%}
la} la}
— DSM 10°4 — DSM
—@— T-matrix ] —@— T-matrix
I R D approximatemodel | approximate model
-6 -6
10 l T T T T T T 10 T T T T T T T
-90 -60 -30 0 30 60 90 -90 -60 30 0 30 60 90
scattering angle [deg] scattering angle [deg]
(@) (b)
107 107
1Ag-particle, d=0.2um Si -particle, d=0.2um
%3 n
O O
3 3
5 1
1075 . oM —— DSM
E -@— T-ma rix -@— T-matrix
r approximate model T approximate model
10° 10°
T T T T T T T T T T T T T T
-90 -60 -30 0 30 60 90 -90 -60 -30 0 30 60 90
scattering angle [deg] scattering angle [deg]
(c) (d)

Fig. 3. Differential scatering cross section for spherical particles with a diametée=0d.2um. The curves correspond to (a) glass spheres
(n; = 1.5), (b) diamond spheres (= 2.43), (c) metallic Ag-spheres( = 0.25+ 3.14;), and (d) Si-spheres( = 4.37+ 0.08;j). The incident
angle ispy = 60°.
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section for a spherical particle with a diametewlof 0.2 um and a refractive index of; = 1.5 when the incident

angle approaches to the critical value. It is readily seen that the changes in the scattering diagrams are pronounced
in this domain. Note, that the curves are computed with the discrete sources method and the T-matrix method and
no significant difference appears between the scattering characteristics.

As next we will investigate the accuracy of an approximate model for evanescent wave scattering. This
model ignores the presence of the plane interface and has been used by Liu et al. [4] for analyzing the
structural resonances in dielectric spheres illuminated by evanscent waves. In Fig. 3 we plot the differential
scattering cross section for spherical particles of different materials with a diametet 6f2 um. The incident
wave is a P-polarized plane wave and the scattering plane coincides with the incident plane. The angle of
incidence isp; = 60°. We examine the scattering by glass sphergs=<1.5), diamond spheres:{ = 2.43),
metallic Ag-spheresn; = 0.25+ 3.14;) and Si-spheres n{ = 4.37 + 0.08j). The plotted data show a good
agreement between the exact models constructed on the basis of the discrete sources method and the T-matrix

10°, 10°
1Glass-particle, d=0.04um Diamond-particle, d=0.04pm
10°4
8 8
(%] 7] 10 —51
a [=] i
10°
—— DSM ] — DSM
Jr approximate model S approximate model
10- T T T T T T 10- T T T T T T T
-90 -60 -30 0 30 60 90 -90 -60 -30 0 30 60 90
scattering angle [deg] scattering angle [deg]
(a) (b)
10”5 10°
jAg-particle, d=0.04pm 3 Si-particle, d=0.04um
n n
O O
1] 1%}
o la}

— DSM —— DsM

----- approximate model ----- approximate model
10°-L, ‘ . ; : ; ; 10°-L, - , . : . ;
-90 -60 -30 0 30 60 90 -90 -60 -30 0 30 60 90
scattering angle [deg] scattering angle [deg]
(©) (d)

Fig. 4. Differential scatering cross section for spherical particles with a diamete=d).04pum. The curves correspond to (a) glass spheres
(n; =1.5), (b) diamond spherea{= 2.43), (c) metallic Ag-spheres:( = 0.25+ 3.14;) and (d) Si-spheres:i( = 4.37+ 0.08/). The incident
angle ispy = 60°.
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107,
i Si-particle, d=0.04pym
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10*
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8 ]
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Fig. 5. Differential scattering cross section for a Si-sphere situated at different distances above the surface. The particle diaa@Rurris
and the incident angle {8, = 60°.

method. In contrast, the approximate model leads to eroneous results. The main disagreement between the
approximate and the exact models corresponds to the Si-sphere. This may be a consequence of the complex
structure of the scattering diagram for Si-material. The same disagreement betweent the scattering curves
can be observed for small spheres. In Fig. 4 we plot the differential scattering cross sections for spheres of
different materials with a diameter af = 0.04um. In this case the discrepancy is more pronounced for Ag-
spheres.

In Fig. 5 we present computer results for a Si-sphere situated at different distances above the surface. The
particle diameter is/ = 0.2um. As expected, the errors between the scattering curves are significant when the
distance between the particle and the plane surface decreases.

4. Conclusion

Exact models for evanescent wave scattering has been constructed on the basis of the discrete sources method anc
the T-matrix method. In addition, the accuracy of an approximate model has been analyzed from a computational
point of view. The computer results have shown a visible disagreement between the scattering curves, especially
for particles with high index of refraction. Thus, we may conclude that only exact models describe adequately the
scattering of evanescent waves by small particles.
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