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Abstract

A novel formulation for improving the numerical stability of the null-field method for highly elongated and flattened layered
scatterers is presented. The key step in this approach is to approximate the surface current densities by the lowest-order
multipoles located in the complex plane. The accuracy of the proposed method is investigated from a numerical point of view.
 2001 Elsevier Science B.V. All rights reserved.

1. Introduction

Electromagnetic scattering from layered scatterers can be computed by several methods. One of these approaches
is the null-field method using localized sources [1,2]. Peterson and Ström [2] have shown that the problem of
calculating the totalT matrix for one scatterer with several layers is algebraically much simpler than that of
calculating the totalT matrix for several homogeneous scatterers. In the case of a multilayered scatterer a recursion
formula for theT matrix is obtained. However, numerical difficulties with the conventional, single spherical
coordinate-based null-field method appear for scattering problems involving highly elongated and flattened layered
scatterers.

The purpose of the present paper is to develop a null-field formalism using discrete sources. As discrete
sources we use the system of distributed lowest-order multipoles. In fact we extend our method for homogeneous
scatterers [3] to layered scatterers. As it was shown in the homogeneous case we expect that the use of discrete
sources will extend the domain of applicability of the null-field method.

2. Basic equations

We consider the generic case of a two-layered scatterer defined by the closed surfacesS1 andS2, whereS1
enclosesS2 according to Fig. 1. The exterior ofS1 is denoted byDs , the interior ofS2 by D2 and the domain
betweenS1 andS2 byD1. The local originOi is attached to the closed surfaceSi . The radius vector from the local
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Fig. 1. Geometry of a composite scatterer consisting of two different homogeneous regions.

origin O1 to a pointM on the surfaceS1 (or S2) is denoted byr′
1 and from the local originO2 to the pointM by

r′
2. The two layers are characterized by the relative constantsεi , µi , i = 1,2, and the corresponding wave numbers

areki = k
√
εiµi , i = 1,2, wherek = ω/c. The wave number for the free space isks = k

√
εsµs .

Let us rewrite the basic equations for the conventional null-field method in a slightly different form as given by
Peterson and Ström [2]. Application of the equivalence principle reduces the two-layered scattering problem into
three subproblems. For each subproblem, surface current densities are set up to create the actual field in the region
of interest and a null field elsewhere. Letej , hj be the surface current densities acting on the closed surfaceSj . For
the subproblem corresponding to the domainDs we consider the null-field condition inside an inscribed sphere of
S1. This leads to the following set of integral equations for the surface current densitiese1 andh1:∫

S1

[[
eN1 (r′

1)− e0(r′
1)
] · ( N3−mn(ksr

′
1)

M3−mn(ksr
′
1)

)

+ j
√

µs

εs

[
hN1 (r′

1)− h0(r′
1)
] ·
( N3−mn(ksr

′
1)

M3−mn(ksr
′
1)

)]
dS(r′

1) = 0. (1)

For the subproblem corresponding to the domainD1 we consider the null-field conditions outside a circumscribed
sphere ofS1 and inside an inscribed sphere ofS2. The resulting system of integral equations relates the surface
current densitiese1andh1 to e2 andh2, that is,

2∑
j=1

(−1)j
∫
Sj

[
eNj (r′

j ) ·
(

N1,3
−mn(k1r′

i )

M1,3
−mn(k1r′

i )

)

+ j

√
µ1

ε1
hNj (r′

j ) ·
(

N1,3
−mn(k1r′

i )

M1,3
−mn(k1r′

i )

)]
dS(r′

j ) = 0, (2)

for i = 1,2, m = −M, . . . ,M andn = |m|, . . . ,N . Here,e0, h0 are the tangential components of the incident
electric and magnetic field, respectively, andN is a complex index incorporatingM andN . The regular functions
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are taken as testing functions in the casei = 1, while the radiating functions are taken in the casei = 2. In the
conventional method the integrals containing the tangential components of the incident field are identified as the
expansion coefficients of the external excitation in terms of the regular spherical vector wave functions.

An approximate solution to the scattering problem can be obtained by approximating the surface current densities
e1 and h1 by a linear combination of the tangential components of the regular and radiating single spherical
coordinate vector wave functions. For representing the surface current densitiese2 andh2 we use only regular
functions. In a compact notation we may write

(
eNj (r′

j )

hNj (r′
j )

)
=

M∑
m=−M

N∑
n=|m|

a
jN
mn

 n × M1
mn(kjr′

j )

− j
√

εj

µj

n × N1
mn(kjr′

j )

+ b
jN
mn

 n × N1
mn(kjr′

j )

− j
√

εj

µj

n × M1
mn(kjr′

j )



+ δj1

cjNmn

 n × M3
mn(kjr′

j )

− j
√

εj

µj

n × N3
mn(kjr′

j )

+ d
jN
mn

 n × N3
mn(kjr′

j )

− j
√

εj

µj

n × M3
mn(kjr′

j )


 , (3)

whereδji is the Kronecker symbol.
Once the surface current densities are determined an approximate solution of the scattered field can be obtained

by using the Stratton–Chu representation formulas. We note here that our presentation concentrates on the question
of obtaining an approximate solution to the scattering problem. In theT-matrix scheme one additionally expands
the scattered field outside a circumscribed sphere ofS1 in terms of spherical vector wave functions, truncates this
expansion at the indexN and computes the transition matrix which relates the scattered field coefficients to the
incident field coefficients.

