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1. INTRODUCTION
One of the fastest and most powerful numerical tools for
computing light scattering by nonspherical particles with
use of localized vector spherical functions is the null-field
method (otherwise known as the extended boundary-
condition method, the Schelkunoff equivalent-current
method, the Eswald–Oseen extinction theorem, and the
T-matrix method).1–3 A crucial advantage of the null-
field method consists in the fact that the transition ma-
trix, or the T matrix relating the scattered and the inci-
dent field coefficients, can be computed easily. The T
matrix is independent of the incident and scattered fields
and depends only on the shape, size parameters, and re-
fractive index of the scattering particle as well as on the
particle’s orientation with respect to the coordinate sys-
tem. Consequently, the T matrix need be computed only
once and then can be used in computations for any direc-
tion of light incidence and scattering. Taking into ac-
count the general properties of the T matrix, on the one
hand, Mishchenko has elaborated an efficient analytical
method for computing orientationally averaged light-
scattering characteristics for ensembles of nonspherical
particles.4 On the other hand, the T matrix for a single
scatterer can be used successfully for solving a large class
of boundary-value problems in electromagnetic scattering
theory. In this context, we mention the analysis of
multiple-scattering problems5,6 and simulation of light
scattering by layered or composite objects,7–9 and by par-
ticles deposited on a surface.10

However, for particles with extreme geometries or par-
ticles with appreciable concavities, the single-spherical-
coordinate-based null-field method fails to converge. A
number of modifications to the conventional null-field
method have been suggested to improve the numerical
stability. These techniques include formal modifications
of the single-spherical-coordinate-based null-field
method,11–13 different choices of basis functions,14,15 and
the application of the spheroidal-coordinate formalism.16

One of these formal modifications is the null-field method
with discrete sources.17,18 Essentially, this method en-
tails the use of a number of elementary sources for ap-
proximating the surface-current densities. The discrete
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sources are placed on a certain support in an additional
region with respect to the region where the solution is re-
quired. Unknown discrete-source amplitudes that pro-
duce the surface densities are computed by use of the
null-field condition of the total electric field inside the
particle surface.

The aim of our contribution is to compute the transition
matrix in the framework of the null-field method with dis-
crete sources. We intend to show the superior efficiency
of this method over the conventional approach, especially
for analyzing particles with extreme geometries.

2. MATHEMATICAL FORMULATION
Let us consider a three-dimensional space D consisting of
the union of a closed surface S, its interior Di , and its ex-
terior Ds . We denote by kt the wave number in the do-
main Dt , where kt 5 kA« tm t and k 5 v/c; « t and m t
stand for the relative electric permittivity and relative
magnetic permeability, respectively, of the domain Dt ; v
is the frequency; c is the speed of wave progagation for the
electromagnetic field in free space; and t 5 s, i.

The transmission boundary-value problem can be for-
mulated as follows. Let E0 ,H0 be an entire solution to
the Maxwell equations representing an incident electro-
magnetic field. Find the vector fields, Es ,Hs

P C1(Ds) ù C(D̄s) and Ei ,Hi P C1(Di) ù C(D̄i) that
satisfy the Maxwell equations

¹ 3 Et 5 jkm tHt ,

¹ 3 Ht 5 2jk« tEt , (1)

in Dt , where t 5 s, i, and two transmission conditions,

n 3 Ei 2 n 3 Es 5 n 3 E0 ,

n 3 Hi 2 n 3 Hs 5 n 3 H0 , (2)

on S. In addition, the scattered field Es ,Hs must satisfy
the Silver–Müller radiation condition uniformly for all di-
rections x /x. It is known that the transmission
boundary-value problem possesses a unique solution.19

For solving the transmission boundary-value problem
in the framework of the null-field method with discrete
1999 Optical Society of America
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sources, the scattering object is replaced by a set of
surface-current densities e and h, so that in the exterior
domain the sources and fields are exactly the same as
those that exist in the original scattering problem. The
entire analysis can conveniently be broken down into
three steps.

