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Abstract
The influence of agglomerates of solid conducting spheres on
the response of a phase-Doppler anemometer (PDA) is
described for a two-sphere system by using a ray theory
model. First- and second-order reflection and diffraction are
considered for far-field calculations of the PDA phase

difference. The numerical simulations are accompanied and
supported by experimental results. Two-sphere systems of
Sn63Pb37 alloy particles were captured inside an electrody-
namic trap and investigated with a standard phase-Doppler
system.

1 Introduction

Disperse systems represent a significant component of a large
variety of processes of industrial relevance. Precise knowledge of
the particle size distribution is of great importance in order to yield
optimal performance. Laser-optical techniques are often preferred
owing to their ability to perform non-intrusive particle character-
ization. Phase-Doppler anemometry (PDA) is one of these well
established techniques. Similarly to other techniques, PDA suffers
from the fact that its response is sensitive to deviations of the
particle shape and particle surface from the spherical shape and
smooth surface assumed in the underlying light scattering theory.
Theoretical work concerning the response of a PDA to rough
spherical particles, supported by experimental results on individual
rough spheres, has been published recently [1].
Another type of deviation from the ideal particle properties that
occur in industrial applications is the formation of agglomerates
due to various types of forces between particles. It is of interest to
gain knowledge about the possible impact of agglomeration on the
response of a sizing technique.
Electromagnetic scattering by an ensemble of particles has been
the subject of numerous studies in optics. Rigorous solutions for
computing the electromagnetic scattering from spheres by taking
into account the coupling among particles have been reported by
Trinks [2], BruningandLo [3], Borgheseet al. [4], andFuller and
Kattawar [5]. However, the complexity of the problem has
thwarted efforts to obtain numerical results for all but a few small
spheres. The root of the difficulty could be traced to two features of
the solution schemes in the previous methods. The first is that all
the previous methods are based on a brute-force method in which
anN -sphere scattering solution is solved at once. Consequently,
the matrix equation of the scattering problem becomes large and
owing to the considerable computational effort the number and the

size parameters of the spheres are limited. This problem was partially
solved byWangand Chew [6] by using a generalized recursive
aggregate T-matrix approach for solving theN -sphere scattering
problem recursively. The second difficulty is associated with the
calculation of the coefficients of the vector addition theorem in three
dimensions. Equations for the calculation of the vector addition
theorem in three dimensions were derived byStein[7] andCruzan
[8]. These equations require the calculation of many Wigner 3-j
coefficients, which involve a large number of factorials. From a
computational viewpoint, this is a very inefficient method.
Another disadvantage of exact methods is they they give little
physical insight into the scattering mechanism behind the resulting
scattered intensity distribution. On the other hand, approximate
methods can give a clear picture of the physical process involved
in the scattering. Furthermore, for large size parameters, the
approximate methods for calculating the far-field scattered
intensity have superior computational efficiency to the rigorous
methods. One of these approximate methods is the ray theory. The
ray theory or the geometric optics model gives a good
approximation of the far-field intensity in the forward scattering
hemisphere. The higher computational speed makes it economic-
ally viable to compute the amplitude and phase of the scattered
light over a fine grid on the receiver aperture.
The aim of this paper is to model the phase Doppler signal for a
two-sphere system by using an approximate geometric optics
model. The purpose is to check the range of applicability of the ray
theory and in particular to give a clear picture of the influence of
the agglomeration process on the response of a PDA. For the case
of reflecting spheres in a PDA system we used a geometric optics
model accounting for specular reflection and diffraction. Measure-
ments on an electrodynamically levitated agglomerate built of two
Sn63Pb37 alloy particles supports the theoretical results.

2 Specular Reflection Model for Computing the
Doppler Signal Phase

We consider two perfectly conducting spheres of radiia1 anda2

and denote byD the distance between their centersO1 andO2. We
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choose a local coordinate systemO1xyzhaving the origin located
at the pointO1. The orientation of thez-axis with respect to a
global coordinate systemO1XYZ is given by the Euler anglesa
and b. The particles are illuminated by a monochromatic plane
wave travelling in theei ðJi ; viÞ direction. The azimuthal angles are
specified in the global coordinate system. The geometry of the
scattering problem is shown in Figure 1.