The above formalism can be modified by replacing the set of single spherical coordinate vector wave
functions {M1,3

mn(kri ),N1,3
mn(kri )}m∈Z, n=|m|,... by the system of lowest-order spherical vector wave functions

{M3
m,|m|+l [k(ri − zipe3)], N3

m, |m|+l[k(ri − zipe3)]}m∈Z, p=1,2,..., where(e1, e2, e3) are the unit vectors in Cartesian

coordinates,(zip)p=1,2,... is a dense sequence of points on a segment of thez-axis andl = 1 if m = 0 and

l = 0 otherwise. The sequences of points(z1
p)p=1,2,... and (z2

p)p=1,2,... are located in the interior ofS1 andS2,
respectively. By employing the same arguments as given by Doicu et al. [4] one can show that the set of integral
equations∫

S1

[[
eN1 (r′

1)− e0(r′
1)
] ·( N3−m,|m|+l [ks(r′

1 − z1
pe3)]

M3−m,|m|+l [ks(r′
1 − z1

pe3)]

)

+ j

√
µs

εs

[
hN1 (r′

j )− h0(r′
j )
] ·
(

N3−m,|m|+l [ks(r′
1 − z1

pe3)]
M3

−m,|m|+l [ks(r′
1 − z1

pe3)]

)]
dS(r′

1) = 0, (4)

guarantees the null-field condition insideS1, and the set of integral equations

2∑
j=1

(−1)j
∫
Sj

[
eNj (r′

j ) ·
(

N1,3
−m,|m|+l [k1(r′

i − zipe3)]
M1,3

−m,|m|+l [k1(r′
i − zipe3)]

)

+ j

√
µ1

ε1
hNj (r′

j ) ·
(

N1,3
−m,|m|+l [k1(r′

i − zipe3)]
M1,3

−m,|m|+l [k1(r′
i − zipe3)]

)]
dS(r′

j ) = 0, (5)
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with i = 1,2, m = −M, . . . ,M andp = 1, . . . ,N , guarantees the null-field condition outsideS1 and insideS2.
The surface current densities are now approximated by the complete system of the tangential components of the
lowest-order spherical vector wave functions, i.e.(

eNj (r′
j )

hNj (r′
j )

)
=

M∑
m=−M

N∑
p=1

a
jN
mp

 n × M1
m,|m|+l [kj (r′

j − z
j
pe3)]

− j
√

εj

µj

n × N1
m,|m|+l[kj (r′

j − z
j
pe3)]



+ b
jN
mp

 n × N1
m,|m|+l[kj (r′

j − z
j
pe3)]

− j
√

εj

µj

n × M1
m,|m|+l [kj (r′

j − z
j
pe3)]



+ δj1

cjNmn

 n × M3
m,|m|+l [kj (r′

j − z
j
pe3)]

− j
√

εj

µj

n × N3
m,|m|+l [kj (r′

j − z
j
pe3)]



+d
jN
mn

 n × N3
m,|m|+l[kj (r′

j − z
j
pe3)]

− j
√

εj

µj

n × M3
m,|m|+l [kj (r′

j − z
j
pe3)]


 . (6)

The total transition matrix for the layered scatterer can be obtained by following the strategy given in a previous
paper [5]. Then, the total transition matrix of a multilayered scatterer can be computed by using the recursive
scheme elaborated by Peterson and Ström [2].

The advantage of using the system of lowest-order spherical vector wave functions as a system of discrete
sources is that for axisymmetric scatterers the problem decouples over the azimuthal modesm. In the case of
prolate scatterers, the choice of the multipoles on the axis of symmetry adequately describes the particle geometry.
This arrangement is not suitable for oblate scatterers. In this case the procedure of analytic continuation of the
representation of the spherical vector-wave functions onto the complex plane along the source coordinatez is
used [4]. Essentially, this procedure gives the possibility of correlating the position of the support of discrete
sources with the singularities of the analytic continuation of the scattered field inside the layered particle. The
spherical vector wave functions can be expressed in terms of the coordinates of the source pointẑ ∈ Σ̂ and the
observation pointη ∈ Σ by

M1,3
mn(kr) = z1,3

n (kR)

{
jm

P
|m|
n (cosθ̂ )

sinθ̂

[
sin(θ − θ̂ )er + cos(θ − θ̂ )eθ

]− dP |m|
n (cosθ̂ )

dθ̂
eϕ

}
ejmϕ (7)

and

N1,3
mn(kr) =

{
n(n + 1)

z
1,3
n (kR)

kR
P |m|
n (cosθ̂ )