In the first step, a set of integral equations for the
surface-current densities e and h is derived for a variety
of discrete sources. Physically, the set of integral equa-
tions in question guarantees the null-field condition
within Di . It is noted that localized and distributed vec-
tor spherical functions, magnetic and electric dipoles, or
vector Mie potentials can be used as discrete sources.
Essentially, the null-field method with discrete sources
consists of the projection relations,

E
S
F ~e 2 e0! • Cn

3 1 jAms

«s
~h 2 h0! • Fn

3GdS 5 0

E
S
F ~e 2 e0! • Fn

3 1 jAms

«s
~h 2 h0! • Cn

3GdS 5 0,

n 5 1, 2,..., (3)

where e0 5 n 3 E0 and h0 5 n 3 H0 are the tangential
components of the incident electric and magnetic fields.
The set $Cn

3, Fn
3%n51,2,... consists of radiating solutions to

Maxwell’s equations and depends on the system of dis-
crete sources that is used for imposing the null-field con-
dition. Actually, this set together with the set of regular
solutions to Maxwell’s equations $Cn

1, Fn
1%n51,2,... stands

for
• localized vector spherical functions

$Mmn
1,3 , Nmn

1,3 %mPZ,n>max(1, umu) ,

Mmn
1,3 ~kx! 5 ADmnzn~kr !

3 F jm
Pn

umu~cos u!

sin u
eu

2
dPn

umu~cos u!

du
efGexp~ jmf!

Nmn
1,3 ~kx! 5 ADmnH n~n 1 1 !

3
zn~kr !

kr
Pn

umu~cos u!exp~ jmf!er

1
@krzn~kr !#8

kr FdPn
umu~cos u!

du
eu

1 jm
Pn

umu~cos u!

sin u
efG J exp~ jmf!,

where (er , eu , ef) are the unit vectors in spherical coor-
dinates, zn designates the spherical Bessel functions jn or
the spherical Hankel functions of the first kind hn

1, Pn
umu

denotes the associated Legendre polynomial of order n
and m, and Dmn is a normalization constant given by

Dmn 5
2n 1 1

4n~n 1 1 !
•

~n 2 umu!!
~n 1 umu!!

;

• distributed vector spherical functions
$Mmn

1,3 , N mn
1,3 %mPZ,n51,2,... ,

Mmn
1,3 ~kx! 5 Mm,umu1l

1,3 @k~x 2 zne3!#,

x P R3 2 $zne3%n51
` ,

N mn
1,3 ~kx! 5 Nm,umu1l

1,3 @k~x 2 zne3!#,

x P R3 2 $zne3%n51
` ,

where m P Z, n 5 1, 2,..., l 5 1 if m 5 0 and l 5 0 if
m Þ 0, and $zn%n51

` is a set of points located on a segment
Gz of the z axis;

• magnetic and electric dipoles $Mni
1,3 ,

N ni
1,3%n51,2,...,i51,2 ,

Mni
1,3~kx! 5 m~xn

6 , x, tni
6 !, x P R3 2 $xn

6%n51
` ,

N ni
1,3~kx! 5 n~xn

6 , x, tni
6 !, x P R3 2 $xn

6%n51
` ,

where n 5 1, 2, ..., i 5 1, 2, tn1 and tn2 are two tangential
linear independent unit vectors at the point xn ;

m~x, y, a! 5
1

k2 a~x! 3 ¹y g~x, y, k !,

n~x, y, a! 5
1
k

¹y 3 m~x, y, a!, x Þ y,

where the sequence $xn
2%n51

` is dense on a smooth surface
S2 enclosed in Di and the sequence $xn

1%n51
` is dense on a

smooth surface S1 enclosing Di ; or, finally, for the set of
• vector Mie potentials $Mn

