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Abstract

The discrete sources method is extended to analyse evanescent waves scattering by a non-spherical particle located

near a metal-coated glass prism. A metallic film is designed to enhance conversion of an evanescent wave into a

scattered one via computational simulations. The importance of taking into account interaction between scatterer and

multi-layered interface is demonstrated.
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1. Introduction

The problem of reconstruction of a scattering object has been extensively studied in the last decades.
Evanescent wave microscopy seems to be especially useful for reconstruction of nano-structures

[1,2]. Evanescent wave microscopy provides a high contrast image with sub-wavelength resolution.

Employing evanescent waves scattering in combination with surface plasmon resonance in the vicinity of a

metal-coated glass surface leads to image magnification [3,4]. The wide potential of application of scattering

microscopy especially in biology, materials science and information technology gives rise to renewed

interest in computer simulation of scattering of evanescent waves by a particle located near a metal-coated

dielectric prism surface. Earlier, scattering by particles was mainly analysed using approximate models. One

of the most widespread models is based on the Mie theory extended to the evanescent waves scattering [4,5].
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Such approach as a rule does not accurately take into account particle-surface scattering interaction. In

recent papers by Doicu et al. [6,7] a computer model for the evanescent wave scattering analysis was de-

veloped based on the discrete sources method. The model takes into account complete scatterer–prism

interaction and provides an opportunity to investigate evanescent wave scattering by any axial symmetric

scatterer. It has been demonstrated that only a rigorous model can adequately describe scattering of ev-

anescent waves by a particle located near a plane surface [6].
In the present paper the discrete sources method (DSM) is extended to the analysis of evanescent waves

scattering by a non-spherical particle located near a multi-layered interface. We investigate the conversion

of an evanescent wave into scattered wave by a small penetrable particle deposited near a metal-coated glass

prism. Using computer simulations, we treat the problem of optimal design of a metallic film and optimal

choice of the incident angle providing the maximum enhancement of the scattered intensity in a certain

solid angle.
2. Discrete sources method

In this section the DSM applied to the analysis of evanescent wave scattering is briefly described. We

start with the mathematical statement of the scattering problem. Let us consider an axial symmetric

penetrable particle with interior domain Di and smooth boundary S deposited above the plane surface Rf

of a metallic film (Fig. 1). The film of thickness d occupying domain Df is located on a planar surface R1 of

a glass prism. We denote the prism domain by D1 and ambient domain exterior to the particle by D0. Let

us introduce Cartesian coordinate system Oxyz by choosing its origin O at the intersection point of the
axis of symmetry and the plane R1. The z-axis coincides with the axis of symmetry and is directed into

domain D0. So that the z ¼ 0 and z ¼ d planes coincide with the R1 and Rf planes, respectively. We assume

that exciting field fEi
1; Hi

1g is a linear polarized plane wave propagating from the glass prism at angle b1

with respect to the z-axis. According to the Snell�s law wave fEi
0; Hi

0g refracted in D0 propagates at angle

b0 to the z-axis. Then the mathematical statement of the scattering problem can be formulated in the

following form:
Fig. 1. Model geometry of particle positioned on metal-coated glass surface.
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r� Hf ¼ jkefEf; r� Ef ¼ �jklfHf in Df; f ¼ 0; f ; 1; i;

n � ðEi � E0Þ ¼ 0; n � ðHi � H0Þ ¼ 0 on S;

ez � ðE0 � Ef Þ ¼ 0; ez � ðH0 � Hf Þ ¼ 0 on Rf ;

ez � ðEf � E1Þ ¼ 0; ez � ðHf � H1Þ ¼ 0 on R1;

ð1Þ
and radiation (attenuation) conditions at infinity.
Here, n is the outward unit normal vector to S, k ¼ x=c and fEf; Hfg stands for the total field in

corresponding domain Df. Note that the total field in D0 is a superposition of the refracted exciting field and

the scattered one, that is E0 ¼ Es
0 þ Ei

0, H0 ¼ Hs
0 þ Hi

0. If Im ef; lf 6 0 (time dependence for the fields is

chosen as expfjxtg) and the particle surface is smooth enough S 
 Cð1;aÞ, then the above boundary-value

problem is uniquely solvable.