In the context of a geometric optics model we assume that the far-
zone scattered field is due to the reflection mechanism and that the
reflected field sums the contribution of rays emerging from the
specular points. Further simplifications are made by neglecting
the second-order reflection mechanism and by assuming that there
are exactly two specular pointsA1 andA2, one of each spherical
surface as shown in Figure 2.

Consequently, the far-zone scattered field in theesðJs; vsÞ ¼ r =r
direction can be expressed as

Eðr Þ ¼
iE0

kr
eikr S1

ref e
id1

ref þ S2
ref e

id2
ref

� �
eref ð1Þ

where Sref ;dref and eref are the magnitude, the phase and the
polarization vector of electric-field contributions, respectively,E0

is the electric field strength andk is the wavenumber.
The specular points are those points on the spherical surfaces
with the unit normal given bynA1

¼ nA2
¼ ðes ¹ eiÞ=jes ¹ ei j.

The magnitude of the reflected electric field is related to the
principal radius of curvature of the surface at the specular point
[9]. For a two-sphere system the expressions forS1

ref and S2
ref

simplify to

S1
ref ¼ ka1=2; S2

ref ¼ ka2=2: ð2Þ

The phases of the reflected rays are given by [9]

d1
ref ¼ ¹ ka1jes ¹ ei j ð3Þ

d2
ref ¼ kDe3 � ðes ¹ eiÞ ¹ ka2jes ¹ ei j

wheree3 is the unit vector in thez-direction.
Combining Eqs. (1)–(3), we find that the phasedref of the scattered
field

Eðr Þ ¼
iE0

kr
eikr Sref e

idref eref ð4Þ

can be formally written as

dref ¼ dref ðei ; esÞ ¼ arctan
a1 sind1

ref þ a2 sind2
ref

a2 cosd1
ref þ a2 cosd2

ref

 !
: ð5Þ

The above relationship shows that the phase of the scattered field
depends on the radii of the spheresa1 anda2 and the orientation
angles of thez-directiona andb.
In a PDA system, the particle is illuminated by two incident
waves travelling in thee1

i and e2
i directions, while the scattered

field is analyzed in theeA
S andeB

S directions. The phase difference
between the signals of two point detectors can by simply expressed
as

fAB ¼ fA ¹ fB ¼ dref e1
i ; e
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i ;e
A
S

ÿ �� �
¹ dref e1

i ; e
B
S

ÿ �
¹ dref e2

i ;e
B
S

ÿ �� �
: ð6Þ

For our numerical investigation we consider an optical configura-
tion with a beam intersection angle of 1.58, an off-axis angle of 408
and an elevation angle of 88. The optical parameters are in
accordance with the experimental set-up described in Section 4.
Since in practical applications the orientation of the axis between
the spheres centers is unknown, we organize the phase difference
as a random variable. The value of this random variable
corresponds to different values of the orientation anglesa andb.
The frequency of appearance of the random variable phase
difference is computed fora in the range [0,2pÿ andb in the range
[0,p]. Figure 3 shows the relative frequency distribution of the
phase difference for the following geometrical configurations of
the two-sphere system: (a)a1 ¼ 18mm, a2 ¼ 14mm, D ¼ 32mm,
(b) a1 ¼ 18mm, a2 ¼ 12mm, D ¼ 30mm and (c) a1 ¼ 18mm,
a2 ¼ 10mm, D ¼ 28mm.
The most probable phase difference is the peak of the histogram.
This peak is pronounced when the size parameters of the
spheres are comparable and decreases when the size parameters
of the spheres differ significantly. We call by convention the
most probable phase difference the phase difference of the
ensemble.
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Fig. 1: Geometry of the scattering problem.

Fig. 2: Geometry of the first-order reflection points (specular points).



