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Abstract

A novel formulation for improving the numerical stability of the null-field method for highly flattened particles is
presented. The key step in this approach is to approximate the surface current densities by circularly distributed
spherical vector wave functions. The circularly distributed spherical vector wave functions are obtained by integrating
the spherical vector wave functions with a shifted origin over the azimuthal angle of the source point. The accuracy of
the proposed method is investigated from a numerical point of view.

© 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

One of the most powerful method for comput-
ing nonspherical light scattering using localized
spherical vector wave functions is the null-field
method [1]. However, for particles with extreme
geometries the single spherical coordinate based
null-field method fails to converge. A number of
modifications to the conventional null-field meth-
od have been suggested to improve the numerical
stability. One of this formal modification is the
null-field method with discrete sources [2]. Essen-
tially, this method entails the use of a number of
elementary sources to approximate the surface
current densities. For strong deformed particles
distributed spherical vector wave functions are
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adequate. In the case of highly elongated spheroids
the multipoles are chosen on the axis of symmetry,
while in the case of flattened spheroids the proce-
dure of analytic continuation of the representation
of the spherical vector wave functions in the
complex plane (along the symmetry axis) is re-
quired. One reason for using sources distributed in
the complex plane is that the resulting system of
vector functions is orthogonal with respect to the
azimuthal angle. In this case, the scattering prob-
lem of an axisymmetric particle can be reduced to
a sequence of subproblems for each azimuthal
mode.

The aim of this paper is to present a system of
functions which is orthogonal with respect to the
azimuthal angle and is suitable for analyzing the
scattering by flattened particles. The new system
is the system of circularly distributed spherical
vector wave functions. A similar system of func-
tions was discussed by Leuchtmann [3] and

0030-4018/02/$ - see front matter © 2002 Elsevier Science B.V. All rights reserved.

PII: S0030-4018(02)02050-3


mail to: adrian.doicu@dlr.de

22 A. Doicu | Optics Communications 213 (2002) 21-25

Hafner and Bomholt [4] in the framework of the
multiple multipole method. The so-called curved
line multipoles or ringmultipoles used in the
multiple multipole method are a superposition of
z-shaped currents (current segments located par-
allel to the z-axis) with alternating sign and dis-
tributed on a circle. Here, we use a different
approach. We integrate the spherical vector wave
functions with a shifted origin over the azimuthal
angle of the source point and obtain a system of
vector functions which is complete on the particle
surface and orthogonal with respect to the azi-
muthal angle.

2. Basic equations

Let us consider a bounded domain D; (of class
€% with boundary S and exterior D,. The wave
number of the region D; is k; = k\/&;, while the
wave number of the region Dy is k, = k,/eu,
where k = w/c. Let us denote by (ry, 09, ¢,) the
spherical coordinates of the source point r;, while
(r,0, @) stand for the spherical coordinates of the
observation point r. Let us consider the set of
spherical vector wave functions M} (r —r,) and
ermi( ry), wheren=1,2...;andm = —n,...,n.
Here, Mylm and N! is an entire solution to the
Maxwell equations and M, and N} is a radiating

solution to the Maxwell equatlons in R* — {r}.
The system of vector functions

nx M’ n x N
S N oM (1)

withn=1,2,...,and m = —n, ..., nis complete in
LLS) = Lfdn(S) x L (S). In Eq. (1), n stands for
unit outward normal to S. The radiating spherical
vector wave functions are defined with respect to
the wave number k,, while the regular spherical
vector wave functions are defined with respect to
the wave number k;. For a proof we refer to [2].
Using the addition theorem for spherical vector
wave functions under coordinate translation and
the integral representation of the translation co-
efficients we find that

Mrlr;rj (l' - l’o) = Z mllnjn(;'], no)e_j(l_m)(ﬂoejlw (2)
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and
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where 1 = (r,0) and 5y, = (r0,0). Note that the
Fourier components m,> and n;’ are expressed
in terms of the spherical unit vectors e,,ey and
e, corresponding to r. We define the set of
circularly distributed spherical vector wave
functions by

M i, (¥) = my (1, 179)e"
1 2n )
= =2, M3 (r — 1)l =% dp, 4)
and
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Then, it is trivial to show that the system of vector
functions

A i
N N
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with /€7, n=1,2,..., and m=—n,...,n is
complete in oiﬁfdn(S) L2 (S) x L2 (S). Simi-
larly, one can show that the set of integral
equations
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(7)
with /eZ, n=12,..., and m=—n,...,n,

guarantees the null-field condition of the total
electric field within D;. In Eq. (7), e and h stand for
the surface current densities on the surface S, and
ey and hy are the tangential components of the
incident electric and magnetic field, respectively.
An approximate solution to the scattering problem
can be obtained by approximating the surface
current densities by the complete system of circu-
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larly distributed spherical vector wave functions,
1e.,

b . . 8
" _-] ﬁn X ’%}mn(rl) ( )

Here ./ is a complex index incorporating L, M
and N. Once the surface current densities are
determined the approximate scattered field can be
obtained by using the Stratton—Chu representa-
tion formulas. The circularly distributed spherical
vector wave functions have an exp(j/¢)-depen-
dence. Consequently, the determination of the
surface current densities for an axisymmetric
particle can be broken up into a sequence of de-
coupled problems over each azimuthal mode and
the surface integrals simplify to line integrals with
respect to the polar angle 6. However, this last
simplification is only apparent since the Fourier
components must be computed by numerical in-
tegration and this process can be time consuming.
Since the argument of the spherical Hankel
functions is k|r — ry| we expect to obtain a stable
approximation of the solution especially for
highly flattened particles. In this case, we can
choose ry such that the argument of the Hankel
functions does not vary significantly during the
integration process (as in the case of a localized
source).