1,3 , N n
1,3%n51,2,... ,

Mn
1,3~kx! 5

1
k

¹ 3 @ fn
6~x!x#, x P R3 2 $xn

6%n51
` ,

N n
1,3~kx! 5

1
k

¹ 3 Mn
1,3~kx!, x P R3 2 $xn

6%n51
` ,

where the Green functions

fn
6~x! 5 g~xn

6 , x, k !, n 5 1, 2,...,

have singularities $xn
2%n51

` and $xn
1%n51

` distributed on the
auxiliary surfaces S2 and S1, respectively. By conven-
tion, when we refer to null-field equations (3) we refer im-
plicitly to all equivalent forms of these equations.

In the second step, the surface current densities are ap-
proximated by fields of discrete sources. In this context
let e and h solve null-field equations (3) and assume that
the system $n 3 Cm

1 , n 3 Fm
1 %m51

` forms a Schauder basis
in Ltan

2 (S). Then there exists a sequence $am , bm%m51
`

such that

e~y! 5 (
m51

`

amn 3 Cm
1 ~kiy! 1 bmn 3 Fm

1 ~kiy!, y P S,

h~y! 5 2jA« i

m i
(
m51

`

amn 3 Fm
1 ~kiy! 1 bmn 3 Cm

1 ~kiy!,

y P S. (4)

We recall that a system $c i% i51
` is called a Schauder basis

of a Banach space X if any element u P X can be uniquely
represented as u 5 ( i51

` a ic i , where the convergence of
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the series is in the norm of X. It is noted that in the case
of localized vector spherical functions the notion of
Schauder basis is closely connected to the Rayleigh hy-
pothesis. This hypothesis says that the series represen-
tation of the scattered field in terms of radiating localized
vector spherical functions, which uniformly converges
outside the circumscribing sphere, also converges on S.

In the third step, once the surface current densities are
determined, the scattered field outside the circumscribing
sphere is obtained by use of the representation theorem.
We get the series representation

Es~x! 5 (
n51

`

fnMn
3~ksx! 1 gn Nn

3~ksx!, (5)

where

fn 5
jks

2

p E
S
Fe~y! • Nn̄

1~ksy!

1 jAms

«s
h~y! • Mn̄

1~ksy!GdS~y!

gn 5
jks

2

p E
S
Fe~y! • Mn̄

1~ksy!

1 jAms

«s
h~y! • Nn̄

1~ksy!GdS~y!. (6)

Here, n̄ is a complex index incorporating 2m and n; i.e.,
n̄ 5 (2m, n).

Now, for deriving the T matrix let us assume that the
incident field can be expressed inside a finite region con-
taining S as a series of regular vector spherical functions:

E0~x! 5 (
n51

`

an
0Mn

1~ksx! 1 bn
0Nn

1~ksx!,

H0~x! 5 2jA«s

ms
(
n51

`

an
0Nn

1~ksx! 1 bn
0Mn

1~ksx!. (7)

Then, using Eqs. (3)–(7), we see that the relation between
the scattered and the incident field coefficients is linear
and is given by a transition matrix T as follows:

F fn

gn
G 5 TFan

0

bn
0G . (8)

Here

T 5 BA21A0 , (9)

where A, B, and A0 are block matrices written in general
as

X 5 FXnm
11 Xnm

12

Xnm
21 Xnm

22 G , n, m 5 1, 2,...,

with X standing for A, B, and A0 . Explicit expressions
for the elements of these matrices are given in Appendix
A.