We construct an approximate solution to the scattering problem (1) via the DSM by representing
the electromagnetic fields as a finite linear combination of the fields of dipoles and multipoles [8].

The approximate solution satisfies the Maxwell equations in domains Df; f ¼ 0; f ; 1, infinity conditions

and the transmission conditions at the plane interfaces Rf ;1. Eventually, the scattering problem is

reduced to the problem of approximating the exciting field on particle surface S. The amplitudes of

discrete sources are determined from the boundary conditions at the particle surface, which can be

rewritten as
n � ðEi � Es
0Þ ¼ n � Ei

0; n � ðHi � Hs
0Þ ¼ n � HI

0 on S: ð2Þ

To satisfy the transmission conditions analytically at the plane interfaces Rf ;1 we use the Green�s tensor for
a stratified interface
G
$
ðr; r0Þ ¼

ge;h 0 0

0 ge;h 0
of
ox

of
oy gh;e

2
4

3
5: ð3Þ
An approximate solution to the scattering problem is constructed fulfilling analytically the transmission

conditions on plane interfaces Rf ;1 and taking into account the rotational symmetry of the scattering

problem geometry and polarisation of the exciting field [8].

First, let us consider a P-polarized exciting field. In this case, the refracted plane wave in D0 accepts the
following form:
Ei
0ðrÞ ¼ T P ð�ex cos b0 þ ez sin b0Þ expf�jk0ðx sin b0 þ z cos b0Þg; ð4Þ
Hi
0ðrÞ ¼ �T Pn0ey expf�jk0ðx sin b0 þ z cos b0Þg;
where (ex, ey , ez) are unit vectors of the Cartesian coordinate system and T P is the transmission coefficient

corresponding to a multi-layered interface for P-polarization
T P ¼
T P
1f T

P
f 0 expðikf cos bf dÞ

1þ RP
1f R

P
f 0 expð2ikf cos bf dÞ

; ð5Þ

ffiffiffiffiffiffiffiffip

here kf ¼ k eflf, f ¼ 0; f ; 1; bf is refractive angle inside Df, f ¼ 0; f ; 1,
T P
sl ¼

2ns cos bs

ns cos bl þ nl cos bs
and
RP
sl ¼

ns cos bl � nl cos bs

ns cos bl þ nl cos bs

;
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are the transmission and reflection Fresnel coefficients associated with interfaces Rf ;1 for the P-polarization

[9]. If b1 > arcsinðn0=n1Þ the exciting wave is totally reflected from plane Rf and only an evanescent wave

travelling along surface Rf and damped in the ez direction is present in D0. It follows from the Snell�s law
that in this case: hence, cos b0 becomes purely imaginary. We choose the value
cos b0 ¼ �j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 b0 � 1

q
;

otherwise the amplitude of the refracted wave would tend to infinity with the increasing distance.
since

As mentioned above, the approximate solution to the scattering problem is constructed by taking into

account not only the rotational symmetry of the scattering problem geometry, but also the polarization of

the external excitation [8]. In this context, for P-polarized exciting pane wave (4) we use the following

electric and magnetic vector potentials:
Ae;0
mnðrÞ ¼ fge

mðg; znÞ cosðmþ 1Þu; �ge
mðg; znÞ sinðmþ 1Þu; �fmþ1ðg; znÞ cosðmþ 1Þug;

Ah;0
mnðrÞ ¼ fgh

mðg; znÞ sinðmþ 1Þu; gh
mðg; znÞ cosðmþ 1Þu; �fmþ1ðg; znÞ sinðmþ 1Þug;