[
cos(θ − θ̂ )er − sin(θ − θ̂ )eθ

]
+ 1

kR

d

dR

[
Rz1,3

n (kR)
]dP |m|

n (cosθ̂ )

dθ̂

[
sin(θ − θ̂ )er + cos(θ − θ̂ )eθ

]
+ jm

1

kR

d

dR

[
Rz1,3

n (kR)
]P |m|

n (cosθ̂ )

sinθ̂
eϕ

}
ejmϕ, (8)

wherez1,3
n (kR) denotes the spherical Bessel functions or the spherical Hankel functions, respectively,(er , eθ , eϕ)

are the unit vectors in spherical coordinates,P
|m|
n are the Legendre functions and

R2 = ρ2 + (z − ẑ)2, sinθ̂ = ρ

R
, cosθ̂ = z− ẑ

R
.
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The complex planêΣ = {ẑ = (Reẑ, Im ẑ)/Reẑ, Im ẑ ∈ R} is defined such that real axis Reẑ coincides with the
z-axis of the azimuthal planeϕ = const,Σ = {η = (ρ, z)/ρ � 0, z ∈ R}. The region in which the spherical vector
wave functions are analytical with respect to the variableẑ is the domain̂D whose boundary coincides with the
image of the generator of revolution. Note that a pointẑ ∈ Σ̂ is called the image of a pointη ∈ Σ if R2

ηẑ = 0. In

this case, for a sequence of poles distributed symmetrically with respect to the Reẑ-axis and having at least two
limit points in D̂, we can construct an approximate solution by using (4), (5) and (6).

3. Numerical results

The formulation presented in Section 2 has been implemented in a computer program. In this section we present
computer results for prolate and oblate layered spheroids. The scatterer coordinate system is denoted byOxyz

with thez-axis directed along the symmetry axis of the scatterer. For simplicity we assume that the incident wave
is a plane wave traveling along the symmetry axis of the scatterer. The polarization direction encloses an angleαpol
with thex-axis. The layered scatterer consists of two spheroids with a common axis of symmetry. The semiaxes of
the external spheroid are denoted bya1 andb1, while the semiaxes of the internal spheroid are denoted bya2 and
b2. The refractive indices arem1 = 1.5 andm2 = 1.8, respectively. The internal spheroid can be shifted along the
axis of symmetry with a distancez2. Specifically, the differential scattering cross section (DSCS) normalized by
πa2

1 will be computed for parallel and perpendicular polarization of the incident wave.
In our first example we consider a prolate layered scatterer withksa1 = 6,ksb1 = 3 andksa2 = 3,ksb2 = 1.5. We

chooseksz2 = 0 andksz2 = 0.5. The results corresponding to the null-field method with localized and distributed
sources are shown in Fig. 2. For this case we used a collection of multipoles located on the symmetry axis of
the scatterer. The complete agreement between the curves serves as an evidence for the accuracy of the proposed
method. In Fig. 3 we plot the differential scattering cross section for a layered scatterer withksa1 = 10, ksb1 = 1
and ksa2 = 4, ksb2 = 0.5. Only the results corresponding to the null-field method with distributed sources are
shown since the null-field method with localized sources fails to converge.

The next problem is that of an oblate layered spheroid withksa1 = 3, ksb1 = 5 andksa2 = 1, ksb2 = 2. The
results plotted in Fig. 4 clearly demonstrate that no significant differences exist between the scattering diagrams.
For this type of scatterer we choose the multipoles on the imaginary axis in the complex plane. The positions of the

(a) (b)

Fig. 2. Differential scattering cross section for a layered prolate scatterer withksa1 = 6, ksb1 = 3, m1 = 1.5 andksa2 = 3, ksb2 = 1.5,
m2 = 1.8. The results are computed with the null-field method with localized and distributed sources for: (a)ksz2 = 0 and (b)ksz2 = 0.5.
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Fig. 3. Differential scattering cross section for a layered prolate scatterer withksa1 = 10, ksb1 = 1, m1 = 1.5 andksa2 = 4, ksb2 = 0.5,
m2 = 1.8. The results are computed with the null-field method with distributed sources forksz2 = 0.

Fig. 4. Differential scattering cross section for a layered oblate scatterer withksa1 = 3, ksb1 = 5,m1 = 1.5 andksa2 = 1, ksb2 = 2,m2 = 1.8.
The results are computed with the null-field method with localized and distributed sources forksz2 = 0.

distributed sources are shown in Fig. 5. Plots of the differential scattering cross section for an oblate spheroid with
ksa1 = 1, ksb1 = 5 andksa2 = 0.5, ksb2 = 2 are shown in Fig. 6. As before, the null-field method with localized
sources does not converge for this geometry.

4. Conclusions

A novel formulation of the null-field method with distributed sources for layered scatterers has been proposed.
In this method we choose the tangential components of the lowest-order multipoles with different origins as a
complete system of functions on the particle surface. The advantage of the proposed approach over the conventional
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Fig. 5. Position of distributed sources in the complex plane.

Fig. 6. Differential scattering cross section for a composite oblate scatterer withksa1 = 1, ksb1 = 5, m1 = 1.5 andksa2 = 0.5, ksb2 = 2,
m2 = 1.8. The results are computed with the null-field method with distributed sources forksz2 = 0.

method concerning the applicability to highly elongated and flattened scatterers have been demonstrated for a
number of examples.
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