It is noted that the exact infinite T matrix is indepen-
dent of the expansion systems used on S. However, the
approximate truncated matrix, computed according to

TN 5 BNAN
21A0N , (10)

does contain such a dependence.
The transition matrix has some unitarity and symme-
try properties. These properties can be established, for
example, by consideration of the energy flow through a fi-
nite sphere and the reciprocity relations.20 The general
symmetry relations for the T-matrix elements read as

T 2mn2m8n8
ij

5 T m8n8mn
ji . (11)

For an axisymmetric particle, the T matrix becomes diag-
onal with respect to the azimuthal indices m and m8, and
we have

T mnm8n8
ij

5 dmm8T mnm8n8
ij ,

T mnmn8
ij

5 ~21 !i1jT 2mn2mn8
ij . (12)

In this case the symmetry relation takes the form

T mnmn8
ij

5 ~21 !i1jT mn8mn
ji . (13)

In general, in the null-field approach the dependence of
the numerical results on the truncation order is the main
feature that can be taken as a basis for statements con-
cerning the accuracy of the results. In addition, one can
check general features such as the symmetry and unitar-
ity of the transition matrix. Actually, the symmetry er-
rors give a rough idea concerning the convergence to be
expected in the computations of the solution, but the de-
tails are hard to predict.

3. NUMERICAL SIMULATIONS
In this section we present some computer simulations for
analyzing the symmetry of the transition matrix. For
our numerical experiments we use localized and distrib-
uted vector spherical functions. The use of lowest-order
vector spherical functions is most effective for axisymmet-
ric particles. By using a system of vector spherical func-
tions distributed along the axis of revolution, it is possible
to reduce the problem of the approximation of surface-
current densities to a sequence of one-dimensional prob-
lems relative to the Fourier harmonics of the surface cur-
rents. The position of the poles where the null-field
condition is imposed should be correlated with the singu-
larities of analytic continuation of the scattered field in-
side Di . In this context, locating the poles on the axis of
revolution does not offer sufficiently large flexibility for
analyzing various particle geometries. In the case of pro-
late scatterers, for example, the choice of multipoles on
the symmetry axis adequately describes the particle ge-
ometry, but this arrangement is not suitable for oblate
scatterers. To master this problem, we use the analytic
continuation of the solution into the complex plane along
the source coordinate zn .17 Actually, the poles are posi-
tioned in the connected domain whose boundary coincides
with the image of the surface generatrix in the complex
plane. It is noted that in the case of localized vector
spherical functions, the matrix A0 is a diagonal matrix.
This case corresponds to the conventional null-field
method given by Waterman.1

In our first example we consider the scattering by pro-
late spheroids with large semiaxis ksa 5 10 and small
semiaxis varying between ksb 5 0.5 and ksb 5 5. The
refractive index is M 5 1.5. The incident field is a plane
wave traveling along the z axis, which corresponds to the
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particle symmetry axis. In the case of distributed vector
spherical functions, the poles are located at the segment
Gz 5 @20.9a,0.9a# of the z axis. In Fig. 1 we present the
relative symmetry error of the transition matrix,

sm 5 (
i51

2

(
n51

N

(
n8.n

N

uT mnmn8
ii

2 T mn8mn
ii u/uT mnmn8

ii u

1 (
n,n851

N

uTmnmn8
12

1 Tmn8mn
21 u/uTmnmn8

12 u @%#,

(14)

for the azimuthal mode m 5 1. The plotted data show
that the symmetry of the transition matrix computed
with localized vector spherical functions deteriorates sig-
nificantly when the aspect ratio increases—that is, for
a/b , 5. In contrast, the distributed vector spherical
functions lead to a transition matrix with high symmetry
even for an aspect ratio of a/b 5 20. The curves also
demonstrate that the relative symmetry error is in gen-
eral lower for distributed sources. In Fig. 2 we plot the
relative matrix error defined as

em 5 (
i, j51

2

(
n,n851

N

~T mnmn8
ij,A

2 T mnmn8
ij,B

!/T mnmn8
ij,A

@%#.

(15)

The superscripts A and B correspond to the null-field
method with distributed and localized vector spherical
functions, respectively. Clearly, the transition matrix
computed by the conventional method deviates signifi-
cantly from that obtained by the null-field method with
distributed sources when a/b , 5. In fact, below this
limit the conventional method does not converge. This is
demonstrated in Fig. 3 for a spheroid with ksa 5 10 and
ksb 5 1. Here we plot the normalized differential scat-
tering cross section at a scattering angle of 180° as a func-
tion of truncation index N.