In practice, the system of circularly distributed
spherical vector wave functions can also be used in
combination with other discrete sources to obtain a
stable approximation of the solution. For instance,
the surface current densities can be approximated
by a linear combination of circularly distributed
and localized spherical vector wave functions. Ac-
cordingly, the null-field equations will be expressed
in terms of circularly distributed and localized
spherical vector wave functions.

A similar system of vector functions can be
constructed as

1 .
MY () =V [ﬁ /s ul3(r — o)™ de, | xr,

3
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Although, this system of vector functions is also
complete in Z; (S) we will restrict our numerical

analysis to the system given by Egs. (4) and (5).

3. Numerical results

In this section, we present computer results for
oblate and prolate spheroids. The scatterer coor-
dinate system is denoted by Oxyz with the z-axis
directed along the symmetry axis of the scatterer.
The semiaxes of the spheroid are denoted by a and
b, with a being along the symmetry axis of the
scatterer. For simplicity, we assume that the inci-
dent wave is a plane wave traveling along the
symmetry axis of the scatterer. In this case only the
azimuthal modes / = 1 are required for the so-
lution of the scattering problem. The polarization
angle of the incident wave is 45°. The refractive
index of the particle was chosen as 1.5. Specifi-
cally, the differential scattering cross-section
(DSCS) normalized by n/?> will be computed in the
azimuthal plane ¢ = 0°. Here, / is a normalization
length which was chosen as &,/ = 10.

In our first example, we consider a prolate
spheroid with ks =8 and kb =4. The results
corresponding to the null-field method with circu-
larly distributed spherical sector wave functions
together with the results corresponding to the null-
field method with localized spherical vector wave
functions are shown in Fig. 1. The sources were
distributed in the xy-plane, on a circle of radius
ksro = 1. In Fig. 2, we plot the differential scattering
cross-section for an oblate particle with k,a = 4 and
kyb = 8. In this case, the sources were distributed in
the xy-plane, on a circle of radius k9 = 4. The
complete agreement between the curves serves as an
evidence for the accuracy of the proposed method.

The next problem is that of an oblate spheroid
with ke = 1 and kb = 8. The results correspond-
ing to the null-field method with circularly dis-
tributed spherical vector wave functions and a
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Fig. 1. Differential scattering cross-sections for a prolate scatterer with k,a = 8 and kb = 4. The results are computed with the null-
field method with circularly distributed spherical vector wave functions (Met. 1) and localized spherical vector wave function (Met. 2).
For the method with distributed sources we used kg = 1,M =2 and N = 6, while for the method with localized sources we used
N =13.

combination of circularly distributed and localized distributed in the xy-plane, on a circle of radius
spherical vector wave functions are shown in kyro = 4, while for the second method the sources
Fig. 3. For the first method, the sources were were distributed on a circle of radius &,y = 6. Also
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Fig. 2. Differential scattering cross-sections for an oblate scatterer with k,a = 4 and kb = 8. The results are computed with the null-
field method with circularly distributed spherical vector wave functions (Met. 1) and localized spherical vector wave functions (Met. 2).
For the method with distributed sources we used k0 = 4,M =2 and N = 6, while for the method with localized sources we used
N =13.
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Fig. 3. Differential scattering cross-sections for an oblate scatterer with k,a = 1 and kb = 8. The results are computed with the null-
field method with circularly distributed spherical vector wave functions (Met. 1), a combination of circularly distributed and localized
spherical vector wave functions (Met. 2) and spherical vector wave functions distributed in the complex plane (Met. 3). In the first case,
we used kg =4,M =2 and N = 6, in the second case we used N = 6 for the localized source and k,7y = 6,M = 2 and N = 3 for the
circularly distributed sources, while in the third case we used 13 sources distributed in the complex plane.

shown are the results corresponding to the null-
field method with spherical vector wave functions
distributed in the complex plane. Note, that in this
case the null-field method with localized spherical
vector wave functions fails to converge. The
agreement between the scattering characteristics is
acceptable.

4. Conclusions

A novel formulation of the null-field method
with circularly distributed spherical vector wave
functions has been proposed. This system of
functions is attractive for computing the light
scattered by flattened axisymmetric particles due
to the exp(jlo)- and |r —ro|-dependence of the
vector functions. As a result, the amount of

computer time and storage are significantly
reduced and a stable approximation of the solu-
tion is obtained. Combining this system with the
system of localized spherical vector wave func-
tions, particles with complex structures can be
computed.
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