Ae;h;0
0n ðrÞ ¼ f0; 0; gh;e

0 ðg; znÞg;
ð6Þ
where ge;h
m ; fm are the Fourier harmonics corresponding to the Green tensor components, which accept the

following form:
ge;h
m ðg; znÞ ¼

Z 1

0

JmðkqÞve;h11 ðz; zn; kÞk
1þm dk; fmðg; znÞ ¼

Z 1

0

JmðkqÞv31ðz; zn; kÞk1þm dk: ð7Þ
Here Jm is the cylindrical Bessel function, ðq;u; zÞ are the cylindrical coordinates, g ¼ ðq; zÞ, R2
gzn

¼ q2 þ
ðz� znÞ2, while fzng1n¼1 is a dense set of source points distributed over a segment C0

z 2 Di of the axis of

symmetry, and ve;h11 ðz; zn; kÞ, v31ðz; zn; kÞ are the corresponding spectral functions. The spectral functions

provide the continuity of the field tangential components on the interfaces Rf ;1 can be represented as follows:
ve;h11 ¼

exp �g0jz�znjf g
g0

þ Ae;h
11 ðk; znÞ exp � g0jz� djf g; zP d; zn > 0;

Be;h
11 ðk; znÞ exp � gf jz� dj

� 	
þ Ce;h

11 ðk; znÞ expf�gf zg; d P zP 0;

De;h
11 ðk; znÞ expfg1zg; z6 0;

8><
>:

8

ve;h31 ¼
Ae;h
31 ðk; znÞ expf�g0jz� djg; zP d; zn > 0;

Be;h
31 ðk; znÞ expf�gf jz� djg þ Ce;h

31 ðk; znÞ expf�gf zg; d P zP 0;

De;h
31 ðk; znÞ expfg1zg; z6 0;

<
:

where g2
f ¼ k2 � k2f , f ¼ 0; f ; 1. Spectral coefficients A, B, C and D can be determined from the transmission

conditions on plane interfaces Rf ;1 which have the form [8]
ve11
� �

¼ 1

l
ove11
oz

� �
¼ 0; ve11

� �
¼ 1

e
ovh11
oz

� �
¼ 0;
� � � � � � � � � � � �

1

l
ve31 ¼ 0;

1

el
ove31
oz

¼ 1

el
ve11;

1

e
vh31 ¼ 0;

1

el
ovh31
oz

¼ 1

el
vh11:

rticular, the equality ve ¼ vh holds at zP d.
In pa 31 31

For the total field inside particle Di we determine the following vector potentials [8]
Ae;i
mnðrÞ ¼ fJ i

mðg; znÞ cosðmþ 1Þu; �J i
mðg; znÞ sinðmþ 1Þu; 0g;

Ah;i
mnðrÞ ¼ fJ i

mðg; znÞ sinðmþ 1Þu; J i
mðg; znÞ cosðmþ 1Þu; 0g;

Ae;h;i
0n ðrÞ ¼ f0; 0; J i

0ðg; znÞg;
ð8Þ
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where J i
mðg; znÞ ¼ jmðkiRgznÞðq=RgznÞ

m
, fzng1n¼1 is a dense set of points distributed over a segment Ci

z 2 Di

of the axis of symmetry and jm are the spherical Bessel functions. Let us introduce the following

notations:
R
$f

1 ¼
i=keflfr�r�

�1=lfr�

� �
; R

$f

2 ¼
1=efr�

�i=keflfr�r�

� �
: ð9Þ
Now, we can represent the approximate solution to the scattering problem for the P-polarized excitation

as
Ef
N

Hf
N

� �
¼

XM
m¼0

XN f
m

n¼1

pf
mnR

$f

1A
e;f
mn

�
þ qf

mnR
$f

2A
h;f
mn

�
þ
XN f

m

n¼1

rf
nR
$f

1A
e;f
n ; f ¼ 0; i: ð10Þ
The last term in (10) is associated with vertical electric dipoles. Here, N is a complex index incorporating M
and N f

m. Let us emphasize that in the DSM, scattered field fEf
N ;H

f
Ng in domains D0;f ;1 can be represented in

terms of the unitary set of amplitudes fp0mn; q0mn; r0ng after the transmission conditions at the interfaces Rf

and R1 are satisfied using Green�s tensor components (7) [8].