Fig. 1. Relative symmetry error of the transition matrix for the
azimuthal mode m 5 1 for prolate spheroids with large semiaxis
ksa 5 10 and small semiaxis varying between ksb 5 0.5 and
ksb 5 5. The refractive index of the particle is M 5 1.5. The
incident field is a p-polarized plane wave traveling along the z
axis, which corresponds to the particle symmetry axis. The
truncation index is N 5 17 for all cases.
In Fig. 4 we consider an oblate spheroid with large
semiaxis ksb 5 10 and small semiaxis varying as before
between ksa 5 1 and ksa 5 5. The refractive index is
M 5 1.5. In this case the poles of the distributed vector
spherical functions are located in the complex plane along
the imaginary axis. The same alteration of the matrix
symmetry is observed in the case of localized vector
spherical functions when semiaxis a decreases. The
symmetry is destroyed for ksa , 3. In contrast, when
distributed sources are used, the relative symmetry error
is small; for example, in the case ksa 5 1 it was found
that «1 , 0.7%. The relative matrix error plotted in Fig.
5 also indicates that the conventional method gives erro-
neous results for ksa , 3.

When localized sources are used as basis and testing
functions, the symmetry of the transition matrix begins to
deteriorate as the refractive index increases. This is il-
lustrated in Fig. 6 for a prolate spheroid with ksa 5 10

Fig. 2. Relative error between the transition matrices computed
by the null-field method with localized and distributed vector
spherical functions and by the conventional method for prolate
spheroids with large semiaxis ksa 5 10 and small semiaxis vary-
ing between ksb 5 2 and ksb 5 5. The refractive index of the
particle is M 5 1.5, and the truncation index is N 5 17.

Fig. 3. Normalized differential scattering cross section at a
scattering angle of 180° versus truncation index. The particle is
a prolate spheroid with ksa 5 10, ksb 5 1, and M 5 1.5. The
incident field is a p-polarized plane wave traveling along the z
axis, which corresponds to the particle symmetry axis. The
curves correspond to the azimuthal mode m 5 1.
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and ksb 5 2. The refractive index M increases from 1.5
to 4. The plotted data show that the null-field method
with distributed sources has a relative symmetry error
smaller than 0.2%. In contrast, the relative symmetry
error of the null-field method with localized sources is
larger than 40% when M . 2. Consequently, instability
and convergence problems are associated with the single-
spherical-coordinate-based null-field method as M in-
creases. To show the oscillating behavior of the solution,
in Fig. 7 we have plotted the normalized differential scat-
tering cross section at a scattering angle of 180° as a func-
tion of truncation index N. The data correspond to a re-
fractive index M 5 4.

We conclude this section by mentioning that the null-
field method with distributed sources needs computations
that are longer than those in the conventional approach.
For instance, for a prolate spheroid with ksa 5 10, ksb

Fig. 4. Relative symmetry error of the transition matrix for the
azimuthal mode m 5 1 for an oblate spheroid with large semi-
axis ksb 5 10 and small semiaxis varying between ksa 5 1 and
ksa 5 5. The refractive index of the particle is M 5 1.5. The
incident field is a p-polarized plane wave traveling along the z
axis, which corresponds to the particle symmetry axis. The
truncation index is N 5 17 for all cases.

Fig. 5. Relative error between the transition matrices computed
by the null-field method with localized and distributed vector
spherical functions for oblate spheroids with large semiaxis
ksb 5 10 and small semiaxis varying between ksa 5 3 and
ksa 5 5. The refractive index of the particle is M 5 1.5, and
the truncation index is N 5 17.
5 2, and M 5 1.5, we find that the CPU time of the null-
field method with distributed vector spherical functions is
0.335 s, whereas the CPU time of the null-field method
with localized vector spherical functions is 0.183 s. The
calculations were performed on an IBM workstation RS/
6000.