3 Geometric Optics Model for Computing the
Phase-Doppler Signal

In order to obtain a more accurate description of the phase
difference, we extend our geometric optics model for PDA
calculations [9] to the two-sphere system. This model removes
some simplifications of our above analysis. The main particu-
larities of the geometric optics model can be summarized as
follows:
1. for perfectly conducting scatterers the far-zone electric field is

derived for diffraction and reflection;
2. the reflected fields sums the contribution of rays which emerge

from the specular points if and only if these points are
illuminated and in view of the observation point;

3. owing to the concave-convex geometry a second-order reflec-
tion at the surfaces is considered. The meaning of the second-
order reflection mechanism was discussed in a previous paper
[1].

The numerical analysis in Section 2 is reconsidered by using the
geometric optics model. The data presented in Figure 4 show that
in addition to the phase difference of the ensemble, two peaks
appear in the frequency distribution of the phase difference. These
peaks correspond to the phase difference of each individual sphere.
In this case the scattered ray emerges from a single specular point
on the particle surfaces while the other is not visible from the
incidence or the observation direction.
We note that when the size parameter of the large sphere becomes
much larger than the size parameter of the small sphere, a single
peak occurs in the histogram. This is shown in Figure 5, where a two
sphere configuration witha1 ¼ 18mm, a2 ¼ 6mm andD ¼ 24mm
is considered. The peak corresponds to the phase difference of the
large sphere while the influence of the small sphere consists only in
a broadening of the frequency distribution.
The above analysis clearly shows that agglomerated spheres can
lead to erroneous results in phase-Doppler anemometry. From an
experimental point of view, it is most probable that only a single
particle will be detected. Since the frequency of appearance of the
phase difference corresponding to the large sphere is higher than
the phase differences of the ensemble and of the small sphere, we
expect that the size distribution will be shifted to higher particle
diameters.

4 PDA Measurements

Our experimental set-up consists basically of a two-detector PDA
system and an electrodynamic particle trap for the levitation of
individual particles.
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Fig. 3: Relative frequency distribution of the phase difference computed
with the specular reflection model. The data correspond to the following
geometrical configurations of the two-sphere system: (a)a1 ¼ 18mm,
a2 ¼ 14mm,D ¼ 32mm, (b)a1 ¼ 18mm, a2 ¼ 12mm,D ¼ 30mm and (c)
a1 ¼ 18mm, a2 ¼ 10mm, D ¼ 28mm.

Fig. 4: Relative frequency distribution of the phase difference computed
with the geometric optics model. The data correspond to the following
geometrical configurations of the two-sphere system: (a)a1 ¼ 18mm,
a2 ¼ 14mm,D ¼ 32mm, (b)a1 ¼ 18mm, a2 ¼ 12mm,D ¼ 30mm and (c)
a1 ¼ 18mm, a2 ¼ 10mm, D ¼ 28mm:



The light source for the PDA system is a 100 mW argon ion laser at
a wavelength ofl ¼ 488 nm. Beam splitting is performed by a
radial diffraction grating (32mm grid separation) for beam
splitting and the imaging and focusing of both Gaussian beams
is done by an appropriate arrangement of two lenses along the
optical track. For the measurements presented below we chose a
total beam crossing angle at 3.08 and a beam diameter of 120mm.
The polarization of the beams was perpendicular with respect to
the mean scattering plane. Two individually mounted photomul-
tiplier tubes (PMTs) are used for detection of the scattered light.
Their front lenses are of 52 mm aperture and have a focal length of
300 mm. The PMTs are located at an off-axis angle of 408 under
8.08 elevation. Data evaluation is performed by means of a
standard FFT algorithm. Details of the set-up have been published
by Göbel et al. [10].
Electrodynamic levitation of individual particles is a widely used
technique. Gravity is compensated for by supplying a DC field of
appropriate strength on an electrically charged particle. A dynamic
trapping force is provided by an additional AC field. Our trap is
built of four ring electrodes, which are arranged parallel with their
centers coinciding with the verticalz-axis of symmetry (direction
of gravity). Both solid and fluid particles in the size range
(5mm < d < 50mm can be carried over sufficiently large periods
of time. A trapped particle can be forced to oscillate harmonically
in a vertical direction with variable amplitude by adjusting the
electric fields. This provides the necessary particle velocity with
respect to the beam intersection area. After PDA measurements the
levitated particle is captured by means of an electrostatic collector
for characterization by an electron microscope. The capturing
process and the particle trapping procedure can be observed
visually via a Questar telescope and a video system. We should
point out that the agglomerate rotates inside the trap during either
the oscillation in the vertical direction or the containment. This is
obvious from visual observation with the Questar system, when
particles with dimensions clearly larger than the resolution of the
Questar (1.5mm) are levitated. Under these circumstances
different regions of the agglomerate surface will be investigated
during the measurement process.
For our PDA measurements we assume that the rotation of the
agglomerate is sufficient to put in evidence the three peaks of the
phase distribution. Since we do not use a rigorous model for light
scattering calculations, we cannot expect a rigorous, theoretical
reconstruction of the phase distribution for a fully random
orientation of the agglomerate in all directions. Actually, we do