In the same manner scattering of an S-polarized plane wave can be analyzed [8].

The completeness of the system of distributed multipoles used in (10) guarantees the convergence of the

approximate solution to the exact solution to (1) in any closed subset of D0 [10].

As mentioned above representation (10) satisfies all the conditions of scattering problem (1) except the

transmission conditions at the particle surface (2). Actually, these conditions are used to determine am-

plitudes of discrete sources fp0;imn; q
0;i
mn; r

0;i
n g. Since the scattering problem geometry is axially symmetric with

respect to the Oz-axis and discrete sources are distributed over the axis of symmetry, fulfilling the

transmission conditions (2) at surface S can be reduced to the sequential solution of the transmission

problems for the Fourier harmonics of the fields. So, instead of matching the fields on the scattering

surface (see (2)), we can match their Fourier harmonics thus reducing approximation problem on the

surface to a set of the problems enforced on the surface generatrix I. By solving these problems one can

determine the discrete sources amplitudes fp0;imn; q
0;i
mn; r

0;i
n g. Various numerical schemes for determination of

the amplitudes are at our disposal. It has been found that stable results can be obtained by using the

generalized point-matching technique and pseudo-solution of an over-determined system of linear equa-
tions. The DSM is a direct method and hence it allows one to solve the scattering problem for the entire set

of incident angles b1 and both polarizations (P and S) at once. Besides, a new numerical scheme provides

an opportunity to control the convergence of the approximate solution by posterior error estimation [8].

After the amplitudes of discrete sources are determined, one can calculate far field pattern E1ðh;/Þ of the
scattered field, which is determined at the upper part of the unite sphere X ¼ f0�6 h < 90�; 0�6/6 360�g
and is given by
Es
0ðrÞ=jE0ðz ¼ 0Þj ¼ expf�ik0Rg

R
E1ðh;/Þ þOðR�2Þ; R ¼ jrj ! 1; z > 0:
We asymptotically estimate the Weyl–Sommerfeld integrals involved in (7) [8], which yields to the fol-

lowing representation for the h;u-components of the far field pattern corresponding to representation

(10)
EP
1;hðh;uÞ ¼ ik0

XM
m¼0

cosðmþ 1Þuði sinhÞm
XN0

m

n¼1

fp0nm cos h½f 0
n þ ðven � vn sin

2 hÞfn�

þ q0nmðf 0
n þ vhnfnÞg � ik0 sin h

XN0
m

n¼1

r0n f 0
n

�
þ vhnfn

�
; ð11Þ
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EP
1;uðh;uÞ ¼ �ik0

XM
m¼0

sinðmþ 1Þuði sinhÞm
XN0

m

n¼1

fp0nmðf 0
n þ venfnÞ þ q0nm cos h½f 0

n þ ðvhn � vn sin
2 hÞfn�g;

ð12Þ

where corresponding spectral functions are:
ve;hn ðh; znÞ ¼ ik0 cos h expfik0d cos hgAe;h
11 ðk0 sin h; znÞ;
vnðh; znÞ ¼ ik0 cos h expfik0d cos hgA31ðk0 sin h; znÞ;

and
fn ¼ expf�ik0zn cos hg; f 0
n ¼ expfik0zn cos hg:
So, after the unknown amplitudes of discrete sources are determined, far field pattern components (11),

(12) are represented as finite linear combinations of elementary functions. This circumstance ensures

economical computer analysis of the scattering characteristics in the wave zone.
3. Results and discussion