4. CONCLUSIONS
An efficient way for computing the transition matrix in
the framework of the null-field method with discrete
sources is presented. Numerical experiments were per-
formed for prolate and oblate spheroids with gradually
deformed shape and by varying the refractive index. The
results indicate that the transition matrix computed in
the framework of the null-field method with distributed

Fig. 6. Relative symmetry error of the transition matrix for the
azimuthal mode m 5 1 for a prolate spheroid with ksa 5 10 and
ksb 5 2 when the refractive index varies from M 5 1.5 to
M 5 4. The incident field is a p-polarized plane wave traveling
along the z axis, which corresponds to the particle symmetry
axis. The values of the truncation index are N 5 17, 18, 20, 24,
26, 28, and 30 and correspond to values of the refractive index
M 5 1.5, 1.75, 2.0, 2.5, 3.0, 3.5, and 4.0, respectively.

Fig. 7. Normalized differential scattering cross section at a
scattering angle of 180° versus truncation index for a prolate
spheroid with ksa 5 10, ksb 5 2, and M 5 4. The incident field
is a p-polarized plane wave traveling along the z axis, which cor-
responds to the particle symmetry axis. The curves correspond
to the azimuthal mode m 5 1.
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vector spherical functions has a high symmetry even for
particles with extreme geometries and high values of the
refractive index. In contrast, the symmetry of the tran-
sition matrix computed by the conventional approach
(with localized vector spherical functions) is altered, and
the algorithm fails to converge. This is an additional ar-
gument that the null-field method with discrete sources
can be used in the mathematical modeling of difficult
scattering problems.

APPENDIX A
The block elements of matrices A, B, and A0 are given by

Anm
11 5 E

S
@~n 3 Cm

1 ! • Cn
3 1 M~n 3 Fm

1 ! • Fn
3#dS,

Anm
12 5 E

S
@~n 3 Fm

1 ! • Cn
3 1 M~n 3 Cm

1 ! • Fn
3#dS,

Anm
21 5 E

S
@~n 3 Cm

1 ! • Fn
3 1 M~n 3 Fm

1 ! • Cn
3#dS,

Anm
22 5 E

S
@~n 3 Fm

1 ! • Fn
3 1 M~n 3 Cm

1 ! • Cn
3#dS, (A1)

Bnm
11 5

jks
2

p E
S
@~n 3 Cm

1 ! • Nn̄
1 1 M~n 3 Fm

1 ! • Mn̄
1#dS,

Bnm
12 5

jks
2

p E
S
@~n 3 Fm

1 ! • Nn̄
1 1 M~n 3 Cm

1 ! • Mn̄
1#dS,

Bnm
21 5

jks
2

p E
S
@~n 3 Cm

1 ! • Mn̄
1 1 M~n 3 Fm

1 ! • Nn̄
1#dS,

Bnm
22 5

jks
2

p E
S
@~n 3 Fm

1 ! • Mn̄
1 1 M~n 3 Cm

1 ! • Nn̄
1#dS,

(A2)

and

A0nm
11 5 E

S
@~n 3 Mm

1 ! • Cn
3 1 ~n 3 Nm

1 ! • Fn
3#dS,

A0nm
12 5 E

S
@~n 3 Nm

1 ! • Cn
3 1 ~n 3 Mm

1 ! • Fn
3#dS,

A0nm
21 5 E

S
@~n 3 Mm

1 ! • Fn
3 1 ~n 3 Nm

1 ! • Cn
3#dS,

A0nm
22 5 E

S
@~n 3 Nm

1 ! • Fn
3 1 ~n 3 Mm

1 ! • Cn
3#dS,

(A3)

respectively. Here, M is the refractive index and is given
by M 5 A« i /«s.
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