not solve a complex inversion problem consisting of computation
of particle sizes and surface roughness. We are mainly interested in
identifying the peaks of the phase distribution which are predicted
by a simple geometric optics model.
We performed PDA measurements onSn63Pb37 alloy (8422 kg/
m3) particles which were produced by ultrasonic standing field
dispersion. While trapping individualSn63Pb37 particles from a
sieved fraction (20mm < d < 32mm) we happened to levitate an
agglomerate of these particles. Figure 6 shows an electron
microscope photograph of this particle. As it turned out to be
necessary to cover the sample holder with conducting glue in order
to yield higher efficiencies of the capturing process, the particle is
submerged in this glue to some extent. Nevertheless, the size of the
individual spheres can be determined to bea1 ¼ 18:8mm and
a2 ¼ 17mm.

We performed 104 repeated PDA measurements on this agglom-
erate and the resulting number density of phase differences is
depicted in Figure 7. The phase difference distribution shows that
there is good agreement between the values of the measured peaks
and the theoretical peaks. We note that the broadening of the
measured phase difference distribution is due to the surface
roughness of each individual sphere. This effect was discussed
previously [1].
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Fig. 5: Relative frequency distribution of a two sphere configuration with
a1 ¼ 18mm, a2 ¼ 6mm andD ¼ 24mm.

Fig. 6: Electron microscope photograph of the investigated agglomerate.

Fig. 7: Measured and simulated phase frequency distributions of the
agglomerate.



5 Conclusions

In order to examine the behavior of the signal phase in a phase
Doppler system, fundamentals of light scattering from a two-
sphere system in the intersection of two laser beams have been
discussed. Mathematical tools based on the approximate ray theory
have been presented. It has been shown that three peaks appear in
the phase difference histogram. These peaks correspond to the
phase difference of each individual sphere and to the phase
difference of the ensemble. When the size parameter of one sphere
becomes much larger than that of the other, a single peak
corresponding to the large sphere occurs in the frequency
distribution. In this case the influence of the small sphere consists
in a broadening of the phase distribution.
From an experimental point of view, we conclude that the impact
of agglomerates on the response of a PDA is significant, since only
a single particle will be detected. It has been shown that it is most
probable that one will detect the particle with the larger size
parameters. Consequently, the size distribution is expected to be
shifted to higher particle diameters.

6 Symbols and Abbreviations

a1; a2 radii of the scattering spheres
E scattered field
E0 electric field strength
es unit vector of the scattering direction
ei unit vector of the incident direction
eref polarization vector of the resulting scattered field
k wavenumber
nA1

; nA2
normal unit vectors at stationary phase points

S1
ref ;S

2
ref magnitude of electric-field contributions

Sref magnitude of the resulting scattered field
a; b Euler angles giving the orientation of the symmetry axis

of the two-sphere system in the global coordinate
system

D distance between spheres centers
d1

ref ; d
2
ref phase of electric-field contributions

dref phase of the resulting scattered field
fAB phase difference between the signals of two point

detectorsA andB
Ji ; vi angular coordinates of the incident wave vector
Js; vs angular coordinates of the scattered wave vector
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