In this section we consider computer simulation results associated with conversion evanescent waves into

scattered ones by a particle deposited on a metal-filmed glass prism. We analyse the differential scattering

cross-section (DSC), which is given by
DSCðb1; h;uÞ ¼ jEP
1;hðb1; h;uÞj

2 þ jEP
1;uðb1; h;uÞj

2
:

P
Here E1;h;/ðh;uÞ are the components of the far field pattern (11), (12) corresponding to the P-polarized

excitation measured in lm2. We compute an integral response
Rðb1Þ ¼
Z
�XX
DSCðb1; h;/Þdx; ð13Þ
which represents intensity scattered in a certain solid angle X. The integral response is used to evaluate

scattered intensity captured by lens immersed in water [4].

We examine the exciting plane wave at the wavelengths in free space k ¼ 633 and k ¼ 488 nm. Let

the glass prism have the refractive index of n1 ¼ 1:52. We will assume that a particle with refractive

index ni ¼ 1:60 is located in water characterized by the refractive index n0 ¼ 1:33. So, an evanescent
wave appears at incident angles b1 > bc where bc ¼ arcsinðn0=n1Þ, for our case bc � 61:05�. We consider

a plane wave propagating from prism side in this case 90� > b1 P 0� and bf ;0 can be determined using

the Snell�s law. Recall that b1 ¼ 0� corresponds to a plane wave propagating normally to the prism

surface.

One of the specific features of the schemes involved in express diagnosis, which is applied to detect of

viruses in solutions, is the presence of metallic film on the glass prism surface. For this purpose various

metals such as aluminium, cupper, silver and gold can be used [4]. The film thickness varies from 10 to 100

nm. Inside a film free electrons amplify the intensity of a P-polarized evanescent wave [3]. To investigate
this effect and optimise the incident field parameters and film thickness ðb1; dÞ we analyse the following

quantity:
EP ðb1; dÞ ¼
jT P j2

jT P
01j

2
; ð14Þ
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where T P is the transmission coefficient for the metal-filmed prism expressed by (5) and T P
01 coefficient

corresponds to the case d ¼ 0. Quantity EP represents the coefficient of evanescent wave amplification due

to the presence of a metal film.

First, let us consider the wavelength k ¼ 633 nm. In this case, it has been found that silver characterized

by the complex refractive index nf ¼ 0:16� 3:80j is the most suitable (aluminium, cupper, silver and gold

have been treated).

Fig. 2 demonstrates EP versus incident angle b1 at various values of the film thickness. Salient point of
the curves corresponds to critical angle bc. It is clear that the maximum value of the intensity enhancement

is attained in the vicinity of the point b1 ¼ 70� and exceeds a value of 10. The dependence of EP on film

thickness d is depicted in the Fig. 3 at several incident angles. The investigation performed allows one to

choose ‘‘optimal’’ values for ðb1; dÞ.
Fig. 2. Intensity enhancement EP : (14) versus incident angle b1 (in degrees). Four values of Ag film thickness d ¼ 10, 30, 50 and 70 nm

are considered. Herein after the exciting wavelength is 633 nm.

Fig. 3. Intensity enhancement EP versus Ag film thickness (in lm). Three incident angles b1 ¼ 67�, 69� and 71� are considered.



Fig. 4. Integral response R: (13) (in lm2) versus incident angle b1 for spherical PSL particle D ¼ 20 nm. Five film thickness d ¼ 0 (no

film), 35, 40, 45 and 50 nm are considered.
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In Fig. 4, we plot the integral response of a spherical particle of the diameter D ¼ 20 nm corresponding

to the solid angle X ¼ f37:5�P hP 0; 360� > u P 0�g. It is assumed that the lens is embedded in water far

from the interface [4]. These results enable us to correct the optimal values for ðb1; dÞ obtained at the first

stage of the investigation. Let us choose a silver film of the thickness d ¼ 45 nm and consider the incident

angle b1 ¼ 69�. We analyse the integral response under particle diameter variations. The corresponding

results are depicted in Fig. 5. For comparison we present results obtained for the optimal values found and
for a pure prism case d ¼ 0. For the last case the incident angle was chosen close to the critical value to

provide the maximal response (see Fig. 4). It is seen that the optimal values realise a response higher by an

order of magnitude in the entire range of diameters not only for spherical particles but for prolate and

oblate spheroids (the aspect ratio is 1:1.5) as well. The results for equivolume particles were compared.
Fig. 5. Integral response versus particle equivolume diameter (in lm). Responses for d ¼ 0, b1 ¼ 62� and d ¼ 45 nm, b1 ¼ 69� (sphere,
oblate and prolate spheroids) are considered.



Fig. 6. Integral response versus distance between spherical particle (D ¼ 20 and 50 nm) and the interface (h in lm). Responses for

d ¼ 0, b1 ¼ 62� and d ¼ 45 nm, b1 ¼ 69� are considered.
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Fig. 6 shows the integral response variation versus the distance between particle and the interface for

particles with D ¼ 20 and 50 nm. As before, the optimal values seem to be preferable in the entire range of

distances.

Let us consider the wavelength k ¼ 488 nm. Similarly to the previous case, it has been found that the
more suitable metal is silver with the refractive index nf ¼ 0:13� 2:82j. Let us follow the scheme described

above. First, consider the dependence of EP on the incident angle (Fig. 7) and film thickness (Fig. 8). Note

that the results resemble those obtained before. Therefore, it seems reasonable to choose the film thickness

d ¼ 50 nm and incident angle b1 ¼ 78� as a basis for the following specification. However, the subsequent

analysis based on the DSM has shown that there exist other values, which realise a higher integral response

(see Fig. 9). In Fig. 9 it is seen that the film thickness d ¼ 32 nm and incident angle b1 ¼ 75� provide a
Fig. 7. Intensity enhancement EP versus incident angle b1. Four Ag film thickness d ¼ 10, 30, 50 and 70 nm are considered. Herein

after the exciting wavelength is 488 nm.



Fig. 8. Intensity enhancement EP versus Ag film thickness. Three incident angles b1 ¼ 76�, 78� and 80� are considered.

Fig. 9. Integral response R versus incident angle b1 for spherical PSL particle D ¼ 50 nm. Three values of film thickness d ¼ 0, 32 and

50 nm are considered.
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higher integral response. This circumstance means that interaction between the field scattered by a particle

and a multi-layered interface plays a key role and must be taken into account. Fig. 10 demonstrates the

integral response versus of the particle diameter. Results for a spherical particle and prolate and oblate

spheroids are depicted too. It is clear that the optimal values work rather well up to the particle diameter

D ¼ 150 nm. In Fig. 11 the integral response corresponding to the different values of ðb1; dÞ versus the

distance between a particle and the interface is depicted. One can see that the optimal values provide higher

response up to distance of 130 nm.
4. Conclusion

Based on the discrete sources method, computer model for analysis of the evanescent waves conversion

into scattered ones by a non-spherical particle located near a metal-coated glass prism has been developed.



Fig. 10. Integral response versus particle equivolume diameter. Responses for d ¼ 0, b1 ¼ 62� and d ¼ 32 nm, b1 ¼ 75� (sphere, oblate
and prolate spheroids) are considered.

Fig. 11. Integral response versus distance between spherical particle D ¼ 20 nm and the interface. Responses for d ¼ 0, b1 ¼ 62�;
d ¼ 32 nm, b1 ¼ 75� and d ¼ 50 nm, b1 ¼ 78� are considered.
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The optimal value of ðb1; dÞ providing the maximum lens response has been accomplished. It has been

shown that the interaction between the field scattered by a particle and a multi-layered interface plays a key

role and must be taken into account in the theoretical model.
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